CS2223
HW#2

DUE: Tueday, November 11

1. (6 points) Order the following functions according to their rates of growth (from fastest
growth to sowest). I list indludes functionsf and g such thet f (n) e ®(g(n)), then group
theminasa, like {f,g}.

.0001In* +3n* +25

2. (8 points) Recall that for function g: N ® R", the set O(g) was defined as
{f 1(sc)(sn)("n®n,) f(n)E£cg(n)}

Prove or give a counterexample to the following conjecture which smplifies the definition.
CONECTURE: For any g: N ® R*, define O' (g) ={ f |($c)(" nT N) f(n)£cg(n)}.
O(g)=0(g)-

If the CONJECTURE istrue, thenyou needto show that forany g: N ® R :
- 0(g)cO'(g), and,

- 0'(9)cO(g).
If the CONJECTURE isfalse, then you need to show ag: N ® R* which belongsto exactly
oneof O(g) and O (g).

3. (7 points) a Show thet testing if array A[1..n] isahegp has atime complexity in O(n).
b Show thet testing if array A[1..n] isahegp has atime complexity in Q(n).

4. (10 points) Binary Search Trees, described in Chapter 12 of our text, are an important data
structure. Note the definition of the height of atree on pg. 1088 of our text.

a What is the maximum height of al binary search treeswith n nodes? Give an example of an
TREE-INSERTION Sequence which yidds this height.

b Write and execute a program to estimate the average height of dl binary search trees with n
nodes, assuming that dl input INSERTioN sequences are equaly likely.



CS2223
HW#2 SOLUTIONS

1. n!, 3,.000In* +3? +25, { Ign, 10logyon}, 42, 1/n

2. Clealyif ge{f |(3c)(VneN)f(n)<cg(n)} thenchoosing n, =0 saisfies

gl {f | ($c)($n,)("n2 n) f(n)£cg(n)}.

Assumethat ($c)($n,)(" n3 n,) f(n)£cg(n), andlet ¢’ = axaec;(g) ;((2:))%
There are two cases.
nfEn, Sincec 3 f(n) en cg(n)3 f(n) n)=f(n
-nf£n, S g(n)’th g(n) g(n)g() f(n).
- n>n, Since ¢ 2 ¢, then ¢’ g(n) 3 cg(n)3 f(n).
In either case, it followsthat (" nT N)c'g(n)2 f (n).

3. aAssumewe reteding if A isa(max)-heap. A isa(max)-hegp if and only if every dement
islessthan or equd to its parent.

IsHeap « true

fori<2tondo

if AJi]> Ali/2] then IsHeap «false

return IsHeap
b Assume that theré san agorithm to test if array A[1..n] isahesp, and the dgorithm’stime
complexity isnotin ©(n) . That is, the dgorithm’s time complexity is less than lineer. Consider
thearray A[1..n] suchthat for dl 1<i< n, Afi]=i. When the dgorithm processes A and returns
true, there must be somei”, 1<i" < n, such that the agorithm never examined A[i"]. Consider
LT .. The dgorithm does the same comparisonson A tht it

oo, ifi=i

aray A" suchthat A [i] :{

didon A, and it receives the same answers (since A [i” | was never examined), so it returns
true. However, A" is not a heap, so the dgorithm is wrong, which yields a contradiction.



