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Abstract. Timing diagrams are useful for capturing temporal spedifics in
which all mentioned events are required to occur. We firstvstiat translating
timing diagrams with both partial orders on events and doart regions to LTL
potentially yields exponentially larger formulas contamseveral non-localized
terms corresponding to the same event. This raises a maarfuental question:
which modalities allow a textual temporal logic to captuvels diagrams using
a single term for each event? We define the shapes of partiatothat are cap-
tured concisely by a hierarchy of textual linear temporglds containing future
and past time operators, as well Laroussgti@ls forgettable past operator and
our own unforeseen future operator. Our results give insigh the temporal ab-
stractions that underlie timing diagrams and suggest kti@agbstractions in LTL
are significantly weaker than those captured by timing diang.

1 Introduction

Timing diagrams are a commonly used visual notation for ralspecifications. Al-
though designers instinctively know when information canveniently be expressed
as a timing diagram, few researchers have explored the farammections between
timing diagrams and textual temporal logics. Understagdirese formal connections
would be useful for understanding what makes specificati@sgner-friendly, as well
as for developing tools to visualize temporal logic speatfims. Ideally, we would like
to have constructive decision procedures for determiningma specification, given in
a temporal logic or a specification language (such as LTL &) R&n be rendered as a
timing diagram. These could aid in both understanding ahbdigging specifications.

Identifying diagrammable LTL specifications appears to &g/ hard. Its complex-
ity stems partly from the fact that a timing diagram contaseseral different visual
elements (events, orderings and timings between everst synchronization) which
must be located within the more uniform syntax of a tempargld formula. In ad-
dition, LTL formulas that capture timing diagrams appeabé&oat least one order of
magnitude (and sometimes two) larger than the diagramssarthultiple logical terms
for the same event. Before we can write an algorithm to reizegiming diagrams in
temporal logic formulas, we need to understand how the pestiver visual elements
that underlie timing diagrams would appear textually.



This paper explores this question by trying to identify tettemporal logic oper-
ators that capture timing diagrams concisely; the rendgxinblem would then reduce
to recognizing uses of these operatorsin LTL. The core ohantj diagram is the partial
order it imposes on events. We view a formula as capturingtaparderconciselyif
the formula characterizes instances of the partial ordeguesactly one ternfor each
event in the partial order. We study a progression of linearporal logics including
LTL, PLTL, PLTL with forgettable past [10] and PLTL with fogftable past and un-
foreseeable future (which we have defined for this work). témtify the set of partial
orders that each logic can capture concisely and show tha partial orders defy con-
cise representation in even the richest of these logics. Metladdress the rendering
question in this paper, as our results indicate that addititheoretical work is required
before pursuing that question.

Our results cover timing diagrams with both partial orderd don’t-care regions
(Section 2). To illustrate the subtleties in representingrtg diagrams in LTL, Sec-
tion 3 presents a translation from diagrams to LTL and argiigisa small translation
seems impossible. We provide a counterexample that shawsthoducing don’t-care
regions explodes the size of the formula by forcing it to safedy handle all possible
total-order instances of the partial order. Section 4 prisseur algorithm for efficient
translation of a particular class of diagrams to formulakTih with the past-time and
forgettable-past-and-future modalities; this secti@oatlentifies a class of diagrams
that this logic cannot capture. Related work is mentioneaithhout the paper.

2 Timing diagrams

Timing diagrams depict changes in values on sigraalsi(t over time. Figure 1 shows
an example. Waveforms capture each signal (lower horitbnés represent false and
higher ones true), arrows order events, arrow annotationst@in the time within
which the tail event must follow the head event, verticab$irsynchronize behavior
across signals, and bold lines indicatae regionsn which the signal must hold the
depicted value. Non-care regions between events are ahilgdcare regionsthey al-
low the signal value to vary before the event at the end of¢g®mn occurs. The diagram
in Figure 1 has signals, b, andc. The rising transition ol must occur 2 to 4 cycles
after the rising transition oa. The falling transition or and the rising transitions dn
andc may occur in any order (since no arrows order them). @niéges, it must remain
true until the second rising transition an(due to the care region anand the vertical
lines that synchronize the transition arand the value om into a single event). The
value ofb may vary after its rise, since a don’t-care region followes tise.

The timing diagrams literature contains many variationgtos core notation: di-
agrams may support events that contain no transitionsebuss-directional arrows,
assumption events (to represent input from the environyj@8htor combinations of
timing diagrams using regular expression operators [2is Plaper considers timing
diagrams with don’t-care regions and partial orders betvesents.

