 CS2022/ MA 2201 Homework #5

Due Friday, 12/10

All questions worth 5 points

#1. Let R be the Congruence Modulo m relation on the integers:  

R = {(a,b) |  a = b (mod m); that is, m | (a – b) for some positive integer m}.

a) If m = 2, is 2 R 4?

        Yes. Since 2|(2-4).
b) For m = 2, is 2 R 0?

        Yes. Since 2|(2-0).
c) Show the equivalence classes of R for m = 2. 

        [0]R = {…,-4, -2, 0, 2, 4, 6, …}, i.e., the even integers 

        [1]R = {…-3, -1, 1, 3, …}, i.e., the odd integers
#2. Show that Congruence Modulo m is an equivalence relation.
Let R be the Congruence Modulo m relation on the integers

Reflexive

aRa is true, because  m|(a-a)

Symmetric

If aRb is true, then bRa is true because  if m|(a-b), then (b – a) = -(a – b) so m|(b-a).

Transitive

If aRb, and bRc are true, then aRc is also true because:

a – b  =  k1m

b -  c  =  k2m

Adding gives: a – c = (k1 + k2) m, so a = c (mod m), that is a R c. 

#3.  If R1 = Congruence modulo 3 and R2= Congruence modulo 4,  what is

a) R1 U R2
R1 U R2=Congruence modulo 3 or Congruence modulo 4. The point here is that the union of 2 equivalence relations is not necessarily an equivalence relation (it is still a relation). When might the union of 2 equivalence relations be an equivalence relation?

b) R1(R2
If we have 2 equivalence relations R1&R2 on the same set (here the integers), then the equivalence classes for their intersection are of the form

      [x] = [x]R1([x]R2

    [0]R1([0]R2 = {…0, 3, 6, 9, 12, …} ( {…0, 4, 8, 12, …} = {…0, 12, …}

    [1]R1([1]R2 = {…-11, -8, -5, -2, 1, 4, 7, 13, …} ( {…-11, -7, -3, 1, 5, 9, 13, …}

etc.

So R1(R2=Congruence modulo 12.
The point here is that the intersection of equivalence relations is always an equivalence relation.

c) R12 

R12 = Congruence modulo 3:

R1 = {…(-3,0), (0,0) (0,3), (0,6), … (3,0), (3,3), (3,6)…}

so R12 = {…(-3,0), (0,0), (0,3), (0.6), … (3,3), (3,6), …}

The point here is that if R is transitive (and this is transitive), then R2 = R.

#4. Page 507, #28 a. R = {(a,c), (b,d), (c,a), (d,b), (e,d)} 

Also find the reflexive closure and the symmetric closure and the smallest equivalence relation containing the relation.

Reflexive Closure

Reflexive Closure= {(a,c), (b,d), (c,a), (d,b), (e,d), (a,a), (b,b), (c,c), (d,d), (e,e)}

Symmetric Closure

Symmetric Closure=R U R-1={(a,c), (b,d), (c,a), (d,b), (e,d), (d,e) }
Transitive Closure

First Pass: {(a,c), (b,d), (c,a), (d,b), (e,d),(a,a), (b,b), (c,c), (d,d), (e,b)}

Second Pass: No new pairs added.

Class bulletin board said you needn’t use Warshall’s algorithm, but if you did:

Transitive Closure (using Warshall’s algorithm)
We compute the matrices Wi for i=0,1,2,3,4,5 and then W5 is the answer   
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W2= W1×W1=
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   W5= W4×W4= W4
Therefore the Transitive Closure is 

{(a,a), (a,c), (b,b), (b,d), (c,a), (c,c), (d,b), (d,d), (e,b), (e,d)}

Smallest Equivalence Relation containing R

The smallest Equivalence Relation containing R is 

{(a,a), (b,b), (c,c), (d,d), (e,e), (a,c), (c,a), (b,d), (d,b), (e,b), (b,e), (e,d), (d,e)}
#5. Page 545, #14 Draw the acquaintanceship graph that represents that Tom and Patricia, Tom and Hope, Tom and Sandy, Tom and Amy, Tom and Marika, Jeff and Patricia, Jeff and Mary, Patricia and Hope, Amy and Hope, and Amy and Marika know each other, but none of the other pairs of people listed know each other.

      Each person is represented by a vertex, with an edge between two vertices if and only if the people are acquainted.
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a) #6. Page 545, #22 Explain how graphs can be used to model electronic mail messages in a network.

b) Describe a graph that models the electronic mail sent in a network in a particular week.

Lots of possibilities here:

(a) We can have a vertex for each mailbox or email address in the network, with a directed edge between two vertices if a message is sent from the tail of the edge to the head.

(b) As in part (a) we use a directed edge for each message sent during the week.

#7. Page 554, #6 Show that the sum, over the set of people at a party, of the number of people a person shakes hands with, is even. Assume that no one shakes his or her own hand.

Model this problem by letting the vertices of a graph be the people at the party, with an edge between two people if they shake hands. Then the degree of each vertex is the number of people the person that vertex represents shakes hands with. By Theorem 1, the sum of the degree is even (it is 2e). 

#8. Page 555, #10 For each of the graphs in Exercises 7-9   determine the sum of the in-degrees of the vertices and the sum of the out-degrees of the vertices directly. Show that they are both equal to the number of edges in the graph
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For Exercise 7 the sum of the in-degree is 3+1+2+1=7, and the sum of the out-degree is 1+2+1+3=7; there are 7 edges.  For Exercise 8 the sum of the in-degree is 2+3+2+1=8, and the sum of the out-degrees is 2+4+1+1=8; there are 8 edges.  For Exercise 9 the sum of the in-degree is 6+1+2+4+0=13, and the sum of the out-degrees is 1+5+5+2+0=13; there are 13 edges.
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