
Multi-Behavior Recommendation with Hyperbolic
Geometry

Di You
Worcester Polytechnic Institute

Worcester, USA
dyou@wpi.edu

Thanh Tran
Amazon

Boston, USA
thanhtd.ithut@gmail.com

Kyumin Lee
Worcester Polytechnic Institute

Worcester, USA
kmlee@wpi.edu

Abstract—Even though users interacted diversely on items
(e.g., click, add-to-cart, and buy), traditional recommendations
were mostly built using only the user-item interaction data
on the target behavior (e.g., buy), making them suffer from
the severe data sparsity issue. To alleviate the problem, recent
works on multi-behavior recommendation incorporated multi-
ple types of user-item interactions such as click, add-to-cart,
and buy. However, the latest approaches are still limited by
overlooking early-stage interactions, and have limited expres-
siveness of Euclidean geometry. To overcome these issues, in
this paper, we propose a Multi-behavior Hyperbolic Graph
Recommender (MB-HGR) with two novel aspects. First, it uses
multiple heterogeneous graphs to learn multiple user behavior
types, where each heterogeneous graph represents a user-item
interaction type. This will help not only alleviate the serious
data sparsity problem, but also allow the model to explicitly
weight different behavior types and prevent information loss.
Second, it leverages the expressiveness of the hyperbolic geometry
over Euclidean geometry, where exponential growth of distances
in the hyperbolic geometry matches the exponential growth of
nodes in the hierarchical structures and learns better users/items
representations. Experimental results on two public benchmark
datasets show that on average our proposed model achieves a
significant improvement of 28.32% at Recall@10 and 30.14% at
NDCG@10 over the best baseline.

Index Terms—Recommender system, Hyperbolic Graph Neu-
ral Network, Collaborative filtering

I. INTRODUCTION

Recommender systems improve user experience by pro-
viding personalized choice and play an important role in
users’ decision-making process. The basic idea of general
recommender systems is to model global preferences of users
by learning from their prior purchase history [1]–[3]. However,
such design suffers from a severe data sparsity issue in a real-
world scenario as the target interaction data (i.e. buy)1 can
be extremely sparse, especially for new users. Fortunately,
users interact diversely on items before purchasing them (e.g.,
click, add-to-cart). Therefore, current research has alleviated
the cold-start problem for the user’s target behavior by not
only using various side information of users and items [4], and
higher-order neighborhood information [5], but also exploiting
all users’ behaviors on items [6], [7] (e.g., click, add-to-cart).

1We use terms “target interaction” and “target behavior” interchangeably.

Fig. 1: A multi-behavior network use case.

Intuitively, multi-behavior settings capture more user prefer-
ence signals as items have more chances to be exposed. Fig. 1
shows a toy example in an e-commerce scenario where diverse
user behaviors happen. If we only present buy interactions in
the graph, various contextual information like view will be
inconsiderately forfeited. However, those behaviors indicate
users’ different preference levels towards specific items. John,
who viewed a bag and added a jacket to the cart, finally bought
the jacket. Mary added a T-shirt to the cart, implying her
potential interest in clothes. When Alice came into the system,
we can make recommendations based on her “view” behavior
toward the bag. This motivates us to explore users’ multi-
behavior interactions for more accurate recommendations.

While some recent works have paid attention to multi-
behavior interaction data [6]–[9], they largely relied on strong
premises. [8] assumes a strong assumption that user behaviors
are sequential, i.e., click → add-to-cart → purchase, while
in real-world scenarios, user behavior does not always follow
the predefined sequence and can be much more flexible (e.g.,
click-purchase without putting an item into a cart). [7] fuses
all interactions within a single graph, which only preserves
the last-stage behavior and causes information loss if multiple
interaction types of a user on an item exist. Thus, we assume
that to establish a more effective recommender, different types
of user behaviors/interactions should be considered separately
to fully exploit the multi-behavior interaction data.

Recent simplified Graph Convolution Networks (GCNs)
on Euclidean space have shown their effectiveness in the
recommendation domain [10]. However, the topology of the
bipartite user-item graph can be seen as a generative model of
complex networks [11]. While advanced research in geometric978-1-6654-3902-2/22/$31.00 ©2022 IEEE



(a) Item-user-item meta-paths
of the target/buying behavior
in Taobao.

(b) Item-user-item meta-paths
of the target/buying behavior
in Beibei.

(c) Item-user-item meta-paths
of multi-behaviors in Taobao

(d) Item-user-item meta-paths
of multi-behaviors in Beibei.

Fig. 2: Meta-paths distributions over target-behavior data and
multi-behavior data in Taobao and Beibei.

representation learning suggests that Euclidean space may
not be the optimal choice to encode complex networks, e.g.,
hierarchical and power-law structure. [12], [13] assume that
hyperbolic space can properly represent complex networks and
find that data with power-law distribution can be naturally
modeled in hyperbolic space effectively. Empirically, hyper-
bolic representation learning has shown strong performance
in various domains such as computer vision [14], natural
language processing [15] and recommendation [16]–[18].

To verify our assumption, we visualize our multi-behavior
data distribution on two real-world datasets. As the user-
item interaction graph is a heterogeneous graph, we define
2-hop meta-paths by following [19], and visualize meta-path
distributions over target-behavior data and multi-behavior data
in Fig. 2. In the figure, the x-axis indicates the number of
item-user-item meta-paths given each unique item as the center
of a graph, and the y-axis is the number of items that have
the same number of meta-paths. As we can see in Fig. 2
(a) and (b), the meta-path distribution of the target-behavior
data follows the power-law distribution [20], which can be
regarded as a hierarchical structure; implies that hyperbolic
space can be a better choice than Euclidean space for the
recommendation dataset. However, due to the noise brought
by large volume of the other behaviors, meta-path distribution
of the multi-behavior data follows a uniform distribution (see
Fig. 2 (c)) or does not show any clear pattern (see Fig. 2
(d)). Thus, we decouple each behavior, build a separate model
for each behavior with hyperbolic representation learning, and
then combine the models with trainable weights to flexibly
control the influence of each behavior.

