Formula Collection August 28, 2009
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(L) - <rik); (b) <k,m—rk,r—m> <
<_kr)(—1)k_ <r+ 1) <"+1/2) {j 2—21) i) D) t;z (1.3)
kio (rJrrk) _ (r+2+ 1); (b) kzm (Ir<) (—1)k = (;1_ 11) (=)™ (fgl) (=)™ () kgo (nEk> =Fny1 (1.4)
N I e e G
Zk' = (n+1)! zzk (2k— 1)1l = (2n+ )N —1; (c)k;(2k+1)(2k)” 2n+2)1 —2. (1.6)
kz m_ ;mfl m+—1 a>0; (b)Z(DZ_ (Zn”); (c)%k(ﬂ)z_(Zn—l)(znn__lz); (1.7)
50 =G B wie () (e () ) -
kzo ('T“)zk 1 (;jz“ - 2”21 12 1& Z)(”i")U =2 Len: (b)ki0 (1ﬁ2>(—1>k— (_ﬁ/z)(—lw. (1.9)
(k+n m— 1)zk— ( )zk(l—z) = gf n1€+N4z (b>§ (n;k)zk_ (1+s)"+21n:l(51—s)“+17 (110
k ) k=0
k;@ >k<kki <n:1> nxﬁ) - P2 ot = B0 —y-nx= 5 (140(cY) ). (1.12)
k;( ktk)zk ('[—:(17);(t (b)k;)C ktk>r rtkzk X', wherez= X+ — ¥, (1.13)
and the solution is chosen be regulazia {|Z < [t'(t+1)~*+Y|}. This is also the region of convergence.
k;%( o, k)_( J;”)(H C—H). (b)kgj(”:k)z k—on. (C)ki(zkk) ~(2n 1)(n n1/2); (1.14)
kgl (E) (_]'lszrl(x—i-ky)r:X'Hn—i-rxrfly7 0<r<n. Ji)<r;> (x_—:)JJ X( 5 x¢0,—1,...,—n. (1.15)
ZG)(_ )74 — 1, Z(D(_ DK — g n(n 1)1, Z@ (tk+ 1)Lt (n—K) + 9" K= “”*:*5)”. (1.16)

(1 a) o(La-b)
Cmpn _Z< ) (a+bk)™ =nl(— Z( ){ ram 'b[=0|m<n]; z Cmn ( )/b). A—a el (1.17)

needsa+ bk\ <1, keln]

