CS3133
HW#1 SOLUTIONS

1. a) If X and Y are countably infinite, then they can be enumerated by the bijections

and

N 012 3...
where element z € X UY correspondsto X, ifi isevenand y,, ifiisodd.
b) If X and Y are infinite, then the result follows from part a). If X and Y are finite, then
X ={x,..x,} and Y ={y,,...,y, }, and their union can be enumerated by
XOUY X %o Xp Vi Yo oo Y,
h bbb bbb b. b
N O0l.m-Imm+l..m+n-1
If exactly one of X and Y are finite (without loss of generality, assumethat X ={x...,x,} and Y
is countably infinite), then their union can be enumerated by
XOUY X X Xy Yo Vi eoeee
h bl bbb
N O01l.m-1Imm+1l...

2. {f : N — N|f ismonotoneincreasingandtotal } is not countable. If it were countable, then we
could order its members fo, f1, f2,... But consider the total function

. f,(0)+1if n=0
g (n)=1 . .
g (n-1+f,(n)+Lifn>0
g iscertainly total and since (Vn> 0)(9* (n)>g’ (n—l)), it is monotone increasing. But for all
neN, g (n)> f,(n), sog cannot belong to the order fo, fy, f2,... Hence,
{f :N — NJ|f ismonotoneincreasingandtotal } can not be countable.



