CS2022/MA2201
HW#4

DuUE: Tuesday, April 3
1. (6 points) Prove or give a counterexample to the following.

CONJECTURE: For any functions g: A—B and f:B—C,if fog isone-to-one, then
g is one-to-one.

2. (8 points) Consider the function A which associates with each finite bit string
(possibly empty string of 0's and 1's) the number of bits in the string. For example,
/1(001110) =6, and A of the empty string is 0. Justify your answers to parts b, ¢ and d.

a What are the domain and codomain of A ?
b Is A one-to-one?

cls A onto?

dIs A4 abijection?

3. (6 points) For each of the following sets, tell whether it is finite, countably infinite or
uncountably infinite.

a {xeQ[17.2<x<42}
b The set of all English sentences with no more than 1050 words.
¢ {xeR|2100 < x}



CS2022/MA2201
HW#4 SOLUTIONS

1. The CONJECTURE is true. Assume that f o g is one-to-one. If g were not one-to-one, then
there would be a,,a, € A, a, #a, such that g(a,) = g(a,).Butin that case

f(g(a))=f(g(a,)), which implies that (f og)(a,)=(f -g)(a,), which contradicts
the assumption that f o g is one-to-one.

2. a The domain of A is the set of all bit strings, and the codomain is the set of all
nonnegative integers, or natural numbers, Z* u{O} =N.

b A is not one-to-one since A(01)=4(10)=2 although 0110.

c A isonto since foreach ne Z* u{O} , ;L(l” ) =n, where 1" is the string of n 1's, and 1°
is the empty bit string.

d Because A is not one-to-one, it is not a bijection.

3. a countably infinite b finite ¢ uncountably infinite