k;<n4k—1) (r— k)n(—l)k_k;)< ){k} = A(n,r) = (,",) Eulerian #. (1.18)
k;@k)i %(Zk)kzk_§ ZJ< >k+1 = 2 (ik)é—")g%as— -4z |4<3 (1.19)
eriJ< ) 1= 2/124_)( (1+ \/11%) When bisected: (1.20)
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F(n+1)=nl = v2m"*/2%e ”(1+%+28812+O(n3)) n!!:z(“/ﬂ%. F(Zk;1>:\/jéi:()! (2.1)
n—1/2 -1/2 2n 1 rn+a) L4 (a—b)(a+b—-1) _
S R S R C R e R ] 2
Y2 pyk/on \"K 1/1 1 1 1 /1 1 1\? 1
(> <zm<n k> (%) <m) x 1+1_2<H_E_m>+ﬂ3(ﬁ_i_m>+O<7kn(n—k))] (2:3)
r+s r s r+s ,
Z(m k)( > <m+n) Z<m+k) <n+k)_<r—m+n) r € Zso, mn € Z. (Vandermonde’s conv.) (3.1)
Cor=k\ [s+ r+s+1 I s+k K lim(S—M
5 (9 - (MH) ssomso 3 (L)oo (3T s0 ey
I T e g (- () e
k<r +
Z(nta) (n ) (t— ,ﬁB) (%) P-Jacobi polynomial, G&R 8.96 (3.4)
Lr/2] n+r—2k 1 (M. " mir—1\ font2r—2k—2 K 1/n+r—1
1)K = : —-1)f=2"" ;o n, ; 3.5
W0 )< () 3 ) (e (T e e
m t  (tHv—r—s t4v1 _k
Z((L)_nn;il n>m kzo(t(:ix)r):r(f;)l, S>V, t+v>r+s Z(D(rn )(—1)k=sn rscR (3.6)
ZC tk) (S tk)rltk (:S); Z(k)(rﬂk)k Ls—tk)" (ts) rnseR (3.7)
tPHt—1)"P-1  integerp<n
z(r tk)(s tk) Z(E:::)tkz (1-t"1/(1-t) p=n p=r+s (3.8)
k20 k20 no closed form whemp > n or whenp ¢ N
K m\ / n—m Y\ ,
5 (7)o 3 (D) Lmnez @9
1/ 1/2 Kk _oonf D 2n\ /2n+2 (=1)" /2n
G O (e ) D L [ G i =1 ) @10
(—1)ktt 1/2\ 1 -1/2 1 1 1/2\ 1 (k—i—-3/2 1 1
2%-1 ZJ< i )2|+1(k—i—1)2k—2i—1_22k+1 i ( i )|+1/2(k i—1 )k i—1/2 k2 (%) (3.11)
x+1\ (x+a—1\ (x=kK\ /x+a-1\/x+n+a X+y+K x+a\ [y+b
2 () (raa) oo - (e a) (177 3 (% >( >< J-()0) e
d «a—(a+n)g™t rql—q". noo 0
kZo(aJrrk)q = g + Ao I(:qu q) — (n+1)g"+ng""?] (4.1)
kiokzqk:(1_7%)3[1+q—(n+1)2q”+(2n2+2n D™t —n?q™?|; s"(q Zkr ¢ §74(a) = aDeS ™ (q) (4.2)
ik(—l)k=(—1)”[g]; %kz(—l)kz(_zl)nn(mrl); ka km“ " m#-1a>0; (4.3)
K=o K=0
12 k—i[z—n(nﬂ) 11 2(n?—1)q"—n(n—1) “*1} N L (4.4)
kzo _(1_q)3 q q Z - 1 qr+1 )
n B B Nk _(n+1 1 0 Hy @)
3 He= (14 Db —n= (0 (b1 kz(m)m>on—(m+1) [Hn+1—m—+1], 3 Gk [Hene] (4.5)
k;&kl_;[HgH_Hgiy}; k;&—;[Hﬁl—i—Hé)l}—i—l—— leKZ_ (N+1)HZ— (2n+ 1)Hn+ 20, (4.6)