Definition 1 The syntax of timing diagrams is captured as follows:

— A signalis a propositionp and—p denote true and false values on signal
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Fig. 1. A timing diagram with a word that satisfies its semantics.

— A transitionis a proposition annotated with a directional changeandp T denote
falling and rising transitions, respectively.

— An eventis a conjunction of values and at least one transition onadign

— A timing diagramis a tuple(E,C, M) whereE is a set of events' (the care
regions) is a set of tuple@, e, p, v) wheree; ande, are (uniquely identifiet)
events inE, p is a signal name and is a boolean value, antif (the timing con-
straints) is a set of tuplds;, e2, [, u) wheree; andes are eventsir, [ is a positive
integer, and. is either an integer at least as largel @as the symbobo. For each
signal, any region that is not within a care region is callelba’t-care region

The semantics of timing diagrams is defined in terms of laggaaver finite or
infinite words in which characters are assignments of booledues to signals. A word
models a timing diagram if the earliest occurrence of eaemethat respects the par-
tial order in the timing constraints respects the care regind durations of timing
constraints. The earliest occurrence requirement keedatiguage unambiguous. For-
mally, we define what it means for an index into a word to satisf event, map events
to indices in the word, and check that those mappings resipectiagram.

Definition 2 Let £ be an event; A. .. Av, where eachy; is a proposition, its negation,
or a rising or falling transition on a proposition. LBf be a word and an index into
W. Let W;(q) denote the value of propositignat index: of W. Index: satisfiesE if
for everyv;, W;(p) = 0if v; = —p, W;(p) = 1if v; = p, W;(p) = 0andW;;1(p) =1

if v; =p 7, andW;(p) = 1andW,11(p) =0if v; =p |.

Definition 3 Let (E, C, M) be a timing diagrami}” be a word, and a function from
E to indices intolV ([ is called arindex assignmeint/ is valid iff

— Forevery event € E, I(e) satisfies,
— For every care regiofes , ez, p, v), W;(p) = vforall I(e;) < i < I(es), and
— For every timing constraine;, ea, l,u) € M, 1 < I(e3) — I(e1) < w.

I is minimaliff for each event € E, I(e) is the smallest index intt that satisfies
and occurs after all indices assigned to events that museége#’ (by the partial order
induced byM).

Definition 4 Let D be a timing diagram and 18V be a wordW = D if there exists
a minimal and valid index assignmehfor D and¥/. The set of all such words forms
thelanguageof D (denotedZ(D)).

1 A numbering scheme could distinguish syntactically siméteents.



The semantics captures one occurrence of a timing diagedhgrnthan the multiple
occurrences needed to treat a timing diagram as an invafihatone-occurrence se-
mantics provides a foundation for defining different muéieccurrence semantics [5]
and enables efficient complementation of timing diagrarhs [6

3 Translating Timing Diagrams to LTL

Formulas of linear temporal logics describe computationséinite paths where each
state is labeled with a subset of atomic propositidi3 that are true in that state. For
a computationr = wg, wy, ... andi > 0, let 7 be the computation starting at the
statew;. In particularm® = 7. We user, i = ¢ to indicate that a formula holds in a
computationr with w; taken as a start position. The relatigenis inductively defined
for each of the logics we define in this paper.

LTL Given a setAP of atomic propositions, the LTL formulas ovdrP are:

— true, false, p, or—p, forp € AP,
— —p ory Ve, wherey andp are LTL formulas, or
— G, X, orypUy, wherey) andyp are LTL formulas.

The temporal operato(s (“always”), X (“next”) andU (“until”) describe time-dependent
events.F' (“eventually”) abbreviatesrueU.

For LTL, 7,7 |= ¢ is equivalent tar?, 0 = ¢, since formulas in LTL are not con-
cerned with past events. We usé= ¢ as a shorthand far, 0 = .

— For all pathsr, 7 = true andr - false

— For an atomic propositiop € AP, 7 = piff p € L(wy).

-1 E-iff m .

—mEYVeiff rEYorm = .

-1 EYApiff 7=y andr = .

-7 EGyiffforall i >0, 7 | .

-7k Xyiff rt .

— 7 = ¢Uyiff there exists: > 0 such thatr? = ¢ and for allj < i, 7/ |= .

The rest of this section presents a translation from timireg@ms with partial
orders on events and don’t-care regions into LTL. Previoasky6] translated timing
diagrams with don’t-care regions and total orders on euerit$L. We could reuse the
prior algorithm by enumerating all the total orders cormggting to the partial order
and logically disjoining the result of converting each tigtardered diagram to LTL.
This approach has the obvious drawback of potentially réggiexponentially many
disjuncts in the translated formula. We therefore wish tosider alternate approaches.

