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DUE: Tuesday, December 2

1. (6 points) A typicd dynamic programming agorithm computes the cost of asolution or
edtablishes the existence of a solution without actualy congtructing the solution. To see how to
condruct a solution by using an efficient mechanism which tests for the existence of a solution,
solve the following:

Y ou are given a boolean function BlackBox of two inputs.

-alig of integersx,..., X,

-aninteger g
and you are told thet, in time O(1), BlackBox will return "'true™ if and only if thereis some
subset of x,...,x whosesumisg. Desgn an agorithm (aprogram is not needed) with the

same input which will return an actual subset of X ,..., X whosesumisq, if such asubset exidts,
or eseit should return "failure™.

For example, BlackBox( (23,27,41,72,-4,6), 29) would return “true", but your agorithm with
the same input would return (27,-4,6). Y our dgorithm may call BlackBox as often as it wishes
and it should work in time O(n).

2. (6 points) Let T, bethe tree produced by a breadth-first search of graph G =(V, E) darting
a o eV ,andlet T, bethetree produced by adepth-first search of graph G =(V, E) starting

a 6 €V, wherethe adjacency listsfor each veV are the samefor each search. Must it be
the case that height (t, ) > height (t, ) ? If you answer yes, then justify your answer. If you

answer no, then provide a counterexample. Note that for any tree T, height (t ) is the number

of edgeson alongest path from ¢ to alesf of T .

3. (8 points) Assume that you computed a dfs-tree T for graph G, and you want to find the
shortest cyclein G. Nel makesthe fallowing daims (for dl graphs G):
« Every cycleof G containsabackedgeof T .
« For any backedge from w to v, the length of the only possible cyde containing
edge (v,w) is1 plusthe height of win T minustheheghtof vint .
« Thus, to find the length of ashortest cycle of G, you only need to add 1 to
the minimum (over dl backedges of 1 ) of the difference between the heights
of the vertices of the backedge.
Either prove that Nell is correct or give a counterexample to refute him.
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1 S X%,.., X
if not BlackBox(S,g) then return (“failure™) 0(1)
for i «1tondo n times
S« S-x
if not BlackBox(S,q) then » we redly need xj ; put it back
S« Sux
return S o(2)

Since the body of the loop is executed in O(1) time, the time to execute the loop (and the
program) is O(n).

2. Itisawaysthe casethat height (t, ) > height(t,). Forany veV ,theheightof vint, is

the distance ¢ from to v, and the corresponding path is a shortest path. Sincein any tree the
path from ¢ to v isapath in the underlying graph, the path from ¢ to v in t, can not be

shorter than a shortest path from ¢ to v int,. Thus, the height of any vertexin t, islessthan
or equd toitsheghntin .

3. Asusud, Nell iswrong. Consider the dfstree

for graph



D

b w

Neil would have us believe that the shortest cyclein G has length 4, whereas it contains a
triangle.