Hofri: formulae collection ... 3
_ m+1
& 1+m 1+m T mt1
By, Bk(-) are Bernoulh numbers, 6.11. and polynomidlés, m) is the Hurwitz function.
n k
q o€ =) o Kq+k+1 b
— = —N 51
2evi= Z K b+k+1 2, ﬂb+| @ kZo e brkr1 °F 1)
n k
29 gy SO AH@EKALE i b= 0 the sum (1 5.2
n;n Llb+i ae k; ki b+k+1 ¢ e sumi=i(1+0) (5-2)
o1 /N
i VO _ = << : :
2 [( 1) (1) (1) (k)] 0, 0<I<n Z)I_!r+| r —e-1(q)), ren; (5.3)
k=0 ,
@' 1 gzec, | >1(orjg =17 <1); (5.4)
Lzt Dzta) - (z+a)
n ok 0 k<n—1, distinctg € C; hon g
S (@ -a)=q1 k=n-1| hr(@) = 2, M- 1a symm. poly —- L — (5.5)
=1 Mz ij= Sikej & 4
i=1 hkfn+1(a) k>n Zij=r k=1
Ok(ta, .. .tn) = [27K|(z+11) - - (z+tn), thekth elementary symmetric polynomial in thevariablegtj, 1 <k < n.
S i i R . Y | - - .
LetSnEZin:lt-m,thenSn: Z (_1)|2+|4+|6+...(I1+I2.+'. -Hn 1)'m0'110£2~~0r',",Waring formula (5.6)
i1 +2ip+—+nin= l1:121- - Int
v (1+ uzJ — viz. (5.8)(a) (5.7)
zol'h 0 1 VZ Zﬁ I_L
: @140y 2 (1+uz) = [ (1+uZ), Euler identities (5.8)
n;Jﬂin:l(l_q') ﬂ|>01 uq)’ Z)I_II 11 Z) Zﬁ I_L Ii!J
< (un? ) ) (;9)e  Cauchy identity
_Zo O with ( )n—(a,Q)nziEL(l aq); (@ao=1 (aqk= (g q)2” d— Pochhammer symbol (5.9)
%( n ) _ (Du(@)s z C/b ()kbk Heine’s transformation (5.10)
o (©)n(g . (©w(t)eo &y (@)k(Ak
n n
z aAb = akbk|n+1 z (May) b1 summation by parts (6.1)
K=1 K=1
n
x.x _2 IX(i) X |, wherex.) > Xy >+ > Xip)- (6.2)
2" j (Zl i; ) (1) = X2) (n)
M N ) 1 M N 1 ’ 1 1
> > min(mn) = =N(N+1)(3M —N+1). > 5> maxmn)==N(N“"7) + SMN(M+1). M=>N (6.3)
M=1n=1 6 m=1n=1 6 2
. —At n i . i i [
—At e (tA)" et j! (ar)',
'/e t"dt = /\““n'.: = /to (a+t)ldt = A2 (6.4)
1 © oyl (2 (w)
=101 _ W14t — _ _
[ -y /u i =Blzw) = £ (6.5)
® oweg 1 (0 1\ VAR))
me e dx_a(21+1)/2r(1+2)_\/é(4a)ij! (6.6)
/ e dx—\/m/a, (b) / e gy — /mad’/® () / e 3D = \//ad/ 0 b/ v/2a). 6.7)
_ —c0 JO
/ xe’ax2+bxdx=2—1€jl+g\/n/aeb2/4a¢(b/\/ﬁ), (b) / xe*axz+bxdx:g\/n/aeb2/4a 6.8)
0 —o00
* (kgak (2K)!y/m/a /m Kilaadyy K
./o dx = 2@ (b).o x“Te dx_2k+1 see Eq.6.14 (6.9)
m .
(2j-1] - f12m+1]
kzlf =/t -+ 17201 Z [y - 1)+ (2m+1 / Bam:1({x}) F2™ 2 (x)dx. (6.10)
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Bo:1,—%,1/6, (even)—1/30,1/42,—1/30,5/66, —691/27307/6,—3617/510,43867/798 —174611/330 (6.11)
no viB 1 v v(v+1

kZlk S=(s)—q(sm+1); vl(v+1m+1)~ ijimJiV:W_ZmVHJrl(ZmiVﬂ)er; m— oo (see (6.11)) (6.12)

X)" 1 (1/2) (x>0) 1 /x@—1\ %
In(1 = - 1 1. . 6.13
n(1+x) r; er X), X <1 In(x 2 kxk ZJZkJrl <X2+1) (6.13)
1— ®(x) ~ @(1—x*2+3x* ) (A&S, 26.2.12) erf(x) = 2cb(x\/§) 1 (6.14)
INEQUALITIES
Elxlr X1\"
T > < > 0. .