We also observe that existing hyperbolic recommendation
works suffer from obvious weaknesses. For instance, [18]
adopts feed-forward network structure, which may not be the
optimal choice for hierarchically structured data.

Motivated by the aforementioned analysis, we propose
Multi-Behavior Hyperbolic Graph Recommender (MB-HGR),

a novel hyperbolic GCN model for multi-behavior recom-
mendation. To the best of our knowledge, we are the first
to explore hyperbolic geometry for multi-behavior recommen-
dation. In this work, we take advantage of the computation
efficiency of tangent space to propagate our hyperbolic graph
representations. We propose to use a multi-graph design to
cope with multi-behavior learning challenges and overcome
the limitations of existing works. Further, we deploy multi-
task learning and capture the underlying relations among user
behaviors. We evaluate the effectiveness of our approach and
measure each component’s contribution by experiments. Our
contributions are summarized as follows:
• We propose a novel Hyperbolic graph model to capture

user’s preferences from multi-behavior data, incorporating
high-order auxiliary user behaviors into recommendation.

• We utilize hyperbolic graph representation learning to
boost our model’s performance. Further, we allow curva-
ture to be changeable for different behavior graphs, which
is important in hyperbolic representation learning [21].

• Extensive experiments show that our model outperforms
8 state-of-the-art baselines with 28.32% improvement on
Recall@10 and 30.14% improvement on NDCG@10 com-
pared with the best baseline.

• Ablation study demonstrates that our model effectively al-
leviates the cold-start problem and has powerful capability
to make an effective recommendation for new users.

II. RELATED WORK

A. Multi-behavior Recommendation

Multi-behavior recommendation [6]–[9], [22]–[27], has
been emerging recently, which takes advantage of heteroge-
neous interaction data that users generate through online activ-
ities. [6] first proposed to utilize other types of user behaviors
in representation modeling by including auxiliary interaction
as weaker signals of user preference. Recent [25], [27] further
explored on this direction, to make full use of the correlations
between behaviors via contrastive learning. Inspired by these
works, we also developed contrastive sampling strategy to en-
hance our recommendation. Another line of research imposed
strong premises on users’ low-level activities (e.g., view and
add-to-card), limiting the multi-behavior learning. [8] used
Neu-CF units [3] to model each behavior and enforced that the
prediction on a behavior lied in the predictions of the precedent
behaviors. [22] also explored the monotonic behavior chains.

More recent literatures extended advanced GCNs [28] to
multi-behavior recommendation. [7] built a whole graph based
on heterogeneous behaviors. However, unifying all interactions
within the same graph inevitably causes some information
loss due to the fact that user and item might interact under
more than one behavior type. [26] proposed to formulate the
task from the perspective of multiplex graph. [23] leveraged
external knowledge as item meta-relation to construct the
graph. [9] performed advanced non-sampling optimization
under the multi-task learning framework. [24] developed a
framework with meta-learning based paradigm, and directly



distilled knowledge from low-level activities and transferred it
for target behavior recommendation.

Different from aforementioned studies, our work solely
relies on multi-behavior interaction data between user-item
pairs without involving plentiful side information. Our work
manages to capture semantic contexts of various behaviors
without preassumption about users’ multi-level interests.

B. Hyperbolic Representation Learning

While the majority of user and item representation learning
in recommender systems existed in Euclidean space, the recent
advancement of geometry study [20] enlightened representa-
tion learning in hyperbolic space. [12] pointed that hyperbolic
representation learning helped capture the inherent hierarchical
data structure, especially for relational data. [13] embedded hi-
erarchical data into the Poincare ball, showing that hyperbolic
embeddings outperformed Euclidean embeddings in terms of
both representation capacity and generalization ability. Later
on, [29] theoretically analyzed that Lorentzian formulation
was a preferable choice due to its numerical stableness and
compatibleness with hierarchical graph data.

Recently, researchers [16]–[18], [30] noticed that hyperbolic
space can be a naturally fit for recommendation datasets
since user-item interaction data follows power-law distribution
as shown in Fig.2. [16] proposed to construct a shallow
auto-encoder with hyperbolic representations, and achieved
promising results under a simple architecture. [18] proposed a
distance-based hyperbolic recommender, which enabled hyper-
bolic representation learning with low distortion. [17] devel-
oped a hyperbolic GCN for user/item representation learning.

Despite great success, we found that comprehensive proper-
ties of hyperbolic geometry and multi-behavior dependencies
were not well preserved in the prior works. As far as we know,
our approach is the first practice that considers to model multi-
behavior recommendation in hyperbolic space.

III. PRELIMINARY ON HYPERBOLIC GEOMETRY

Hyperbolic geometry is non-Euclidean, formally defined as
a complete and simply connected Riemannian manifold with
constant negative curvature [12]. An important property of the
hyperbolic space is that it expands much faster than Euclidean
space because Euclidean space grows polynomially while
hyperbolic space expands exponentially. The property enables
nodes in the hyperbolic space can be more concentrated while
maintaining desired separation from each other since distances
grow exponentially as we get closer to the boundary.