Amlaet al.translate timing diagrams with partial orders but no daate regions to
universal finite automatayA) [1]. VFA differ from standard NFAs in accepting those
words on whichall possible runs (rather than some run) through the automatbmea
final state. Amlaet als automata spawn one run for each event in the diagram, ds wel
as one run for each waveform in the diagram.
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Fig. 2. Timing diagram motivating the need for and marker.

Since proper handling of partial orders is new for transtagito LTL, we first focus
on this issue, returning afterwards to include don’t cafes.partial orders, we use a
similar idea to Amlaet al's: we construct a formula for each event and timing constrai
in the diagram, and then conjoin these formulas into one lofimiula. The translation to
LTL, however, is more difficult because LTL is inherently akefil on infinite words. To
see why this is a problem, consider the diagram in Figure & gthow from the rising
to falling transition ona is dashed to indicate that it is implicit from the waveform).
Clearly, the formula must locate the rise and falkodind the rise ob and capture the
ordering constraint (that the fall affollows the rise ob).

We want a formula that is polynomial in the size of the diagréviniting formulas
to capture the individual waveform shapes is easy but cengftine ordering constraint
is not. We cannot capture the waveforms together with therarg constraint in one
pass through the diagram due to the unspecified order betiedall of « and the rise
of b. Writing one formula to capture that the fall effollows the rise ofa and another
formula to capture that the rise bfollows the rise ofx also doesn’t work because both
formulas must locat¢he same fall ofi. Separate constraints would accept the word
w = (a@b) - (ab) - (@b) - (ab) - (ab) - (@b)* which does not satisfy the diagram (where
p stands for—p). To align the searches for events, we will use LTL augmemiith
existential quantification over atomic propositions taadluce a special symbol called
end into the word to mark the end of the diagrarfihis problem does not exist ifFA,
since all copies of the automaton must finish in an acceptaig @t the same time.
Thus, in some sense, thed marker is implicitly present itvFA.

Returning to capturing timing constraints, assume we wagéfine an LTL formula
©(a, i) thatis true at the'® transition oma, which happens to be a rise. Assume that
is the number of transitions an finish(a) is the literal for the final value of in the
diagram, and that we have a propositioni identifying the end of the diagram. Then

wla,i) = —a A X (aU(—aU(...U(finish(a)Uend)...))),

where the number offoperators is» — ¢ — 1. Intuitively, the formula first describes
whether the transition is a rise or a fall (a fall would begithm A X —a U...), then
captures the rest of the waveform as the second argumers fost/.

Using such formulas, the formula for a whole timing constrai,, b;, [, u), where
a is theit! transition ona andb; is the j" transition onb, and the transition oh

2 |n general, adding quantification over atomic propositionseases the expressive power of
temporal logics [12—14]. The restricted version that we hese does not add expressiveness,
however, as all formulas that are created from timing diegraan be translated to equivalent
formulas in LTL with both past and future modalities usingoBayet als work [7, 8].



happens within thf, u]-interval after the one oa, is captured by (a;, b;,, v), where

5(&1', ij lvu) = F(@(avi) A (aUap(b,j)))

if a rises at, and

5(&1', ij lvu) = F(@(avi) A (ﬁaUSO(bvj)))

if a falls ati. If the timing constraint has time bounds (sgyu]), then we replace
aUp(b, j)with \/j_, o AXWYA...AX*2p A X*~1p, whereX™ stands form nested
X operators, and and « are natural numbers. L&E(D) be the set of all formulas
&(a;,b5,1,u), for all timing constraints irD.

For synchronization lines, the formulas that capture tloé taat thei*™" transition
ona happens simultaneously with thg* transition orb are

V(ai, bj) = F(p(a, i) A p(b, 7).

Let I'(D) be the set of all formulas(a;, b;) for all synchronization events.

Timing diagrams contain implicit ordering arrows betweantepair of consecutive
events on a single waveform. Rather than encode these thQuge create a single
formula that precisely captures the shape of its wavefownaFsignala, let start(a)
be the literal for the initial value af in the diagram (eithet or —a), and letfinish(a)
be the literal that corresponds to the final value:ah the diagram. The formula,
that describes the waveform efis

¥(a) = start(a)U(=start(a)U(start(a)U ... U(finish(a)Uend)...) (1)

where the number df operators equals the number of transitions.ém the diagram.

Finally, we combine all these formulas into a formdl(@) that describes the lan-
guage of the timing diagrar®. The formula states that a wotd belongs to the lan-
guage ofD iff there exists a positiom in w such that wheno[r] is labeled withend,
the word can be mapped 8. The formulad(D) is as follows.

