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Introduction

In many problems in graph (or hypergraph) theory we are facedwith the
following general problem: Given adensegraphG on a largenumbern of
vertices (withjE(G)j � c

� n
2

�
) we have to �nd a special (sometimes

spanning) subgraphH in G. Typical examples forH include:

Hamiltonian cycle or path

Powers of a Hamiltonian cycle

Coverings by special graphs

Spanning subtrees, etc.

The Regularity method based on the Regularity Lemma (Szemer�edi) and
the Blow-up Lemma (Koml�os, G.S., Szemer�edi) works in these situations.
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Introduction

Where do we start? We have to �nd some structure inG, the �rst step is
to apply the Regularity Lemma forG. Roughly this says (details later)
that apart from a small exceptional setV0 we can partition the vertices
into clustersVi ; i � 1 such that most of the pairs (Vi ; Vj ) are nice,
random-looking (� -regular).
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Introduction

Then we can \blow-up" a nice pair like this and the Blow-up Lemma
claims that under some natural conditionsany subgraph can be found in
the pair. So roughly saying the Regularity Lemma �nds the partition and
then the Blow-up Lemma shows how to use this.

V i

V j
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History of the Regularity method

Regularity Lemma (Szemer�edi '78)

Weak hypergraph Regularity Lemma (Chung '91)

Algorithmic version of the Regularity Lemma (Alon, Duke, Le�man,
R•odl, Yuster '94)

Blow-up Lemma (Koml�os, G.S., Szemer�edi '97)

Algorithmic version of the Blow-up Lemma (Koml�os, G.S., Szemer�edi
'98)

Regularity method for graphs (Koml�os, G.S., Szemer�edi '96-...)

Strong hypergraph Regularity Lemmas (R•odl, Nagle, Schacht, Skokan
' 04, Gowers '07, Tao '06, Elek, Szegedy '08, Ishigami '08)

Hypergraph Blow-up Lemma (Keevash '08)

Hypergraph Regularity method
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Notation and de�nitions

Kn is the complete graphon n vertices,K (u; v) is the complete
bipartite graphbetweenU and V with jUj = u; jV j = v.

� (G) stands for the minimum, and �(G) for the maximum degree in
G.

When A; B are disjoint subsets ofV (G), we denote bye(A; B) the
number of edges ofG with one endpoint inA and the other inB. For
non-emptyA and B,

d(A; B) =
e(A; B)
jAjjBj

is the densityof the graph betweenA and B.

S�ark•ozy (WPI{SZTAKI) On the Regularity Method November 27, 2008 7 / 37



Notation and de�nitions

The bipartite graphG(A; B) (or simply the pair (A; B)) is called
� -regularif

X � A; Y � B; jX j > � jAj; jY j > � jBj

imply
jd(X ; Y ) � d(A; B)j < �;

otherwise it is� -irregular.
A

B

X

Y
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Notation and de�nitions

(A; B) is (�; � )-super-regularif it is � -regular and

deg(a) > � jBj 8 a 2 A; deg(b) > � jAj 8 b 2 B:

��

�
�
�
�

��
��
��
��
��
��
��

��
��
��
��
��
��
��

����
����
����
����
����
����
����

����
����
����
����
����
����
����

���
���
���
���
���
���
���

���
���
���
���
���
���
���

���
���
���
���
���
���
���

���
���
���
���
���
���
���

A

B

a

b
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Regularity Lemma

Lemma (Regularity Lemma, Szemer�edi '78)
For every� > 0 and positive integer m there are positive integers
M = M(�; m) and N = N(�; m) with the following property: for every
graph G with at least N vertices there is a partition of the vertex set into
l + 1 classes (clusters)

V = V0 + V1 + V2 + : : : + Vl

such that

m � l � M

jV1j = jV2j = : : : = jVl j

jV0j < � n

apart from at most�
� l

2

�
exceptional pairs, all the pairs(Vi ; Vj ) are

� -regular.
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Overview of the Regularity method

So we have to �nd a special subgraphH in a dense graphG.
STEP 1: Preparation ofG.
DecomposeG into clusters by using the Regularity Lemma (with a small
enough� ). De�ne the so-calledreduced graphGr : the vertices correspond
to the clusters,p1; : : : ; pl , and we have an edge betweenpi and pj if the
pair (Vi ; Vj ) is � -regular withd(Vi ; Vj ) � � (with some� � � ). Then we
have a one-to-one correspondencef : pi ! Vi . Key observations:

Gr has only a constant number of vertices.