There are multiple models derived from the original Hy-
perbolic space, namely the Klein model, the Poincaré disk
model, the Poincaré half-plane model, and the Lorentzian
(hyperboloid) model2. Each of them preserves certain prop-
erties in common while also providing some unique insights
into hyperbolic geometry. These models are closely connected
and can be converted to each other. The most commonly
used hyperbolic models in machine learning are Poincaré and
Hyperboloid models [21]. Although the Poincaré model is

2Note that we use terms “Lorentzian” and “Hyperboloid” interchangeably.

widely used because of its conceptual simplicity and conve-
nient parameterization [13], we prefer Lorentzian formulation
in our work due to its numerical stability.

We briefly introduce basic concepts of the hyperboloid
model as follows, which forms the basis of our method.
Unlike the Poincaré or Klein balls, the hyperboloid model
is unbounded, and it offers efficient, closed-form solution.
Recall that hyperboloid model is the Riemannian manifold
with constant curvature c. We denote k = −1/c, where
k > 0. A specific hyperboloid model in d-dimensional space
Hd,k ⊆ Rd+1 can be defined as a set of points:

Hd,k := {x ∈ Rd+1 : ⟨x, x⟩L = −k} (1)

Also, for x, y ∈ Hd,k, the Lorentzian inner product is
defined as

⟨x, y⟩ := −x0y0 +

n∑
i=1

xiyi ≤ k, and⟨x, y⟩ = −k, iffx = y

(2)
The tangent space centered at point x in the Lorentzian

manifold is defined by:

TxHd,k = {v ∈ Rd+1 : ⟨v, x⟩L = 0} (3)

The distance function between two points x and y, which is
the generalization of the shortest path in Euclidean geometry,
in the manifold is measured by:

dL(x, y) =
√
karcosh(−⟨x, y⟩L

k
) (4)

Exponential map and logarithmic map enable transferring
between hyperbolic and tangent space, defined as:

expkx(v) = cosh(
∥v∥L√

k
)x+

√
ksinh(

∥v∥L√
k

)
v

∥v∥L
(5)

logkx(y) = dkL(x, y)
y + 1

k ⟨v, y⟩Lx∥∥y + 1
k ⟨v, y⟩Lx

∥∥
L

(6)

where points x and y lie in hyperbolic space Hd,k, while
a point v lies in tangent space TxHd,k. Let ⟨v, v⟩L =√
∥v, v∥L denotes Lorentzian norm of v.

IV. OUR PROPOSED MODEL

In this section, we first formulate a research problem. and
then describe components of our Multi-behavior Hyperbolic
Graph Recommender (MB-HGR): (i) hyperbolic graph con-
volution and (ii) multi-behavior recommendation.

A. Problem Definition
Denote U = {u1, u2, ..., um} as a set of all users

where m=|U | denotes the total number of users, and P =
{p1, p2, ..., pn} as a set of all items where n=|P | indicates
the total number of items in the system. Assume that there
are T behaviors in the system. The behavior definition varies
from system to system, but the common behaviors are: view-
ing/clicking, adding to cart, and buying. A user ui ∈ U can
interact with an item pj ∈ P under multiple behavior types,



(a) Overall architecture of MB-HGR

(b) Hyperbolic Graph Convolution layers for behavior t

Fig. 3: Our proposed architecture for multi-behavior recommendation. (a) Joint modeling of multi-behavior data with hyperbolic
graph convolution network; (b) Hyperbolic graph convolution layers which process single behavior t

denoted by a behavior set yij = {y1ij , y2ij , ..., yTij}, where a
behavior ytij (i.e. t ∈ [1, T ]) is defined as follows:

ytij =

{
1, if user ui interacted with item pj under behavior t;
0, otherwise

In this paper, we aim to build a multi-behavior recommender
system with the following input and output:
Input: A set of users U , a set of items P , and a set of multi-
behavior data Y that contains all behavior sets yij between a
user ui ∈ U and an item pj ∈ P .
Output: A list of recommended items for each user in the
system under a target behavior t ∈ [1, T ].

Note that we follow the traditional multi-behavior rec-
ommendation setup [7], recommending items for each user
under the buying behavior. It can be flexibly adapted to any
combination of multi-behaviors (e.g., two types, three types,
and even greater than three types of multi-behaviors).

B. Model Formulation

We outline the overall architecture of our MB-HGR model
in Fig. 3 first before diving into detailed design of each
element. Based on assumption that users’ decisions on multi-
behavior are relevant, we process multi-behavior data in
parallel in this work. Multi-task learning (MTL) paradigm
enables the model to capture the correlation between different
types of behaviors. In order to learn d-dimensional hyperbolic
embeddings under specific behavior for each user and item,
we first map the initialized shared embeddings of users and
items into hyperbolic space, then feed them into behavior-
aware GCNs. We utilize the tangent space of the reference
point for graph convolution operations.

1) Embeddings in Hyperbolic Space: We initialize one-hot
representation of each user and item as input and encode them
with dense low-dimensional embedding vectors ed,Eu and ed,Ep ,
respectively. As the initial embeddings are in Euclidean space,
we assume that the input features located at the tangent space
of origin (

√
k, 0, ..., 0) ∈ Hd,k, which we use as a reference

point to perform tangent space operations. The hyperbolic
embeddings can be induced by exponential map as follows:

ed,ku = expk0(0, e
d,E
u ),

ed,kp = expk0(0, e
d,E
p )

(7)

where the expk0(0, e
d,E
u ) and expk0(0, e

d,E
p ) ∈ ToHd,k, which

is the tangent space at origin on Hd,k. The “0” element
is inserted before mapping to satisfy the constraint of
⟨(0, ed,E), 0⟩L = 0. The curvature in the hyperboloid space
measures how a geometric object deviates from a flat plane
[21]. Thus, we allow curvatures to be learnable for different
behaviors in our model to learn low-distortion embeddings.

