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1. (25 points) Suppose that you are given an array A[1..n] of numbers, and you seek a
maximaly distant pair of numbersin A. That is, you seek i and j, 1<i, j < n suchthat for dl k

andl, 1<k,l <n,
|Ali]-ALj]| =|Alk]-All]]-
Show how to solve this problem in worst case time in O(n).



2. (25 points) Suppose that you are given an array A[1..n] of integers, whichispartially
sorted in the sense that there exists an integer m, 1=m=n, such that A[1]< A[2]<...< A[m]
and Ajm+1]< A[m+2]< ...< A[n]. However, you do not know the value of m. Show
that A can be sorted in worst-case time in O(n).



3. (25 points) Assume we are given asinput abinary array A[1..n], thatis, Ai]e {0,1]} fordl
1<i<n.
a. Prove an upper bound on the complexity of sorting A by showing that itisin O(n).

b . Prove alower bound on the complexity of sorting A by showing that it isin Q(n) .



4. (25 points) Prove or give a counterexample to the following.
CONJECTURE: For any connected graph G = (V, E) with |V| >3 and one-to-onefunction
w: E — R* which associates a unique weight with every edge (e # €' — w(e) = w(e')), the
two edges of minimum weights belong to a minimum spanning tree of G.
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1. This problemis solved when A[i] isthe minimum dement of A and A[j] isthe maximum dement.
Both of these vaues can be computed in linear time.
» Seti toindex of minimum dement
i1
for k<2tondo
if Alk]< A[i] then i<k
» Setj toindex of maximum dement
j<1
for k<2tondo
if Alk]>A[j] then j «k

2. me«1
» Find m

repeat m« m+1 until (A[m]> A[m+1]v m=n-1]
if m<nthen MERGE(A[1..m],A[m+1..n])

3. a We establish the upper bound by providing alinear time agorithm.
numOs < O
» count theOsin A
for i «1tondo
if Ali]=0 then num0Os« numDs+1
» fill inthe Os, thenthe 1sin A
for i « 1 tonumOsdo
Ali]«0
for i «<~numOst+1tondo
Ali] <1
b To establish alinear time lower bound, we note thet if an dgorithm existed to sort A without examing
somedement, sy Ali” |, then we could change Ali" |, leaving the other n-1 dements of A unchanged,

and the agorithm would have to yied the same result, which is now incorrect.

4. The CONJECTURE istrue. Neither edge can introduce a cycle (two edges can't form acycle) when
considered by Kruska’ s Algorithm, so each would be added to the minimum spanning tree.



