Homework #4

#1. (10 Points) True or False:

a) If A ( B (  * and B is regular, then A is also regular   True    False

b) {w ( {a,b}* |  w contains an even number of a’s} is Regular   True   False

c) If N is an NFA, then there is an NFA accepting the complement of L(N)   True False
d) If L1 ∩L2 is regular and L1 is regular, then L2 is regular.   True   False

e) If L1 ∩ L2 is regular and L1 is finite, then L2 is regular.   True   False 
#2. (10 Points) Show that the language P consisting of balanced parentheses is not regular. For example, ((( )( ))( )) is a string in P.

Proof By contradiction using the pumping lemma

Suppose P is regular. Then there exists a DFA, M, such that P = L(M).

Since P is an infinite language, we shouldn’t have any trouble finding a string “large enough.” Let k be the # of states in M. We need a z with 3 properties:

1. z  L

2. |z| > k
3. When z is “pumped”, it produces a string not in L

Let’s try z = (k ) k. It certainly satisfies the first 2 criteria. Hopefully, it will get our contradiction. Then the pumping lemma asserts that:

z = u v w where |u v| < k, |v| > 0 and u vi w  L for all i > 0.

Since  |u v| < k, u v must be all “(“ and since |v| > 0,  v must contain a non-zero # of “(“.

That is, u v = (n  and  v = (n  for 0 < n < k. This means w = (k-n  )k.

u v v w is supposed to also be in L.

  u v v w = (n(n (k-n  )k = (n (k  )k which has more “(“ than “)” and, thus, cannot be in L.
This is a contradiction.

Therefore L cannot really be regular
#3. a) Minimize the following automaton and b) give the regular expression that represents the language accepted by the machine:


First, convert to a dfa: (Best to work through the table)
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Minimize:  (again, work through the table)
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b) Regular Expression: 0 + (00 + 1 + 11)00*
#4. (10 Points)  Show that the question: Is regular expression R a subset of regular expression S  is decidable.
L(r) is a subset of L(s) iff  L(r) ∩ ~L(s) = (. The left side is a regular language, and we know that it’s decidable whether a regular language =  (. or not.
#5. In the Product construction (See page 103 of Background Material 2 – Grahne Slides - and class notes), the product transition function for machine L x M is given as: 

LxM ( (p,q), a) = (L(p,a), M(q,a) ) where p  L and q  M. Using this and the definition of *, show that LxM*((p, q), w) = (L*(p, w), M* (q, w) )
LxM*((p, q), w) = (L* (p, w), M* (q, w) ) Proof by induction on |w|

For each part of this, I will show that the left-hand-side = the right-hand-side

Basis If |w| = 0, LxM*((p, q), ) = (p, q)  (definition of *)
and (L(p , ), M(q, ) ) = (p, q)  (definition of )
Induction Step To show that if LxM*((p, q), w) = (L* (p, w), M* (q, w) ), 0 < |w| < n,

then LxM*((p, q), w) = (L* (p, w), M* (q, w) ) for |w| = n + 1.

Since |w| = n + 1 and n > 0, w = y a where a .

LxM*((p, q), w) = LxM*((p,q), y a)    (Substitution)

                            = LxM LxM*((p,q), y),  a)    (Definition of  *)
                            = LxM ((L*(p, y), M*(q, y) ), a)    (I.H.)

                            = (L( (L*(p, y)),a), M((M*(q, y)),a))   Definition of LxM 
                            = (L* (p, ya), M* (q, ya) )   (Definition of  *) 
                            = (L* (p, w), M* (q, w) )   (Substitution)