0(D) =end: [\ var \E(D)AN\T(D)), 2)

a€AP

wheredlend means that exactly one position is labeled wittal.

Example 1.As an illustration, consider a diagrathand its waveform formulas:

a < [39 ¥(a) = —aU(aU(—aUend))
b b (b) = —bU (bU (—bUend))
c Y(c) = —cU(cUend)

The arrows connect the rise @fwith the rise ofc, the rise ofc with the fall of a, and
the fall of a with the fall of b. The rise ofa is characterized by the formulg(a, 1) =
—a A X (aU(—aUend)), and similarly for other transitions. The timing consttaiare



§(ar,e1,2,5) = ¢(a,1)Up 50(c, 1)
§(c1,a2,1,00) = ¢(c,1)Up(a,2)
g(a’ b2, 3 79) = (p(a )U[3 9]()0(b 2)

Finally, the formulgd(D) is
Alend : ¥(a) Ap(b) AN(e) AE(ar, cr,2,5) Aé(cr,az, 1,00) A&(az,ba,3,9)).

Observation 1 (Complexity off(D)) The formulad(D) is polynomial in the size of
the diagramD. Let D be a timing diagram of size. The number of waveform formulas
¥ (a) is equal to the number of signals . The size of a waveform formulé(a) is
linear in the number of transitions, thus@&n). Sincey(a) is a subformula ot)(a),
we have thaty(a)| = O(n). The number of events i is bounded by:. Therefore,
the total size of)(D) is bounded byD(n?).

Observation 2 (Adding Don’t Cares) The ¢ and v formulas capture the diagram’s
constraintsinder the assumption that tié transition as identified from the end of the
diagram is theit" transition from the beginning of the diagraifihis assumption may
be false in the presence of don't-care regionsthé marker does not help because it
isn't clear which occurrences of events should count. Hagdioth partial orders and
don’t cares seems to require enumerating the total orderthéopartial order, which
yields a formula of a (possibly) exponential complexityhe size of the diagram.

4 Cleanly Capturing Diagrams through Textual Logics

The previous section shows the complex structure of an LTiéda that captures a
timing diagram with partial orders and don’t cares. Soméisfcomplexity arises from

using separate subformulas for waveforms and timing caimsg, which is needed to
capture partial orders on events. The diagram in Figureugtithtes a core incompat-
ibility between timing diagrams and LTL: LTL cannot cleardgipture separate paths
converging on a future event while timing diagrams exprissrtaturally.

This problem suggests that timing diagrams rely on a diffeset of temporal ab-
stractions than those provided by the LTL operators. Th&essan interesting question:
how fundamental are these differences? Visually, timiragchms define (potentially
overlapping) windows that are bounded by events and coothier events and win-
dows. In LTL,[¢U1] defines a window bounded on the left by the current positian in
word and bounded on the right by positions satisfyingince the occurrence gfcan
extend beyond that af (if ¢ wereF'p, for example), LTL also supports some degree of
overlapping windows. The future-time nature of LTL biasésdew locations towards
future positions in a word, however, and leads to blowup wivgrdows align on the
right boundaries. Past-time temporal operators, howeeeld capture windows that
align on right boundaries. Our questionvitiether operators that fix window bound-
aries on one end of the word are rich enough to capture the avinstructure in timing
diagrams while using only one term for each event in the diagr

The restriction to one term per event is important because at distinguishing
feature of timing diagrams. We are trying to understand tfierénces between textual



Fig. 3. Timing diagrams with various shapes of partial order.

temporal logics and timing diagrams from a logical perspectn this work, we hold
formulas to the one-term requirement and study the reistnisthat this in turn places
on the semantics of the operators. For the rest of this papempnsider timing diagrams
with ordering between events but no timing constraints esé¢torders. Such diagrams
still blow up when translated to LTL but allow us to focus or fandamental question
of how well LTL-like logics capture the partial orders alledin timing diagrams. We
begin with several examples of timing diagrams with différghapes of partial orders
and discuss which textual temporal logic operators capha® cleanly.

Tree-Shaped Partial Orders Two observations arise from the diagram in Figure 2.
First, we could cleanly capture the diagram in LTL if the coomevent lay at the be-
ginning of the partial order (i.e., if the orderings on exeanere reversed): we would lo-
cate the first event, then independently locate the rengitaio events. Second (though
related), this diagram appears easier to capture if we usetipge operators: we could
locate the falling transition on that is common to both chains of events, then look
backwardsto find the (now independent) rising transitions @mndb. These obser-
vations give rise to our first two claims about partial ordensl clean temporal logic
formulas: partial orders that form trees (or forests) caclbanly translated into LTL,
while those that form trees with their edges reversed catelamly translated into Past-
LTL. Note that Past-LTL here means LTL witinly past-time temporal operators. We
will use PLTL to mean the temporal logic with both future tiared past-time operators.