Gr \inherits" the most important properties ofG (e.g. degree and
density conditions).

Gr is the \essence" ofG.

S�ark•ozy (WPI{SZTAKI) On the Regularity Method November 27, 2008 11 / 37



Overview of the Regularity method

STEP 2: Find \nice" objects inGr .
This depends on the particular application and degree condition. Some
examples:
Matching in Gr
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Covering by cliques inGr
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Overview of the Regularity method

STEP 3: Preparation ofH (if necessary).
STEP 4: \Technical manipulations".

Connect the objects in the covering.

Remove exceptional vertices from the clusters (just a few) to achieve
super-regularity.

Add the removed vertices toV0.

Redistribute the vertices ofV0 among the clusters in the covering.

The goal of STEP 4 is to reduce the embedding problem to embedding
into the super-regular objects.
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Overview of the Regularity method

STEP 5: Finishing the embedding inside the super-regular objects.

Lemma (Blow-up Lemma, Koml�os, G.S., Szemer�edi '97)
Given a graph R of order r and positive parameters�; � , there exists an
� > 0 such that the following holds. Let N be an arbitrary positiveinteger,
and let us replace the vertices of R with pairwise disjoint N-sets
V1; V2; : : : ; Vr (blowing up). We construct two graphs on the same
vertex-set V= [ Vi . The graph R(N) is obtained by replacing all edges of
R with copies of the complete bipartite graph K(N; N), and a sparser
graph G is constructed by replacing the edges of R with some
(�; � )-super-regular pairs. If a graph H with�( H) � � is embeddable into
R(N) then it is already embeddable into G.
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Overview of the Regularity method

We start from the graphR:

�� ��
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R

We blow it up and we have the graphsH; G; R(N) on this new vertex set:

H, G, R(N)
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Overview of the Regularity method

Special case (R is just an edge): In a balanced (�; � )-super-regular pairG
there is a Hamiltonian pathH (max degree=2).

V

V

1

2
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Overview of the Regularity method

Remarks on the method:

The method can be made algorithmic as both the Regularity Lemma
and the Blow-up Lemma have algorithmic versions.

The method only works for a really largen � n0 (Gowers). In certain
cases the method can be \de-regularized", i.e. the use of the
Regularity Lemma can be avoided while maintaining some other key
elements of the method. Then the resultingn0 is much better.

The method can be generalized for coloring problems. For this
purpose we need anr -color version of the Regularity Lemma, we need
a coloring in the reduced graph, etc.

The method can be generalized for hypergraphs since by now the
Hypergraph Regularity Lemma and the Hypergraph Blow-up Lemma
are both available.
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Some applications of the method

Proof of the Seymour conjecture for large graphs:

Theorem (Koml�os, G.S., Szemer�edi '98)

For any positive integer k there is an n0 = n0(k) such that if G has order
n with n � n0 and � (G) � k

k+1 n; then G contains the kth power of a
Hamiltonian cycle.

Proof of the Alon-Yuster conjecture for large graphs:

Theorem (Koml�os, G.S., Szemer�edi '01)
Let H be a graph with h vertices and chromatic number k. There exist
constants n0(H); c(H) such that if n � n0(H) and G is a graph with hn
vertices and minimum degree

� (G) �
�

1 �
1
k

�
hn + c(H);

then G contains an H-factor.
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Some applications of the method

Counting Hamiltonian cycles in Dirac graphs (a question of Bondy):

Theorem (G.S., Selkow, Szemer�edi '03)
There exists a constant c> 0 such that the number of Hamiltonian cycles
in Dirac graphs (� (G) � n=2) is at least(cn)n.