Markov sup|X|r <P{|X|>a} <E [( 2 r,n>0 (7.1)

This is the best possible when the only information is tids non-negative and with finite mean. When it is also known ¥és

) n n X_M|"

unimodal abouM, then RBX-M|>a<|(—— | E . O
n+1 a

Inequality (7.1) for integer rv's and = 1 becomes: P(X > 0) < E[X]. also for any (X = 0) < g?/E[X?. (7.2)

Bienayme—Chebyshev: P{|X| >t} <t2E[X?]  same as the RHS of (7.1) far= 2. (7.3)

g2
02 +1t2
Both (7.1) and (7.3) are special cases of the following, ngemeeral inequality (Loéve, “Probability Theory” Vol |, f59): LetX be an
arbitrary r.v. andy on R be a nonnegative Borel Function.dis even and nondecreasing @-+~) then, for everya > 0

Chebyshev —Cantelli: P{X—u>t} < (7.4)

ave: EIX)-9(@) Elg(X)]
S T >a < /=~ .
Loeve: s supg(X) PlIXI =4l < g(a) (7.5)
If gis nondecreasing oR, then the middle term is replaced ByX > a], wherea is an arbitrary number. O

Let X1, X, ..., Xy be independent rv’s witk Xiz < o, andS, the sum of the firsk X;’s. Then, for any > 0

. ~ [ 2_
Kolmogorov: P(fg@ﬁ,‘s‘ E[S]| > s) <22 ot =V[Si). (7.6)
This also holds whef, is a martingale. Fon =1 (7.6) reduces (7.3). O
LetX;, 1<i<nbei.id.boundedrv's, & X <1,u=E[S=ZX]/n, then, forO<t<1—pu:
u pAtt 1—p 1—pu-t"
Hoeffding: P[S—nu > nt] < (m) (1_ I —t) < exp(—nt?g(u)) < exp( - 2nt?), (7.7)

where

Lk) ﬂ 0< <l
g(u)={”“ 9 =2 Notewgu)>2, wu.

1 1
) z=mu<l

Fort > 1 — u the first bound in the right-hand-side in (7.7) is 0, andtferl — u it equalsu”. (Hoeffding,J. Am. Sat. Ass. 58, 13-30,

1963). The right-most inequality is often named afiéernoff. O

The combinatoriaBonferroni inequalities are easily adapted probability measures (€pmpp. 192-3). LeA={A;,1<i<n} be a

set of events in some probability spa@e associated with a measuPe and define the probabilitie€g as the sum of probabilities of

occurrence of the intersections of klstrong subsets of these everis=P(Q), S= Z P (A;IA;2 . -A;k). Then the sum
1<i)<ipg<--<ik<n

SR (—1)* 1S satisfies thelternati ng inequalities:

n k
Bonferroni:  (— l (UA.) Z JSJ] >0  (—1)k1 l <ﬂ )—i— zO J+1Sj‘| >0 1<k<n (7.8)
=1 i=1 !
Fork = 1 the above reducd®ool€s inequality. O
Let yj be moments oK, andL(s) its LST. L(s) is absolutely monotone, and
o () 2 (-
Laplace-Stieltjes Transform: Zj o <L(s) < ZJT vn> 1. (7.9)
i= i= :

Jensen: E[u(X)] > u(E[X]) whenu(-)is a convex function. O (7.10)
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n n n
Chebyshev: n Z acby > <Z ak> <Z bk> where{a } and{b;} are monotonic, both increasing or decreasing, (7.11)
K=1 K=1 K=1
If the senses of monotonicity are opposite, reverse theuigldg sign. O
n n e/, 1/q
Holder: S [akby| < <z \ak\p> <z \bk\q> forp>1,>1,andp 1+q =1 (7.12)
K=1 K=1 K=1
The Cauchy-Bunyakovsky-Schwartz (CBS)nequality is obtained fop = g = 2. The analogue holds for integrals. O
The CBS inequality also leads the following (in Vitter & Khisan, JACM 43, #5 p.785):
n 2 n
Amit-Miller: <z |pk—rk|> <2% pxIn(p/ri), for any twon termpMFs p andr (7.13)
K=1 k=1
n
Gibbs: z pklog(pk/rk) >0, forany twontermpPMFs p andr (with equality if thePmFs coincidg. (7.14)
K=1
n 1/p n 1/p n 1/p
Minkowski-1: (Z (ax+bx) p) < < aE) + (Z bE) . for p>1anday, b > 0,Vk. (7.15)
K=1 k=1 K=1
The analogue holds for integrals. O
n n 1/n\ "
Minkowski-11: r! (1+ ak) > 1+ r!ak . forax > 0 for all k and integen. (7.16)
k= K=
n n
Carleman: Z (alaz---ak) 1k <e Z a forax > 0 forallk, and an integen. (7.17)
= k=1