Partial Orders with Multiple Minimal Events The leftmost diagram in Figure 3 has
multiple minimal events. A formula capturing this diagraamaot start simultaneous
(i.e. conjoined) searches from the rising transitionss@ndb because those searches
converge on the falling transition an Using both past and future-time operators, how-
ever, a formula could search for the first rising transitiomzdollowed by the falling
transition ona; at that point, the search could split into two independeatshes: one
forward for the second rise an and another backward for the transitionshdollowed

by a forward search for the transition enAll of the edges in the partial order are
edges in the tree specifying this search, but some of thageseaate reversed in the tree.
Intuitively, this criterion characterizes when a searah lsa captured in PLTL.

Diamond-Shaped DAGsThe events in the middle diagram in Figure 3 form a diamond
(between the rising transition anand the falling transition ob). If a formula searches

for the rising transition om first, it cannot then spawn independent searches for the
rising transitions orb andc (the “bulge” of the diamond) because they must meet up



again at the falling transition ol Searching first for the falling transition incauses
similar problems. We could conduct this search cleanly ihad a way to “remember”
the location of the rising transition ar then search forwards for the falling transition
onb, then backwards for the rising transitionsiceindc, but with these last two searches
bounded by the remembered position of the searci on

Laroussinie, Mackey, and Schoebelen’s linear temporat laith forgettable past
(NLTL) does exactly this. It adds an operat§rto PLTL that restricts the path to the
suffix starting from the position at which th¥ is encountered. Using/, we could
capture the diamond pattern roughly @& (a7 A F(b] A F(b] A P(c1)))). The N
prevents the backwards search &yrfrom going beyond the location af?.

The rightmost diagram in Figure 3 contains one diamond pattested inside an-
other. This diagram is hard to capture cleanly using just INb&cause both prefixes
and suffixes must be truncated during the search. We thergfooduce an analogous
operator taV, called N, that limits the scope of a search to a prefix of the path.

The following subsections formalize our observations altioeitemporal operators
needed to cleanly capture various shapes of partial ordérslefine the logics PLTL
and NNLTL and present an algorithm for translating a subset ofiglaorders into
formulas in NNLTL. We prove that the translation is correct and show agiqpartial
order that NNLTL cannot capture. Characterizations of the partial csdmptured by
LTL, PLTL, and Past-LTL follow from the correctness of tharslation algorithm.

4.1 The Logics

PLTL Thelogic PLTL (LTL+Past)is the logic LTL extended with péiste modalities:

Y (“yesterday”) is the opposite of, that is, it denotes an event that happened in the
previous steppP (“past”) is the opposite of’, that is, it denotes an event that happened
somewhere in the past; ais(“since”) is the opposite of/. We refer toY’, P, andS as
past modalitiesand toX, U, F', andG asfuture modalitiesThe semantics for the past
modalities is as follows.

- miEYyiff i >0andr,i— 1 = 4.
— 7,1 = YSeiff m,5 | ¢ forsomed < j <isuchthatr,k = forall j < k <.

We useP as a shortcut fotrueS.

The N and N modalities The logic NLTL (LTL with forgettable pagiis defined by ex-
tending the logic PLTL with the unary modalify [10]. The semantics a¥V is defined
as follows: Ny is satisfied in the*™® position of a pathr iff  is satisfied in the path
p = . In other words N ignores everything that happenedrimrior to the position.
Formally,7,i = Ny iff 7%, 0 = ¢.

NNLTL includesN and a similar modality for thenforeseeable futur@he unfore-
seeable future modality (“up to now”) is denoted By SemanticallyN ¢ is satisfied
in the i*® position of a pathr iff ¢ is satisfied in the last position of the finite path
obtained fromr by cutting off its suffixri*!. That is,p = 7[0..1].

Gabbay [7, 8] proved that any linear-time temporal properpressed using past-
time modalities can be translated into an equivalent (whatuated at the beginning



Gen-Formula(P)
if P contains multiple connected componehts. . . Py return /\jz’f Gen-Formulap;)
elseifP has a valid schedule tree T and no dividing eveetisrn Gen-Tree(P, T, root(T))
elseletes, ..., e, be a sequence of dividing events for P
return ., A N(Gen-FormuléRy))
AXNF(pe, AN (Gen-FormuléR;))
AXNF(pey A ... AN XNF(pe, AN (Gen-FormuldR, 1))
AX NF(Gen-FormulgR,))...)