This was recently improved by Cuckler and Kahn.
R(G1; G2; : : : ; Gr ) is the minimumn such that an arbitraryr -edge coloring
of Kn contains a copy ofGi in color i for somei .
Proof of a conjecture of Faudree and Schelp for the 3-color Ramsey
numbers for paths:

Theorem (Gy�arf�as, Ruszink�o, G.S., Szemer�edi '07)
There exists an n0 such that

R(Pn; Pn; Pn) =
�

2n � 1 for odd n� n0;
2n � 2 for even n� n0:
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Additional notation for hypergraphs

K (r )
n is the completer -uniform hypergraphon n vertices.

If H = ( V (H); E(H )) is an r-uniform hypergraph and
x1; : : : ; xr � 1 2 V (H), then

deg(x1; : : : ; xr � 1) = jf e 2 E(H) j f x1; : : : ; xr � 1g � egj :

Then the minimum degreein an r -uniform hypergraphH:

� (H ) = min
x1;:::;xr � 1

deg(x1; : : : ; xr � 1):
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Loose cycles

There are several natural de�nitions for a hypergraph cycle. We survey
these di�erent cycle notions and some results available forthem. The �rst
one is the loose cycle. The de�nition is similar forK (r )

n .

De�nition

Cm is a loose cyclein K (3)
n , if it has verticesf v1; : : : ; vmg and edges

f (v1; v2; v3); (v3; v4; v5); (v5; v6; v7); : : : ; (vm� 1; vm; v1)g

(so in particularm is even).
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Density Results for Loose cycles

Theorem (K•uhn, Osthus '06)
If H is a 3-uniform hypergraph with n� n0 vertices and

� (H ) �
n
4

+ � n;

then H contains a loose Hamiltonian cycle.
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Density Results for Loose cycles

Theorem (K•uhn, Osthus '06)
If H is a 3-uniform hypergraph with n� n0 vertices and

� (H ) �
n
4

+ � n;

then H contains a loose Hamiltonian cycle.

Recently this was generalized for generalr . The proof is using the new
hypergraph Blow-up Lemma by Keevash.
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Density Results for Loose cycles

Theorem (K•uhn, Osthus '06)
If H is a 3-uniform hypergraph with n� n0 vertices and

� (H ) �
n
4

+ � n;

then H contains a loose Hamiltonian cycle.

Recently this was generalized for generalr . The proof is using the new
hypergraph Blow-up Lemma by Keevash.

Theorem (Keevash, K•uhn, Mycroft, Osthus '08)

If H is an r-uniform hypergraph with n� n0(r ) vertices and

� (H ) �
n

2(r � 1)
+ � n;

then H contains a loose Hamiltonian cycle.
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Density Results for Loose cycles

Han and Schacht introduced a generalization of loose Hamiltonian cycles,
l -Hamiltonian cycles where two consecutive edges intersectin exactlyl
vertices. They proved the following density result:

Theorem (Han, Schacht '08)

If H is an r-uniform hypergraph with n� n0(r ) vertices, l< r=2 and

� (H ) �
n

2(r � l )
+ � n;

then H contains a loose l-Hamiltonian cycle.

S�ark•ozy (WPI{SZTAKI) On the Regularity Method November 27, 2008 23 / 37



Coloring Results for Loose cycles

Theorem (Haxell,  Luczak, Peng, R•odl, Ruci�nski, Simonovits, Skokan
'06)

Every 2-coloring (of the edges) of K(3)
n with n � n0 contains a

monochromatic loose Cm with m � 4
5n.
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Coloring Results for Loose cycles

Theorem (Haxell,  Luczak, Peng, R•odl, Ruci�nski, Simonovits, Skokan
'06)

Every 2-coloring (of the edges) of K(3)
n with n � n0 contains a

monochromatic loose Cm with m � 4
5n.

