Name___________________________________

CS2022/ MA2201 Test #2               

November  23, 2004

350 Points

Email me if you see any errors

#1. (20 Points) Show the Power Set of  {x, y}

{x}, {y}, {x,y} }

(30 Points) Using Venn diagrams, show that A U ( B ∩ C) = (A U B) ∩ (A U C)

(Please make your diagrams readable!)

I had a really hard time reading some of your diagrams! Strictly speaking, we should look at all the choices: where they are all disjoint, only 2 intersect etc., but here is the general case:
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#3. (50 Points) Prove the problem in #2 by showing each side is a subset of the other.

Many of you took each side back to its logic definition and then used DeMorgan’s Law for logic. This is a fine solution, but I’m going to show a direct Set solution:

1. To Show: A U ( B ∩ C) ( (A U B) ∩ (A U C) 

Suppose x ( A U ( B ∩ C). 

Then x ( A or x ( B ∩ C  (or both)

Case 1: x ( A. Then x ( A U B and x ( A U C. So x ( B ∩ C  ∩ (A U C).

Case 2:  x ( B ∩ C. Then  x ( B   and  x ( C. So  x ( A U B  and A U C which means  x (  (A U B) ∩ (A U C)

2. To Show: (A U B) ∩ (A U C) (A U ( B ∩ C)

Suppose x (  (A U B) ∩ (A U C). Then x (  (A U B) and  (A U C).

Since x (  A U B, x (  A or x ( B and

Since x (  A U C, x (  A or x ( C

Case 1  x (  A. Then x ( A U ( B ∩ C)

Case 2  x (  A. Then x (  B  and x (  C. So x (  x (  (A U B) ∩ (A U C)

#4. (50 Points) Given sets X and Y and a function f: X ( Y. If A and B subsets of  X., 

prove that f (A ∩  B) ( f(A) ∩  f(B)

This problem was on homework 2. You want to start with an element in the left set and show it is in the right. So your first step should be.

“Assume x ( f (A ∩  B)”. Your last step should be “Therefore x ( f (A) ∩ f(B)”.

Here’s the proof:

Assume x ( f (A ∩  B). The there is an element a ( A ∩  B with f(a) = x.

Since a ( A ∩  B, a ( A and a ( B. So, f(a) ( f(A) and  f(a) ( f(B). Therefore,

f(a) = x ( f (A) ∩ f(B).

                                                                                                               n

#5. (50 Points) Show by induction that P(n):  2i = n2 + n, n > 1 is true for all n > 1

                                                                       i = 1

Most people “sort of” knew how to do this. The biggest error was saying that

n+1
2i = (n+1)2 + (n+1) was the induction hypothesis. It’s not, and many of your 

i = 1 

proofs  didn’t “hang together”. I also had a hard time following some of them.
                                                                       i

Basis
For n = 1, 

                 1
left:2i = 2 * 1 = 2
          i = 1

right: n2 + n = 12 + 1 = 2. 

So we have a base case.

I.H.    

  n
2i = n2 + n
i = 1

I..S.

To show: 

n+1
2i = (n+1)2 + (n+1)

i = 1

Starting with 

n+1
2i, I will show it =  (n+1)2 + (n+1)

i = 1
n+1                     n
2i =     2i  +  2 * (n+1)      (splitting the n+1st case off)

i = 1         i = 1

          =  n2 + n + 2 * (n+1)       (by the I.H.)

          = n2 + 2n + 1  + n+1         (Arithmetic)

           =  (n+1)2 + (n+1)             (Factoring n2 + 2n + 1 ) 

#6. (50 Points) Show that  f(n) =  n2 + n,  is O(n2)    (Identify witnesses C and k)

Some of you did not know what  O(n2) meant:

We need to find a C and k such that f(n) =  n2 + n < C * n2 for n > k

Lots of you played it safe with large C’s and k’s.  C = 2 and k = 0 will work.

C = 1 will not work for any k since  n2 + n >  * n2  for all n.
#7.  (50 Points) Compute  Big-( for the program:

Just like the ones done in class and solution on homework 3. Many of you did not know what (( ) is.
     procedure test7 (n: integer)

p = 0; x = 2;  ((1)
            for i = 2 to n  ((1)
               p = (p + i) * x  ((1)

So since each line executes in constant (((1)) time, the only question is how many time the loop iterates. It iterates n – 1 times. So the loop time is (n –1) * ((1) which

is ((n)
Answer: Big-(  = ____((n)______

#8. (50 Points)  Consider a 5-card poker hand.

What is the probability that this hand contains at least 1 ace? Show clearly how you got your answer.

Easiest solution is to find the probability of no aces and subtract it from 1:

Prob(no aces) = C(48,5)/C(52/5)

So prob (at least 1 ace) = 1 - C(48,5)/C(52/5)

(For those of you who just had to compute a numerical answer it’s 0.341)

A longer solution is to compute:

Prob(exactly 1 ace) + prob (exactly 2 aces) + prob )(exactly 3 aces) + prob (exactly 4 aces)

= C(4,1) * C(48,4)/C(52,5)  +  C(4,2) * C(48,3)/C(52,5) + C(4,3) * C(48,2)/C(52,5) +  

   C(4,4) * C(48,1)/C(52,5)      

Extra Credit

(20 points for correct answer, clearly stated)

Given that the product of 2 integers m * n is odd, prove that both  m and n must be odd.

This was done in class, so see your class notes. Because this is an extra-credit, I reserve the right to grade it harder, and if you didn’t clearly state what you were doing, I didn’t give you credit. You need to be able to state proofs clearly.
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