CS2022

Test #1

Friday, November 5, 2004

150 Points

#1. (30 points) Let h = “John is healthy”

            w = “John is wealthy”

            s = “John is wise”

Write statements in symbolic form using h, w, and s and the appropriate logical connectives for each of the following:

a) John is healthy, wealthy, but not wise

(h ( w) ( ~s

b) John is neither wealthy nor wise, but he is healthy

(~w ( ~s) ( h    or     ~(w ( s) ( h

c) John is wealthy, but he is not both healthy and wise

w ( ~( h ( s) 

Note: Some people saw the “not both” and immediately thought “XOR”. But XOR has 2 parts: 1) One of the two choices has to be true (that’s not the case here) and 

2) Not both are true.

2. (20 points) Let 

          R(x): “x is a rational number”

          I(x): “x is an integer”

Express “All integers are rational numbers, but some rational numbers are not integers” using Ratl(x), Int(x), quantifiers and  logical connectives

( x (Int(x) ( Ratl(x)) (  (x (Ratl(x) ( ~Int(x))

#3. (40 points) Which of the following implications are true? Justify your answer.

a) If 1 + 1 = 2 then 2 +2 = 4

T ( T is a True implication

b) 1 + 1 = 3 only if 2 + 2 = 6

F ( T is a True implication

#4. (60 points) Determine whether each of the following statements is true or false. Justify your answer with a proof or counterexample, as appropriate. Be clear!

a) The product of any two odd integers, x and y, is odd

True. If x and y are odd, then x = 2i + 1 and y = 2j + 1

x * y =   (2i + 1)(2j + 1)   by substitution

        = 4ij + 2(i + j) + 1     by multiplication

        = 2 (2ij+ i + j) + 1    factoring

        = 2p + 1                    since 2ij + i + j is an integer (we’ve called p)

which is the definition of an odd number

b) The difference of any two odd integers , x and y, is odd

False

Counterexample:

3 is odd; 1 is odd; 3 – 1 is 2 which is not odd
c) For all integers n, 4(n2 + n + 1) – 3n2 is a perfect square

4(n2 + n + 1) – 3n2 = 4n2 + 4n + 4 – 3n2      by multiplication

                               = n2 + 4n + 4                by subtraction

                               = (n + 2) 2                     by algebraic factoring 

#5. (20 points)

Using a symbolic derivation, show:

 
(p ( (q) ( (p ( r)  ( (p ( q ( (r.

 (p ( (q) ( (p ( r)

( ((p ( (q) ( (p ( r)
                             a ( b   = ~a v b

( ((p ( (q) ( ((p ( r) ( ((p ( r))                           definition of  (


( ((p ( q) ( ((p ( r) ( ((p ( r))                               DeMorgan’s Law 

( (q ( (p) ( ((p ( r) ( ((p ( r))                              ( commutes   

( q ( ((p ( ((p ( r) ( ((p ( r)))                              ( associative

( q ( ((((p ( (p ( r)) ( ((p ( ((p ( r)))                   distrib. ( over (
( q ( ((((p ( p) ( r) ( ((p ( ((p ( r)))                     assoc.
( q ( ((T ( r) ( ((p ( ((p ( r)))                                 trivial tautology. 

( q ( (T ( ((p ( ((p ( r)))                                         domination

( q ( ((p ( ((p ( r))                                        identity   
( q ( ((p ( ((p ( (r))                                     DeMorgan’s
( q ( (((p ( (p) ( (r)                                     Assoc.     

( q ( ((p ( (r)                                                 Idempotent 

( (q ( (p) ( (r                                                 Assoc.       

( (p ( q ( (r                                                   Commut.

Q.E.D. (quod erat demonstrandum)
You can shorten the proof somewhat by replacing p ( r with (p ( ~r) ( (r ( ~p)

rather than (p ( r) ( ((p ( r)