On the intervala, b] let f(-) be real and continuous and let there be a family (not nedsgsBaite) of real and continuous orthonormal
functions {¢r ()}, then

b 2 b
Bessel: z U f () Wr (x)dx} g/ f2(x)dx, The conditions orf, which may be complex, can be relaxed. (7.18)
T a a
Hilbert: Y Bmbn T p/pgi/g whenp,q> 1, 1/p+1/q= 1, Zmah < A, Zabj < B. (7.19)
&nm-+n sin(rt/p) ’ ’ ’ ’ - -
unless one of the series vanishes identically. (More onitthtigardy, Littlewood and Pélya, Chapter I1X). O
The wedge inequality: |(avb)—(cvd)|<|a—c|V|b—d| a,b,c,d e R; V:selection of the maximum : (7.20)
The inequality holds also for functions instead of number) | - | replaced by anyp-norm,p > 0. O
n n
. . ay
The ratio inequality: g bj < max— ax, bk e R, (7.22)
3.3/ 3.0 < maxg
Let A, G andH denote the arithmetic, geometric and harmonic meadapt= {a;,1 <i < n}, given by
The Three Means: A=Y a/n, G=[[] al’", H=[Yat/n ™ (7.22)
The standard relatioA > G > H can be generalized as follows: Lidt{a} = (% s ah)Y/t, then
Power-means (Arnon): t; >to=M;{a} > My, {a}. (7.23)

A, G, H correspond td = 1,0,—1. Ast — +o, M;{a} approaches mga} and mir{a} resp. The power-means ineq. can be further
generalized with weights: LetaPMF, andEP{a} = (3 pia)*t, then

Weighted power-means: t; > t,=>Ef{a} > E>{a}. O (7.24)
LetN{a} = (3 a)¥t, with all g > 0, then
Norm monotonicity: t; >to=N, {a} < N,{a}. (7.25)

The Jackknife inequality (Efron & SteinAnn. Satist. 9, 586-596, 1981).
Let{X}, 1<i<nbei.idandd a symmetric measurable function over 1-dimensional vectors.
Define§ =H(Xy,...,Xi-1,Xi11,..., %), andS= X' ;S /n. Then

The Jackknife inequality: 'V {H (X1,....X%-1)] <E [i(s — 5)2] ) (7.26)

Shachnai: 0<q<1,a >0 naiqiiila-< 1+3q né\'z
. o i;l j=1 1_2(1—Q)i;

q (7.27)
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Shown in A. Bar-Noy, M. Bellare, M. Halldorsson, H. ShachraiTamir,Inf. and Comput., 140, 1998, 183-202.
4n 2n 4" n\k n n" enyk
—— < < —) < <K — . .
2\/ﬁ_<n)_\/3n+1’ (b) (k) _(k)_{kk(n—k)”k’ (k) } (7.28)
Logarithm:  lim X 2logx =0, (b) Iir%xalogx: 0, Da>0 (c) Inx<n(x*"—1),x>0,neZ, (7.29)
— 00 X—
%1<In(1+x)<x, 0#x> -1, (b)x<—|n(1—x)<1—ix, 0#£x<1, (c) Inx<x—1,x>0 (7.30)
X
llog(14+2)| < —log(1—12). |Z2<1  (b) <1+ :—)t> x > 0 is monotonic incr. (7.31)
Exponent:e Tx < 1—x< e X, xe 0,1), (b) %( >(x<1)e>1+x (¢ % <l-e<x (x>-1). (7.32)
. y
1+x>etxx>-1, (b)e&> <1+§) Se xy>0 (0)|¢-1<dd-1<|4e? allz (7.33)
Letmy, = E[|[X —EX|?],a€ R, thenm%‘/al is @ monotonic increasing function & See (7.23) (8.1)
1