Gen-Tree(P,T,e)
if e has no successorsturn ¢.
elseleteny, ..., eny be successors efin T'in same direction as i®
leteps, ..., ep; be successors afin T" in opposite direction as i
return . A \F_, (X FGen-TreéP, T, en)) A \J_, (PGen-Tre¢P, T ep))

Fig. 4. The formula generation algorithmp. denotes the formula that captures an eventa A
X (a) capturesy T anda A X (—a) captures: |.

of the path) pure future formula. In other words, PLTL is natre expressive than
LTL. Gabbay’s proof can be extended to NLTL as well [10]. $irthe modalityN

is symmetrical taV; the same proof applies toNN.TL. Gabbay’s translation yields a
formula whose size is assumed to be non-elementary in theo§ithe initial formula.

It was recently proved that PLTL is at least exponentiallyensuccinct than LTL, and
that NLTL is at least exponentially more succinct than PLBL |t is easy to see that
the proof of exponential gap in succinctness can be usedsalmithout change foiV.
That is, introducing eitheN or N is enough for the exponential gap. Observe that in
general, chopping off the prefix is not equivalent to choppiff the suffix, since the
former leaves us with an infinite path, while the latter press only a finite portion
of the path. However, Laroussing al.s proof uses only propositional formulas. The
same proof therefore works if we reverse the direction ofitipait, switch past and
future modalities in formulas and use€ instead of N. While using bothN and N
modalities proves to be helpful in translating timing demgs, it seems that having
both of them does not introduce an additional gap in suceéss as opposed to having
only one. That s, the logic NLTL seems to be no more succinct than NLTL.

4.2 Compiling Partial Orders to NNLTL

The diagrams in Figure 3 illustrate how the events in timiragcams bound windows
in which other events must occur. Our discussion illusgratv theNV and N operators
are useful for enforcing these boundaries in temporal ld@ig translation strategy is
to useN and N to (recursively) scope the window boundaries at the outstrievels
and to use PLTL to capture the events that fall within thesedawvs. This approach
works when the contents of windows form forests (or can bn&rdecomposed into



subwindows). We limit the algorithm to these cases, themvshoicher structure that
NNLTL is not capable of capturing.

The algorithm appears in Figure 4. It finds window boundasiekcatingdividing
eventdn the partial order.

Definition 5 An evente of a diagramD is adividing eveniff there exists a partition
of the events ofD minuse into setsF; and F5 such that =~ e; forall e; € E; and
e < eg forall e; € Es. Given a sequence of dividing events, < es < ... < en,
theregion R; is the set of events such that; < e < e;11 (with Ry containing those
events that precedg andR,, containing those events that follaw).

By definition, the dividing events are totally ordered andstttan be captured by a
sequence of nested LTE operators. All remaining events fall into regions encagtad
by the dividing events. Our translation algorithm boundssthregions in the formula
by insertingV' and V' at the beginning and the end of regions.

If a partial order contains no dividing events, then eachneated component within
the partial order is compiled to a formula in PLTL. This triti®n relies on achedule
treethat specifies the order in which to search for each evengicdmponent.

Definition 6 Given a partial ordei, a schedule tre€l” of P is a tree with directed
edges such that the set of noded s the set of nodes i?. We call a schedule tree
valid if for each edge; — e; in T', P contains either an edge froem to eo, or an edge
from e, to e;. In other words, all edges i must be justified by edges iR, but the
edges inl" may occur in the reversed direction from those”in

Note that a single partial order could have several schetkees. As a simple example,
the partial ordets < b, b < ¢, anda < ¢ could schedulé or ¢ in either order.

Definition 7 Given a partial orde, a schedule forest' of P is a set of trees with
directed edges such that the set of nodeE is the set of nodes i and each tree in
F'is a schedule tree for its subset of nodes.

The following theorem establishes that the result of Genvieta(P) is a formula
that recognizes all valid instances Bf

Theorem 3. Let D be a diagram with partial ordeP. LetR be the set of regions (sub-
orders) between each pair of subsequent dividing everfs ©hen, if the partial order

for each regionk € R can be translated to a schedule forest, Gen-Formula(P) is of
sizeO(|P|) and defines the same languagelas

Proof. We argue the size and correctness claims from the theoreanadely, starting
with size. Formulas describing individual events are camisin size. Each dividing
event is included in the formula one time (in the fimaturn of Gen-Formula). The
formula returned from Gen-Tree has linear size in the nunobevents in the tree
by construction. Each non-dividing event appears in at ronstschedule tree, so the
formula resulting from Gen-Formula(P) has linear size mlamber of events i .

