Question: What is the maximum path extension <v0,v1,v2,v3, …,vk> such that deg(vk)=1, and deg(vi)=2 for 1 (  i < k) and the graph G may yet be status injective?





Answer: Consider a potential SI graph G = (V, E) which is subdivided into H, a subgraph of n vertices, and a path extension of size k emanating from v0 within H. Note that |V| = n + k. Let the status of vertex v0 only considering vertices inside H to be s. We shall provide bounds on k and n such that independent of s, the path extension will contain at least two vertices with the same status number. Note: there may yet be vertices inside H whose status is the same as a path extension but we do not have sufficiently powerful techniques to catch these cases. 

The status numbers for vertex vi can be calculated as follows:


status (vi) = 
(k – i + 1)*(k – i)/2 +
/* contribution from vj to right. */



i*(i + 1)/2 +
/* contributions from vj to left. */



s + i*(n – 1)
/* contributions from H-v0. */

Note that the contributions for vertices vj to the left of vi include v0. Since n, k, and s are constant, we redistribute to reach the following quadratic equation:


i2 + (n – k – 1)*i + (k2 + k + 2s)/2

For this equation, when k =  n – 1, the middle term vanishes and the status numbers for the vertices on the path extension are of the form i2 + c, which is monotonically increasing, thus ensuring no duplicate status numbers within the path extension. Conceptually, one can envision a positive parabola centered at the y-axis. For values of k<n – 1, the parabola shifts to the left and the equation above continues to be of the form i2 + c. However, when k > n – 2 then the parabola shifts to the right and there will be two values of i that compute to the same value, thus proving that given an SI graph with n + k vertices, there can be no path extension of size k or greater. □
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