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1. (25 points) For each of the following statements, state whether it istrue or false. If a
statement is false, then give a counterexample.

a For any two functions f:Z —>Z and g:Z —> Z, if fis O(g) andgis O(f), thenit
must be the case that f=g.

b For any setsA, Band C, (AnB)c (AUC)n(BUC).

c Implication is associative, that is, (p—q) >r < p—>(q—r).

d The set of fractions {l%%

gl

:11, } is countably infinite.

e Forany set A, P(AxQJ)c P(A).



2. (25 points) The real numbers are denoted by R , and rational numbers, Q, are defined
as Q={p/qlpe Zrqe Z-{0}}. Theirrational numbers are the real numbers which

are not rational. Notethat Q c R .
a State the following proposition in predicate logic.

The sum of any rational number and any irrational number is always
irrational.

b Provethe proposition of part a.



3. (25 points) Use mathematical induction to prove that 2n+5< 3" for all n> 3.



4. (25 points) a Give an example of afunction f : Z — Z which isonto but not one-to-one.

b Give an example of afunction g:7Z — Z which is one-to-one but not onto.

¢ Give an example of afunction h:Z — 7Z which is one-to-one and onto.

dGive an example of afunction ®:Z — 7Z which is neither one-to-one nor onto.
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1. afalse Consider f(n)=n and g(n)=2n.

b true
cfalse Let pandr befalse and let q betrue.
d true Infact, the order in which the sequence is listing corresponds to a natural pairing.

e true Forany set A, Ax@ =0 s0 P(Ax)={D} and D e P(A) (evenif Aisempty).

2.a (VX)(Vy)(xeQayeR-Q) > x+yeR-Q
b Proof by contradiction.
Wearegiven x=p/qand ye R—Q. Assume x+y isrationa, that is, X+ ye Q. Because x+y is

P

rational, thereexist p; and q; suchthat X+ y=—+y= &. Then we could solve for y as

y:&—B:M. Thiswould mean that y e QQ, which is a contradiction. Hence
4 d aq

X+yeR-Q.

3. P(3) Asabasis, 2*3+5=11<27=3.
P(n)— P(n+1) Fix n>3 and assumethat 2n+5<3".

2(n+1)+5=2n+5+2<3"+2<3"+2*3" =3"

fn<O
(n) {nl n< Note that —(3n) f (n)=0
n+Lif n=0

(n)
d CD(n)_42