A sharp version was obtained recently by Skokan and Thoma.
We were able to generalize the asymptotic result for generalr .
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Coloring Results for Loose cycles

Theorem (Haxell,  Luczak, Peng, R•odl, Ruci�nski, Simonovits, Skokan
'06)

Every 2-coloring (of the edges) of K(3)
n with n � n0 contains a

monochromatic loose Cm with m � 4
5n.

A sharp version was obtained recently by Skokan and Thoma.
We were able to generalize the asymptotic result for generalr .

Theorem (Gy�arf�as, G.S., Szemer�edi EJC '08)

Every 2-coloring (of the edges) of K(r )
n with n � n0(r ) contains a

monochromatic loose Cm with m � 2r � 2
2r � 1n.
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Tight cycles

Our second cycle type is the tight cycle. The de�nition is similar for K (r )
n .

De�nition

Cm is a tight cycle in K (3)
n , if it has verticesf v1; : : : ; vmg and edges

f (v1; v2; v3); (v2; v3; v4); (v3; v4; v5); : : : ; (vm; v1; v2)g:

Thus every set of 3 consecutive vertices along the cycle forms an edge.
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Density Results for Tight cycles

Improving a result of Katona and Kierstead:

Theorem (R•odl, Ruci�nski, Szemer�edi '06)
If H is a 3-uniform hypergraph with n� n0 vertices and

� (H ) �
n
2

+ � n;

then H contains a tight Hamiltonian cycle.
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Coloring Results for Tight cycles

Theorem (Haxell,  Luczak, Peng, R•odl, Ruci�nski, Skokan '08)

For the smallest integer N= N(m) for which every 2-coloring of K(3)
N

contains a monochromatic tight Cm we have N� 4
3m if m is divisible by

3, and N � 2m otherwise.

All the above cycle results use the hypergraph Regularity method.
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Berge-cycles

Our next cycle type is the classical Berge-cycle.

De�nition

Cm = ( v1; e1; v2; e2; : : : ; vm; em; v1) is a Berge-cyclein K (r )
n , if

v1; : : : ; vm are all distinct vertices.

e1; : : : ; em are all distinct edges.

vk ; vk+1 2 ek for k = 1 ; : : : ; m, wherevm+1 = v1.
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t-tight Berge-cycles

Next we introduce a new cycle de�nition, thet -tight Berge-cycle (name
suggested by Jen}o Lehel).

De�nition

Cm = ( v1; v2; : : : ; vm) is a t -tight Berge-cyclein K (r )
n , if for each set

(vi ; vi +1 ; : : : ; vi + t � 1) of t consecutive vertices along the cycle (mod m),
there is an edgeei containing it and these edges are all distinct.

Special cases: Fort = 2 we get ordinary Berge-cycles and fort = r we get
the tight cycle.

S�ark•ozy (WPI{SZTAKI) On the Regularity Method November 27, 2008 29 / 37



Coloring Results fort-Tight Berge-cycles

Theorem (Gy�arf�as, Lehel, G.S., Schelp, JCTB '08)

Every 2-coloring of K(3)
n with n � 5 contains a monochromatic

Hamiltonian (2-tight) Berge-cycle.
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Coloring Results fort-Tight Berge-cycles

Theorem (Gy�arf�as, Lehel, G.S., Schelp, JCTB '08)

Every 2-coloring of K(3)
n with n � 5 contains a monochromatic

Hamiltonian (2-tight) Berge-cycle.

We conjecture that this is a very special case of the following more general
phenomenon.
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Coloring Results fort-Tight Berge-cycles

Theorem (Gy�arf�as, Lehel, G.S., Schelp, JCTB '08)

Every 2-coloring of K(3)
n with n � 5 contains a monochromatic

Hamiltonian (2-tight) Berge-cycle.

We conjecture that this is a very special case of the following more general
phenomenon.

Conjecture (Dorbec, Gravier, G.S., JGT '08)
For any �xed 2 � c; t � r satisfying c+ t � r + 1 and su�ciently large n,
if we color the edges of K(r )

n with c colors, then there is a monochromatic
Hamiltonian t-tight Berge-cycle.