2) Hyperbolic Graph Convolution Layers: As [10] investi-
gated the application of GCNs in recommendation domain,
different from widely adopted GCN-based applications in
other domain where input contains plentiful semantics, the
general input in recommendation tasks are ID features which
is less informative. Empirical studies verifies that linear feature
transformation, and non-linear activation can be redundant and
useless in this field. Without loss of generality, we followed
their practice to remove these components for training effi-
ciency and keep neighborhood aggregation and feature update.

Aggregating neighbors in Euclidean space is essentially the
weighted arithmetic mean of the local neighbors [31]. Frechet
mean [32], [33], which can be interpreted as a generalization of
centroids to metric space, provides a feasible way to calculate
the centroid in Riemannian manifold. However, it has to be
updated using gradient descent as there is no closed-form
solution. Instead, we perform neighborhood aggregation in
tangent space at origin ToHd,k.

First, ed,ku and ed,kp embeddings are processed with loga-
rithm map in Eq. 6 to obtain the corresponding z

(0)
ut and

z
(0)
pt . Then they are served as the input to our hyperbolic GCN



layers. We perform the aggregation as follows:

z
(l+1)
ut = z

(l)
ut +

∑
j∈N (u)

1

|N (u)|
z
(l)
pt ,

z
(l+1)
pt = z

(l)
pt +

∑
i∈N (v)

1

|N (v)|
z
(l)
ut

(8)

, where t indicates a behavior type and l refers to the current
graph convolution layer. The normalization term is applied to
prevent the scale of embeddings from being increased with
graph convolution operations. To avoid distortion during fre-
quent transformations between tangent space and Hyperbolic
space, we conduct all graph operations in tangent space before
we map them back to Hyperbolic space. While GCNs enable
us to obtain information from higher hops of neighbors, they
suffer from the over-smoothing problem when the number
of graph layers increases. To alleviate it, a widely adopted
approach is to generate final embedding by stacking the output
embeddings from all layers [17]. However, since the output
representations are in tangent space, there is no guarantee
that the sum of those embeddings will be inside of the
boundary of the hyperboloid model when we map it back to
hyperbolic space. To avoid unexpected situations, we perform
max pooling over these outputs before we map them back
into hyperbolic space by exponential map in Eq. 5. Then, we
produce the final behavior-aware embedding for each user and
each item as follows:

zd,k
ut = expk0(max

l∈L
z
(l)
ut ),

zd,k
vt = expk0(max

l∈L
z
(l)
vt )

(9)

3) Prediction Layer: We consider our application similar
to the link prediction problem, where we manage to predict if
a specific relation exists given a pair of user and item. We
adopt Fermi-Dirac decoders [12], [13], [21] at the end of
each behavior-aware graph convolution network to estimate
a probability score of each relation:

p(zd,k
ut , zd,k

pt ) = [e
(dk

L(zd,k

ut ,zd,k

pt
)2−r)/τ

+ 1]−1 (10)

where r and τ are hyper-parameters. According to [12], [13],
r indicates the radius around each point u such that points
within this radius are likely to have an edge with u; and τ
represents the steepness of the logistic function and influences
both average clustering as well as the degree distribution.
The decoder is a generalization of sigmoid, which properly
leverages hyperbolic manifolds.

4) Model Optimization:
a) Objective Function: We build a dedicated model that

deals with a series of closely connected user behaviors. To
capture semantic relevance among the behaviors, we deploy
a multi-task learning architecture for joint prediction. Given a
single t-th behavior as an example, we optimize parameters
with BPR loss as follows:

Lt(Θ) =
∑

(u,i,j)∈O

−lnσ(ŷui − ŷuj) (11)

where O = {(u, i, j)|(u, i) ∈ R+, (u, j) ∈ R−} denotes the
pairwise training data in which u is a user, i and j are items;
R+ indicates a set of observed interactions; R− represents un-
observed interactions; σ(·) is the sigmoid function; Θ denotes
all trainable parameters.

b) Multi-task learning: Although there are already var-
ious approaches for fusing multiple behaviors, for instance,
knowledge transfer or gated attention mechanism, we prefer a
straightforward yet effective way to predict the likelihood of
users’ multiple behaviors on items separately. In particular, we
integrate single-behavior recommendation losses into an end-
to-end fashion through a multi-task learning (MTL) framework
[34]. We propose a MTL objective function as follows:

L(Θ) =

T∑
t=1

βtL̂t(Θt) + γ∥Θ∥2 (12)

where T is the number of user behavior types, βk is a hyper-
parameter to control the importance of t-th behavior. We
also enforces

∑T
t=1 βt = 1 to facilitate the tuning hyper-

parameters. L2 regularization parameterized by γ is used to
prevent overfitting.

c) Gradient Conversion: We utilize the Riemannian
Adaptive Moment Estimation (RAdam) with the following
form to optimize our model [35]:

θit+1 = Rθt(
−αtm

i
t√

vit
) (13)

where R denotes the retraction onto D at θ, mt denotes
momentum term, and vit denotes an adaptivity term. Notably,
we adopt first-order approximation for optimization to perform
the updates instead of full exponential map since it turns to
be much more efficient when dealing with a great size of
parameters [35]–[38]. We use [39] for our implementation.