F pdp=E(X "), whereF, is thep — fractile of the rvX : P(X < Fp) = p. (8.2)
Z/ [1—G(u—t)]g(t)dt = G(u), g(t) = %; 1—d(x) ~ @(1_{2_’_3{4, ) (A&S, 26.2.12) (8.3)
For theM /G/1 queuerGFof customers in system, mean value and variance, wB(éyés theLsT of the service time distribution and
o isE(S):

2)(z-1) & A%0; Ao
0@ =p 2, 82=S0 -2z p=1-AE©=1-p EX)=piyy o EW= 1% 8.4)
A305+3)%0; o2 _s(1-p)
2\ _ 3 2 2
EX)=EX+ =310 T20-p2 VO~ is9-a+s

For theM /G/« queue: if arrivals are in batches where the batch size hasdhé\(z), andF (-) is the service tim&DF, the number in

gueue has the Poisson distribution only wii¢n) = z
The Expected length of a bp and of the number of customersdéma bp are given by

& _
E[B]:e/\/\ 1 EN—ae, a—nNQ), £= / (1—A(F(t)))dt. 8.5)
WhenA(z) =z £ =E[Y,E[B] = (e° —1)/A,E[N] = €°. (Shanbhag J. Appl. ProB, 274-279 (1966)).
Volume of ann-dimensional ball of radiuR:
Vn(R) = 221 ql"2IR0 /it = /2R /T (n/2+1).  An(R) = dV,(R)/dR (8.6)
Moments ofN(a,02): E(X—a)% = (2r)!a? /2'T(r+1). E[X—a'=2"/2r((r+1)/2)c"//T, oddr (8.7)
The eigenvalues of amcirculant with first columre are given by
A =/Wc, whereW;, = exp<i2?njk) . (8.8)
GENERIC EQUATIONS
The general linear differential equation of first order:
Y (%) +h(x)y(x) = g(), (9.1e)
with h(-) andg(-) known functions, and a prescribed boundary valye y(Xo), has the general solution
y(x) = e /hax (C+ / gef'thdx>, O (9.1s)
where the constarit is determined from the boundary value.
The Bernoulli equation iy’ + p(x)y = q(x)y"; the substitutiorv = y* " linearizes it to/ = (n— 1)[p(x)v—q(x)].
Homogeneous Ricatti equation with constant coefficietts lagistic equation (a particular case of Bernoulli equati
f'(x) = af?(x)+bf(x), f(0)=a, whereaandb are constants, has the solution (9.2e)
ae™
(Goulden and Jackson, 1984) (9.25)

)= 1—aab-1(e*—1)’
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The general linear first order difference equation
a1 =0+ Ba; t>m with am, {ok}, {B«} known
has the solution

t-1  t-1 t-1
atzzaj Hﬁi—i—amrlﬁi t>m
j=m i=j+1 i=m
Special cases: Constamtandf3
—a+fa; t>m — ath+Bt*m am—L t>m
1= P “1-8 1—g) ‘=™

Pure lineaiB;, constant:

a1=b+ica, i>1 a given

a=(i—1)!c ar+b(g_1(1/c)—1)], i>1  e(u)— theincomplete exponential function.

Functional equatiora(x) andb(x) given functions andlp| # 1.
f(x) =a(x)+b(x)f(px), A=limp, f(A)known
| —00

In the region where the following sums and products convehgesolution is given by
N .

fx)=Y a(p'x) [Tb(p'x) + f(A) []b(p'x

JZO (™) [7] B(PX) il (%)

T(n)= n(Ign)q’1+2T(n/2), geN=T(n)~ (n/q)(Ign)9.

(9.3e)

(9.3s)

(9.3¢)

(9.5€)
(9.5s)

(9.6e)

(9.6s)

(9.7)