In the theorem above we haver = 3, c = t = 2.
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On the (c + t)-conjecture

If true, the conjecture is best possible:

Theorem (Dorbec, Gravier, G.S., JGT '08)
For any �xed 2 � c; t � r satisfying c+ t > r + 1 and su�ciently large n,
there is a coloring of the edges of K(r )

n with c colors, such that the longest
monochromatic t-tight Berge-cycle has length at mostd t (c� 1)n

t (c� 1)+1 e.

Sketch of the proof: Let A1; : : : ; Ac� 1 be disjoint vertex sets of size
b n

t (c� 1)+1 c.

Color 1: r -edges NOT containing a vertex fromA1.

Color 2: r -edges NOT containing a vertex fromA2 and not in color 1,
...

Color c-1: r -edges NOT containing a vertex fromAc� 1 and not in
color 1; : : : ; c � 2.

Color c: r -edges containing a vertex from eachAi .
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On the (c + t)-conjecture

Now the statement is trivial for colors 1; 2; : : : ; c � 1. In colorc in any
t -tight Berge-cycle fromt consecutive vertices one has to come from
A1 [ : : : [ Ac� 1, sincet > r � c + 1. So the length is at most

t (c � 1)b
n

t (c � 1) + 1
c:
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On the (c + t)-conjecture

Sharp results on the (c + t )-conjecture, i.e. the conjecture is known to be
true in these cases:

r = 3 ; c = t = 2 (Gy�arf�as, Lehel, G.S., Schelp, JCTB '08)

r = 4, c = 2, t = 3 (Gy�arf�as, G.S., Szemer�edi '08)

\Almost" sharp results on the (c + t )-conjecture:

r = 4, c = 3, t = 2 (Gy�arf�as, G.S., Szemer�edi '08) Under the
assumptions there is a monochromatict -tight Berge-cycle of length
at leastn � 10.

Asymptotic results on the (c + t )-conjecture (using the Regularity
method):

t = 2 ( c � r � 1) (Gy�arf�as, G.S., Szemer�edi '07) Under the
assumptions there is a monochromatict -tight Berge-cycle of length
at least (1� � )n.
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On the (c + t)-conjecture

Sketch of the proof for r = 4 , c = 2 , t = 3 : A 2-coloringc is given on
the edges ofK = K (4)

n . c de�nes a 2-multicoloring on the complete
3-uniform shadow hypergraphT by coloring a tripleT with the colors of
the edges ofK containingT . We say thatT 2 T is good in color iif T is
contained in at least two edges ofK of color i (i = 1 ; 2). Let G be the
shadow graph ofK. Then using a result of Bollob�as and Gy�arf�as we get:

Lemma

Every edge xy2 E(G) is in at least n� 4 good triples of the same color.

This de�nes a 2-multicoloringc� on the shadow graphG by coloring
xy 2 E(G) with the color of the (at leastn � 4) good triples containing
xy. Using a well-known result about the Ramsey number of even cycles
there is a monochromatic even cycleC of length 2t wheret � n=3. Then
the idea is to splice in the vertices inV n C into every second edge ofC.
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On the (c + t)-conjecture

However, in general we were able to obtain only the followingweaker
result, where essentially we replace the sumc + t with the product ct .

Theorem (Dorbec, Gravier, G.S., JGT '08)

For any �xed 2 � c; t � r satisfying ct+ 1 � r and n� 2(t + 1) rc2, if we
color the edges of K(r )

n with c colors, then there is a monochromatic
Hamiltonian t-tight Berge-cycle.
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On the (c + t)-conjecture

Assume thatc + t > r + 1, so there is no Hamiltonian cycle. What is the
length of the longest cycle? An example:

Theorem (Gy�arf�as, G.S., '07)

Every 3-coloring of the edges of K(3)
n with n � n0 contains a

monochromatic (2-tight) Berge-cycle Cm with m � 4
5n.

Roughly this is what we get from the construction above.
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