C. Discussion

a) Decoupled behavior representation learning: Our mo-
tivations to build a separate model for each interaction type
are three-fold. First, we observe in Fig. 2 that multi-behavior
data may not satisfy the hierarchical structure. Since learning
representations of multiple behavior in a unifying hyperbolic
space may reduce the performance, we decide to decouple
them into separate networks and assign different curvatures
to fit the data structure of different behaviors. We allow the
curvature to be learnable during the training. Note curvatures
closer to zero recover the Euclidean geometry [29]. Secondly,
Fig. 5 shows that different behavior carries a different level of
user preference, unequally influencing the target behavior (i.e.,
buying). We distinguish our work from the previous works in
multi-behavior recommendation as follows: if a user clicks
and buys an item, the previous work only considers buying
(i.e., the last behavior), making the training data sparser,
while our work keeps both actions in separated models and
prevents information loss. Additionally, separate modeling for
each behavior allows us to flexibly control the contribution
of different behavior types toward improving the prediction
of target behavior and preventing bias toward a high-traffic



TABLE I: Statistics of Beibei and Taobao datasets. Page View
(PV ) is item page view (i.e., click and view an item’s page).

Dataset |Users| |Items| |PVs| |Add-to-cart| | Purchases|
Density(%)

| Overall|
Density(%)

Beibei 21,716 7,978 2,412,586 642,622 304,576(0.18%) 1.94%
Taobao 48,749 39,493 1,548,126 193,747 259,747(0.01%) 0.10%

behavior type. Our multi-behavior fusion design could be
potentially applied to any recommendation model. However,
to take advantage of behavior-specific embeddings, it requires
careful tuning of weights of the multi-behaviors.

b) Contrastive negative sampling strategy: Inspired by
the idea of contrastive learning [6], we adopt a behavior-
aware negative sampling method for training. In particular, we
sample negative instances for each user at a specific behavior
t from her interacted items at the previous behavior t − 1
by the behavior probability (e.g., sample negative items from
add-to-cart that was not purchased for purchase). We consider
these negative items contain stronger signals of user preference
compared to completely unobserved ones in each behavior. We
conduct random negative sampling for the first-stage behavior
(i.e., view), which has no previous behavior.

c) Complexity Analysis: Since MB-HGR adopt a sim-
plified graph neural network architecture, for each hyperbolic
graph convolution networks, we only have the embeddings at
0th layer as trainable parameters, i.e., Θ = ed,Eu , ed,Ep ; in other
words, the model complexity of each behavior is same as the
standard matrix factorization (MF). Without loss of generality,
our main structure only costs O(L · |R+| · T · d) across L
layers, T behavior types, d latent factors, and |R+| which is
the number of non-zero elements in the Laplacian matrix.

V. EMPIRICAL STUDY
A. Experimental Setup

1) Datasets: In the experiments, we use two real-world e-
commerce datasets called Beibei and Taobao. Both datasets
contain three types of user behaviors: click-and-view (i.e., item
page view – pv), add-to-cart, and purchase. The target behavior
of our task is to predict purchase interaction. The statistics of
both datasets are summarized in Table I. Both datasets are
publicly available at github repository3 by [9].

2) Evaluation Protocol and Metrics: Both datasets were
preprocessed to filter out users and items with less than
5 interactions. It is worth mentioning that although leave-
one-out evaluation is one of popular settings used in the
recommendation field, it is unrealistic as future interactions
of a user can affect past interactions of other users. Thus, we
adopt a more practical setting adopted in [40], [41], where data
is sorted by timestamp (if available), and split to train/valid/test
with corresponding 70/10/20 proportions. We used the same
split for our model and baselines for fair comparison. For
evaluation, we followed [42], [43] to sample 1,000 unobserved
items with, which a user did not interact before a specific target
behavior, considering them as negative items/samples. Finally,
we used them along with all positive items in test set.

We adopted two widely-applied metrics for performance
evaluation: Recall, and Normalized Discounted Cumulative

3https://github.com/chenchongthu/GHCF/tree/main/Data

Gain (NDCG). Recall@N measures whether positive items are
in the recommended list or not, while NDCG@N is a ranked
evaluation metric, emphasizing that positive items should be
ranked at a higher position.

3) Baselines: We compared our proposed model with 8
state-of-the-art recommendation models as follows:
• MF-BPR [44]: It is a popular collaborative filtering base-

line optimized by BPR loss.
• NGCF [42]: It is a graph-based deep learning model that

incorporates GCN for recommendation domain.
• LightGCN [10]: It is a graph neural network model that

simplifies the original design of GCN so that it can fit
better to recommendation applications.

• HGCF [17]: It is a graph-based collaborative filtering
model that explores hyperboloid manifold and achieves
competitive results against Euclidean GCN counterpart.

• MC-BPR [6]: It utilizes multi-behavior data with a nega-
tive sampling strategy in BPR.

• NMTR [8]: a multi-behavior recommendation model that
assumes a strict order between behaviors, and each type
of behaviors is trained sequentially during the training.

• MBGCN [7]: It is a graph-based model for multi-behavior
recommendation. It incorporates the relation difference at
edge aggregation and explores behaviors’ semantics.

• MB-GMN [24]: a multi-behavior recommendation frame-
work that incorporates the multi-behavior pattern modeling
into a meta-learning paradigm.

The first four baselines (MF-BPR, NGCF, LightGCN,
HGCF) are grouped as single-behavior recommenders, while
the rest four baselines (MC-BPR, NMTR, MBGCN, MB-
GMN) take multiple types of user behaviors into consideration.
HGCF is the latest baseline exploring Hyperbolic manifold.
Note that we perform experiments based on the original imple-
mentation obtained either from public source code or directly
from the authors. Similar to other works, we did not include
[18] for comparison because the source code is unavailable.
We performed a fair and thorough hyper-parameter search for
all the models, as we describe in the below section.

