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The Rules for Quantifiers

M F oplt/x],A
N 3x. o, A

rcead & fv(r, A)
[ EVx.o A
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x & fu(l, A) Lot 4

NNax.o F A

Molt/x] F A
MLVx.p F A

N

p)



Non-free Variables do not Matter
Lemma
If n(x) = 0(x) for all x € fv(t), then

A (t) = Ay(t)
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Non-free Variables do not Matter

Lemma
If n(x) = 6(x) for all x € fv(t), then
Ay (t) = Ag(t)
If n(x) = 6(x) for all x € fv(yp), then

Al ff Ao
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Non-free Variables do not Matter

Lemma

If n(x) = 6(x) for all x € fv(t), then
A (t) = Ay(t)
If n(x) = 6(x) for all x € fv(yp), then

Al ff Ao

Corollary: If ¢ is a sentence (meaning fv(p) = 0),
then for all n, 0

Ay e iff Alog
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Lemma

Semantics of Capture-avoiding Substitution

Ay pft/X]
iff
whenever

A Eplxmn, () ¢

the former is well-defined
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Soundness of + 1

Rule preserves validity

r = p[t/x],A
NE Ix. o, A
Suppose: for every model M and environment 7,
if M=, v foreveryyel
then either M |, ¢[t/x] or M |5, 0 for some § € A

Then:
if A =g~y foreveryyel
then either AFEp3Ix.¢p or Ay for somed e A
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Proof approach, 1

if A =gy forevery yerl
then either A =g 3x . ¢
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Proof approach, 1

if A =g~y foreveryyel
then either AFEp3Ix.¢p or Ay forsomed e A

enough to show
if A =g~y foreveryyel
then either A gpa, )¢ of Al dforsomed e A
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Proof approach, 1

if A =g~y foreveryyel
then either AFEp3Ix.¢p or Ay forsomed e A

enough to show
if A =g~y foreveryyel
then either A gpa, )¢ of Al dforsomed e A
eqv.
if A =g~y foreveryyel
then either A =g p[t/x] or A=y 0 for some d € A

Guttman ( WPI) Quantifier Rules 1 Apr 10 6 /11



Proof approach, 2

Want:

if Ay~ foreveryyel

then either A = ¢[t/x] or A=y for some d € A
Assumed:
for every model M and environment 7,

if M=, v forevery y el
then either M =, ¢[t/x] or M |, 6 for some 6 € A
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Soundness of + V

Rule preserves validity

FE p, A
M- V¥x.p A

x & fv(l,A)

Suppose: for every model M and environment 7,
if M |=, v for every y el
then either Mk, ¢ or M |=, d for some § € A

Then:
if A =g~y foreveryyel
then either A=y Vx. ¢
or A |y 6 for some 6 € A
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Proof Approach

Want:

if A =g~y foreveryyel
then either A |=p Vx . ¢

or A =g 6 for some 0 € A
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Proof Approach

Want:
if A =g~y foreveryyel

then either A |=p Vx . ¢
or A =¢ 0 for some § € A

eqv.
if A =g~y foreveryyel

then either for all ¢, if 8’ ~ 6, then A =y ¢
or A =g 6 for some 6 € A
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Proof Approach, 2

Want:

if A =g~y foreveryyel

then either for all &', if ' ~, 6, then
or

A=y g
A =y 6 for some 6 € A
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Proof Approach, 2

Want:
if A =g~y foreveryyel
then either for all ¢/, if 0’ ~, 6, then Ay ¢
or A =y 6 for some 6 € A
since x & fv(I', A):
for all ¢,

if 0 ~, 0, then

if Ay yforeveryyel
then either A =y ¢
or A |y § for some § € A
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Proof Approach, 2

Want:
if A =g~y foreveryyel
then either for all &', if 8’ ~ 6, then A =y ¢
or A =y 6 for some 6 € A
since x & fv(I', A):
for all ¢,

if 0 ~, 0, then
if Ay yforeveryyel
then either A =y ¢
or A =¢p 6 for some 6 € A
Know: for every model M and environment 7,

if M=, v forevery y el
then either M, ¢ or M |=, d for some § € A
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Soundness

For every derivation d with conclusion I' = A, for all M, n:
if M=, v forevery y el

then either M |5, ¢
or M [, d for some § € A

(By induction on d as a tree.)
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