For the correctness claim, we will prove that Gen-Formyle€Buires exactly those
event orderings contained iR. Let ¢ be the result of Gen-Formula(P). We first show
that the formula enforces every ordering edgéirLete — ¢’ be an edge iP. One of
the following cases must hold:



— e is a dividing event in some portion @?. Theny contains the subformula, A
¢ A X N+ where the term foe’ occurs im). The use ofV ensures that occurs no
later thane” and the use oKX ensures that occurs strictly later than'.

— ¢’ is a dividing eventin some portion &f. Thene must lie in the region preceding
¢’ (unlesse was a dividing event, which the previous case covergapntains the
subformulap,.: A N(R), whereR is the region containing. The N ensures that
e occurs before’ (no X is needed here becausecuts off the future between the
two halves of’ while two positions are needed to capture both halves.of

— Neithere nor ¢’ is a dividing event, which means the subformula containieirt
terms was generated by a call to Gen-Tree on some schedellE treer a portion
of P. By the definition of valid schedule tre€E,must contain an edge between
ande’ (in one direction or the other). ¥ — ¢’ was an edge ifl’, then theX F' in
the output of Gen-Tree ensures thatccurs before’. If ¢/ — e was an edge ifT,
then theP in the output of Gen-Tree ensures thatccurs before’.

We now argue thap does not require any event orders beyond those.ihet e;
ande; be unordered events (directly or transitivelyinSincee; ande, are unordered,
no dividing event can occur between them, so they must lieérsame regiof of the
diagram. There are two possible cases:

— e1 andes are in different connected componentddbfGen-Formula connects sepa-
rate components only through which induces no temporal ordering,goespects
the lack of order betweesy andes.

— e; ande, are in the same connected componentiofin this case, both events
will be in the schedule tre& for their enclosing component. #; ande, are in
different branches withifl’, ¢ relates them only byx and thus respects their lack
of ordering. Assume that; ande; are on a common branch, and assume without
loss of generality that; is closer to the root df’ than ises. The path frome; to e
must contain at least one edge that occurs in the same dimexgtiinP and one that
occurs in the opposite direction asih(otherwise,P would ordere; andes). This
means that both af’ and aP operator will separate, andes in ¢. This allowses
to occur on either side af, (no N or N operator can intervene because those are
dropped only at dividing events), so the theorem holds. m|

Lemma 1. If the directed graph induced by partial ordé? forms a tree, then there
exists a formula in LTL that recognizés

Proof. In this caseP is a valid schedule tree of itself. Gen-Tree uses only futione
operators when the edges in the schedule tree match the idgeoah in P.

Lemma 2. If the directed graph constructed by reversing every edgepartial order
P forms a tree, then there exists a formula in Past-LTL thabgeizesP.

Proof. Follows by similar argument as for Lemma 1. The expressiong¥ents that
use theX operator can be rewritten to u¥e

Lemma 3. If the graph induced by partial ordeP is a tree with multiple minimal
events, then there exists a formula in PLTL that captiites



Proof. True by the definition of Gen-Tree since suck &as a valid schedule tree.

Note that don’t cares are handled implicitly by not beingserg as events i®.
The care regions are presentfihas separate events for each care position, and the
complexity in this case would also depend on the unary reptasion of the length of
the care region.

4.3 Limitations of NNLTL

The Gen-Formula algorithm uses tli& and P operators only to search for events.
These uses all take the forfy/ P(e A 1), wheree is an event andy is an NNLTL
formula. We call these forms df and P search operatorsNNLTL restricted to search
operators cannot capture all timing diagrams using onlytera per event. Consider
the following diagranDy,.q, which has no dividing events and as many arrows as it does
events (which precludes a schedule tree). The partial andmrevents in this diagram
appears on the right. The rise and subsequent falladrrespond to the events and

e2, and the rise and subsequent falbaforrespond to the evenig andes, respectively.

e2
TT— et
el<: 3. ¢
Dhaq is expressible in NLTL as F/(F(e2) A F(e3) A P(e1) A P(es)). The outermost
F locates an index lying within the windows arandb from which to start the search;
it effectively performs existential quantification on tharsing position. This is a rather

different use off" from the search operators. The following lemma arguesZfhat’s
partial order cannot be expressed concisely NLINL using only search operators.

Lemma 4. No NNLTL formula restricted to search operators captui@g,q with ex-
actly one term per event.