4) Implementation Details: We carefully tuned the base-
lines’ hyperparameters to achieve optimal performance on
validation set. We performed a grid search of the latent di-
mension size from {16, 32, 64, 128}, the regularization weight
from {0.00001, 0.0001, 0.001, 0.01}, and the learning rate
from {0.01, 0.005, 0.001, 0.0005, 0.0001}. We thoroughly
tune LightGCN, HGCF and MBGCN, and set the number of
GCN layers to 3 to achieve their best results. We used RAdam
optimizer [35] for our proposed model. After hyper-parameter
search process, the learning rate was set to 0.0005, the batch
size was set to 256, and the size of the latent factor was set to
128. As dropout is not applicable on hyperbolic models [21],
we adopt DropConnection [45] for generalization. Our model
was implemented on top of Pytorch 1.6.0.

As we discussed in IV-C, we adopted a behavior-aware
contrastive negative sampling strategy to facilitate fine-grained



TABLE II: Overall performance of our model and baselines on Beibei and Taobao dataset. The best performance is in bold,
the best baseline’s result is underlined. The last row shows relative improvement of our MB-HGR over the best baseline. The
improvement of our model over the baselines is significant under the Directional Wilcoxon signed-rank test (p-value <0.015).

Datasets Model TypeMethods Recall@10NDCG@10Recall@20NGCG@20Recall@50NDCG@50Recall@100NDCG@100

Beibei

Single
behavior

MF-BPR 0.0642 0.0459 0.1051 0.0603 0.1970 0.0859 0.2928 0.1077
NGCF 0.0584 0.0419 0.0982 0.0563 0.1847 0.0805 0.2781 0.1017
LightGCN 0.1044 0.0764 0.1602 0.0962 0.2705 0.1269 0.3786 0.1514
HGCF 0.0617 0.0482 0.1211 0.0694 0.2115 0.1027 0.2984 0.1274

Multiple
behaviors

MCBPR 0.0871 0.0656 0.1299 0.0439 0.2175 0.1049 0.3077 0.1253
NMTR 0.0237 0.0137 0.0460 0.0220 0.1151 0.0419 0.2177 0.0650
MBGCN 0.1168 0.0823 0.1848 0.1066 0.3025 0.1396 0.4010 0.1618
MB-GMN 0.1177 0.0842 0.1913 0.1017 0.3124 0.1275 0.4111 0.1794

Ours MB-HGR 0.1533 0.1130 0.2042 0.1222 0.3378 0.1594 0.4648 0.1880
Improvement 30.25% 34.20% 6.74% 20.16% 8.13% 25.02% 13.06% 4.79%

Taobao

Single
behavior

MF-BPR 0.0466 0.0302 0.0657 0.0356 0.0945 0.0422 0.1169 0.0464
NGCF 0.0117 0.0068 0.0192 0.0090 0.0325 0.0120 0.0470 0.0147
LightGCN 0.0515 0.0343 0.0701 0.0396 0.1015 0.0469 0.1251 0.0513
HGCF 0.0503 0.0261 0.0571 0.0329 0.0792 0.0419 0.0915 0.0477

Multiple
behaviors

MCBPR 0.0607 0.0455 0.0687 0.0478 0.0855 0.0515 0.0970 0.0536
NMTR 0.0051 0.0021 0.0070 0.0026 0.0105 0.0034 0.0189 0.0050
MBGCN 0.0732 0.0612 0.0817 0.0637 0.0943 0.0665 0.1054 0.0685
MB-GMN 0.0936 0.0744 0.1015 0.0771 0.1296 0.0824 0.1533 0.0891

Ours MB-HGR 0.1183 0.0938 0.1312 0.0976 0.1511 0.1021 0.1720 0.1059
Improvement 26.39% 26.08% 29.26% 26.59% 16.59% 24.91% 12.20% 18.86%

modeling of differences of different behaviors. Further, we
set the number of curvatures to be the number of behaviors
since we have one curvature parameter per-GNN. Following
the practice in [21], the curvatures are chosen from a list of
absolute values, where each of them has to be strictly positive
and can be increased for more curved spaces. Our source code
and datasets are publicly accessible.4

B. Experimental Results
1) Overall performance: We presents overall performance

of our model and baselines in both datasets in Table II. Among
all baselines, LightGCN and MB-GMN achieved competi-
tive performance among single-behavior baselines and among
multi-behavior baselines, respectively. Remarkably, our MB-
HGR consistently outperformed all baselines in both datasets
under the two metrics. We underlined both the best single-
behavior baseline and the best multi-behavior baseline. On
average, our proposed model improved 28.32% at Recall@10
and 30.14% at NDCG@10 compared with the best baseline.
A similar trend also appears at Top-20, Top-50 and Top-
100. The improvement of our model over the baselines is
significant under the Directional Wilcoxon signed-rank test (p-
value <0.015). The results confirm the consistent effectiveness
of our proposed method against all baselines.

Our experiments also validate that properly applying the
hyperbolic manifold is important for utilizing its geometric
properties. HGCF, as the only hyperbolic baseline model,
mistakenly violates some important hyperbolic constraints,
and it makes their hyperbolicity compromised. Although We
manage to fix the initialization setting, the skip-connection in
tangent space may cause out-of-boundary issue after projecting

4https://github.com/queenjocey/MB-HGR

back to hyperboloid manifold. Compared to multi-behavior
baselines, our proposed model empowers the user-item interac-
tion learning with the capability of uncovering type-dependent
behavior representations, while without much strict constraints
on the order of the behavior. Notice that MB-GMN also
distills the behavior heterogeneity and interaction diversity for
recommendations automatically, however knowledge transfer
from source behavior may cause information loss.

We also observe that our model achieves a relatively larger
improvement on Taobao dataset, which is sparser (see Table I).
The results are consistent with our assumption that auxiliary
behaviors would be more helpful in the cold-start scenario
(See more discussion in Section V-B4.)

Based on aforementioned analysis, We summarize reasons
why our model achieves great improvement over baselines as
follows: 1) Our approach properly chooses and applies the
Lorentzian model, which suits well in a graph-based architec-
ture on sparse recommendation datasets (see Section V-B2).
Appropriate decoder and trainable curvature also contribute
to our success. Further, we avoid frequent projection between
hyperbolic and Euclidean spaces that led to high distortion
and increasing computational cost in the prior work [46]; 2)
Graph neural network enables us to capture information from
higher-order neighbors (see Section V-B5); 3) Shared initial
embedding loosely connects learned embeddings for multiple
behaviors. Therefore auxiliary behavior can also contribute to
the target behavior prediction (see results in Table IV).

2) Analysis of Hyperboloid manifold: To show the effec-
tiveness of hyperboloid manifold, we evaluated two variants of
our model by implementing our MB-HGR model in Euclidean
space and Poincare manifold, respectively. We fix all the
curvatures in Poincare manifold to -1 as [47] defines and



(a) NDCG@topN in Beibei (b) Recall@topN in Beibei
Fig. 4: Performance of our model and its variants under
different manifolds.
TABLE III: Comparison between our MB-HGR with trainable
curvature and with fixed curvature on both datasets.

Curvature Beibei Taobao

Recall@20 NGCG@20 Recall@20 NDCG@20
Trainable 0.2042 0.1222 0.1312 0.0976
Fixed 0.1345 0.0778 0.0741 0.0592

present the experimental results in Fig. 4. Our model in
hyperboloid manifold with trainable curvature outperforms all
other variants, indicating the superiority of hyperbolic-based
GCNs. In addition, we compared our MB-HGR with trainable
curvature and with fixed curvature. Results on both Beibei
and Taobao datasets are reported in Table III. The learnable
curvature enabled the model to learn user and item embeddings
in the right scale at each behavior [21], leading to a significant
gain of overall performance on both datasets.

In a recent work [46], authors reported that embeddings
learned in Euclidean space with reasonably large embedding
dimensions could enable better performance. We argue that
their setting is very different from us. First, their analysis
is based on Poincare manifold, while we adopt hyperboloid
model for its numerical stability. Also, they claim that one of
great disadvantage of hyperbolic models is high computational
complexity as it requires lots of exponential/logarithm projec-
tion between different manifolds, which have been avoided in
our work. Meanwhile, our experimental results are consistent
with their conclusion that the hyperbolic embeddings performs
better at low-dimension size on sparser datasets. Empirically,
we can observe in Fig. 4 that in both small and large dimension
sizes (32 and 128), our model achieves better performance than
embeddings learned in Euclidean space.

3) Ablation study of multi-behavior: In Table IV, we further
analyzed the effect of auxiliary interaction data in MB-HGR.
We compared our proposed MB-HGR, which originally used
all behavior data, with variants of our model using either
single/target-behavior or two types of behaviors. For the two
types of behaviors, we assign the equal weight (i.e., 0.5)
to each behavior. We observed that our MB-HGR achieved
a significant performance gain compared with the single-
behavior variant, indicating that auxiliary behavior data did
a supplementary job for recommendation. While the auxiliary
behaviors contributed differently, depending on a dataset. In
Beibei dataset, there was no obvious winner between these
two types of behaviors (i.e., purchase & PV vs. purchase &
add-to-cart). Both PV and add-to-cart positively contributed
to the model. In Taobao dataset, our model with purchase &

(a) Recall@20 in Beibei (b) NDCG@20 in Beibei

(c) Recall@100 in Beibei (d) NDCG@100 in Beibei

Fig. 5: Performance of MB-HGR when varying weights of
different behaviors.
TABLE IV: Performance of MB-HGR with different combi-
nation of interaction data on both datasets.

Beibei Taobao

Recall@20 NDCG@20 Recall@20 NDCG@20

Purchase only 0.1264 0.0704 0.0696 0.0372
Purchase + PV 0.1339 0.0734 0.0751 0.0396
Purchase + Add-to-cart 0.1287 0.0742 0.1076 0.0656
Purchase + Cart + PV 0.2042 0.1222 0.1312 0.0976

add-to-cart behavior data achieved better than it with purchase
& PV behavior data. We conjecture that since users can
directly purchase items without adding them into cart from
the item description pages, add-to-card behavior provided a
strong signal for users to potentially purchase the items.

To investigate the best weight of each behavior on different
datasets, we conducted a grid search on various behavior
weight βt combinations. Fig. 5 showed how our model’s
performance was changed when we varied each behavior’s
weight at Top-20 and Top-100 under Recall and NDCG. The
PV weight can be obtained as

∑T
t=1 βt = 1. We can observe

that the optimal combination of behavior weights was the
same in both Top-20 and Top-100 although in Top-100 setting,
the performance was less sensitive to the weight change. In
other words, the impact of behavior weights becomes smoother
as top-K grows larger. Our model’s best performance was
achieved with the combination of (PV, cart, purchase) =
(1/6, 4/6, 1/6) in both Beibei dataset and Taobao dataset.It
is worth mentioning that we only focus on occurrence of each
behavior in this work, leaving the cases such as users’ anomaly
behaviors and repeated behaviors to the future work.