Proof (sketch)Any NNLTL formula that capture€;,.q using only search operators
must search for the events in some tree-shaped order (porrdimg to the order in the
formula’s parse tree). The restriction that each eventapmece in the formula allows
the proof to exhaustively consider each order of the founevdntuitively, N and N
cannot be used since there is no common minimal or maximaitedeopping anV
marker ak; or e, before the other has been located would induce an unwardediog
between these events; a similar problem thIgovernSeg andes. Therefore, no event
can serve as a valid starting point for the search emboditieiparse tree. None of
the remaining operators help encode constraints in whiehnmle is incident on two
others. Any attempt to construct a formula that capturesralérings therefore either
omits an arrow or imposes an order that does not exist in tgraln. |

Dyaq has the simplest partial order withevents and non-transitive

edges forming an undirected cycle. Larger orders of thismfeannot o1 » ¢,
be expressed in NLTL even by usingF’ to search for a starting po-

sition. The analogous formula for the order on the rightgieample, e2 es
would induce unwanted constraints on unrelated event$ (ase; e3-—»¢€6
ande,).2 We defer the proof to a full paper.

& Thanks to Shriram Krishnamurthi for suggesting this exampl



Note that while the partial order iy, is diamond shaped, the direction of the
arrows is different from the expressible diamond shape énnttiddle diagram from
Figure 3. The diamond in the Figure 3 diagram has one mininthbae maximal event,
while Dy,q has two minimal and two maximal events. Multiple extremadreg (and
their common incident events) are at the heart of the argtifoehemma 4 because
they preclude dividing events that decompose the search.

5 Conclusions and Future Work

LTL is often viewed as the canonical linear temporal logic filrmal specification.
Although newer logics such as PSL and OVA challenge this wepractical settings,
LTL is still a benchmark logic for theoretical verificatioegearch. Timing diagrams
are often viewed as just a pretty interface for LTL. This pagpeestions that view by
illustrating the distance between the LTL operators andéhgporal abstractions that
timing diagrams express so naturally. Our translation ftoning diagrams to LTL—
the first to handle both partial event orders and don't-cagégons—illustrates the gap,
while our results on concisely capturing various shapesantigd orders in temporal
logics put the mismatch in a formal context.

Perspective Our results relating partial orders to temporal logics edwo purposes.
First, they suggest temporal abstractions that we would nede able to recognize
in textual formulas (in any logic) in order to render speeifions as timing diagrams.
Translating textual specifications to diagrams is attvacséis an aid for understanding
and debugging complex specifications. One interpretati@muowork is that we have
partly reduced the problem of recognizing that a formula lbardrawn as a diagram
to one of recognizing when an LTL formula captures a (moremact) NNLTL for-
mula. Our work suggests that recognizing diagrams in foasialight not make sense
for LTL, as we do not expect designers would ever write LTLnfatas as complicated
as our translations of timing diagrams. Rendering diagrdrasapproximatetempo-
ral specifications may be a more realistic approach that avstill benefit from our
observations.

Second, our results suggest than a good textual analog itgtiiegrams needs a
different semantic philosophy than LTL. LTL and its extens break paths into win-
dows in which subformulas are satisfied, but these windowstictly bounded at one
end. This characteristic captures nested windows and wisduat are ordered on one
side, but not windows that overlap one another with constsaan both ends. Timing
diagrams capture these richer spatial operators betwaatows. The inexpressible di-
agram in Section 4.3 provides an example of complex comséréietween windows
that do not fit within the styles of operators traditional ifLLextensions.

Future Work Characterizing the class of diagrams for which there arequivalent
NNLTL formulas of the same size remains an open problem. @edti3 presents ini-
tial steps in this direction. Given such a characterizatimmmust confirm that our algo-
rithm handles all expressible partial orders other tPgp. We have not yet considered
the impact of timing constraints on our conciseness redidtgics such as PSL in which



windows in words are an explicit part of the semantics mayigda better textual ana-
log for timing diagrams. We intend to perform a similar aséyto the one in this
paper for PSL. This exercise should give a different perspeon the temporal opera-
tors that are fundamental to timing diagrams yet naturagfmiure textually. If existing
windows-based logics also prove insufficient for cleanlytaang timing-diagram-like
specifications, developing native verification technigieediming diagrams may well
prove beneficial. Similar comparisons to interval-basadpigral logics would also be
instructive [4, 11]. Finally, it would be useful to undenstbthe shapes of partial orders
that designers frequently express in timing diagrams ictima. While we have seen
examples that require rich partial orders, we lack moreildetdata about the frequency
of each of these shapes in practice.
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