4) Effectiveness analysis with cold-start scenario: Intu-
itively, a user may generate a series of auxiliary interaction
behaviors before making the first purchase. In this experiment,



(a) Recall@100 in Beibei (b) Recall@100 in Taobao

(c) NDCG@100 in Beibei (d) NDCG@100 in Taobao
Fig. 6: Performance of our model and baselines in each of
three user groups in Beibei and Taobao.

we analyze how our model and competitive baselines with
multi-behavior data work under three different user groups
based on their activity levels. In particular, we split each of the
whole datasets into three subsets based on the user’s activity
level, calling Beibei1, Beibei2, and Beibei3 datasets, and also
did the same process for Taobao dataset and calling the subsets
Taobao1, Taobao2, and Taobao3. The first group (i.e., Beibei1
and Taobao1) contains users with less than 5 purchase records
according to the training set, the second group contains users
with 5 to 8 purchase records, and the third group contains the
remaining users. For each subset dataset (e.g., Beibei1), we
further split it into training, validation, and test sets with the
same ratio of the previous experiments (i.e., 70/10/20). As the
subset datasets are extremely sparse, we follow [8], [9] and
compare the results on Recall@100 and NDCG@100.

In Fig. 6, we observe that our model outperforms the most
competitive baselines for all of the three user groups at Re-
call@100. Especially, it achieves superior performance in the
lowest active user groups (i.e., the first user groups), indicating
the superiority of our proposed method on alleviating the cold-
start problem. Interestingly, another multi-behavior baseline
model MBGCN did not achieve satisfactory results, indicating
their approach did not fully utilize multi-behavior connectivity
as they fused various types of interactions into a single graph
and only used the latest user-item interaction as an edge
to connect them in the graph. Although LightGCN was the
best single-behavior recommender, it did not perform well in
Beibei1, indicating the necessity of incorporating other types
of behaviors in cold-start scenario. Notably, our MB-HGR was
competitive in Beibei3 at NDCG@100 but not the best in
Taobao3 at NDCG@100. A probable reason is that for users
with enough purchasing records, noise in auxiliary interaction
data may negatively affect the recommendation precision. We
leave further investigation of the noise to our future work.
In summary, our MB-HGR achieved the best or competitive
recommendation in 11 out of 12 cases (i.e., all except Taobao3
at NDCG@100), overcoming the cold-start problem. Again,
the overall performance of our model was the best against all
the baselines as we reported in Section V-B1.

(a) Impact of # of GCN layers (b) Impact of dropout rate

Fig. 7: Our model performance on Beibei dataset when varying
(a) the number of GCN layers, and (b) dropout rate.

Fig. 8: Case study on the explainability of MB-HGR (Best
viewed in color). The heatmap matrix reveals cross-behavior
dependency between user and its neighbor items, i.e., single
3×3 matrix visualizes the average dependency from all Taobao
users(left), four separate matrix refers to sampled users(right).

5) Hyper-parameter Study: We investigated the effect of
hyperparameters on our MB-HGR model such as the num-
ber of GCN layers and a dropout rate as shown in Fig.
7. Simply increasing the number of GCN layers can admit
the oversmoothing problem. Thus, we followed the previous
hyperbolic practice, and applied DropConnect [45] design.
As a result, when we increased the number of GCN layers,
the model’s performance increased, showing that our model
captured high-order semantics among user-item interactions.
Note that we omitted the results of using only one GCN layer
since it recovers the traditional context-aware recommender.
We also tuned the dropout rate from a range (0, 0.2, 0.4,
0.6). Surprisingly, the dropout rate of 0 produces the best
performance. This is due to two reasons. First, the multi-
behavior dataset is extremely sparse so the dropout design may
cause even more severe information loss. The second reason
comes from the properties of hyperbolic geometry. As the
volume of hyperbolic space expands exponentially, it allows
more space to locate each node separately.
C. Case Study

We further analyze the user-item behavior dependency
structure to show the explainability of MB-GMN. In our
proposed framework, each user/item has a behavior-specific
representation. Therefore, we measure user-item’s representa-
tion similarity at the same behavior and cross-behavior. The
left figure in Fig. 8 provides the average similarity of all
users and their neighbor items in a 3× 3 heatmap on Taobao
dataset. We have the following observations: (a) Grids/cells
on the diagonal are good match compared to the other
cells, indicating the importance of user-item representation



learning at the same behavior; (b) The first row refers to
the user embeddings learned by PV data, and has relatively
high similarity scores, showing wide interests of users across
neighbor items at different stages; (c) The rightmost column
shows that item embeddings at the purchase behavior are
the closest to users’ preference. Overall, the analysis reveals
that effectiveness of our hyperbolic representation learning
and importance of multi-behavior recommendation. The right
figure shows individual view of randomly sampled four users.

VI. CONCLUSION
In this paper, we successfully integrated hyperbolic geom-

etry and GCNs to build an effective recommender system,
which outperformed 8 state-of-the-art baseline models in both
overall scenario and cold-start scenario. We adopted the multi-
graph design to make full use of various user interaction data,
and allowed each user/item to learn flexible representations
for different behaviors. Meanwhile, we bridged among the
multi-behaviors with a MTL paradigm. Extensive experimental
results on real-world datasets demonstrated the strength of our
MB-HGR model. Further analysis demonstrated that each of
our design effectively boosted the recommendation quality.
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