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Abstract. We show that in every r-coloring of the edges of K, there is a monochromatic
double star with at least w vertices. This result is sharp in asymptotic for r = 2 and

for r > 3 improves a bound of Mubayi for the largest monochromatic subgraph of diameter
n(r+1)+r—1

at most three. When r-colorings are replaced by local r-colorings, our bound is T
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1. Introduction

An easy exercise - in fact a note of Erdds and Rado - is that in every 2-coloring of the
edges of K, there is a monochromatic connected subgraph on n vertices. In other
words, there is a monochromatic spanning tree in every 2-coloring of the edges of
a complete graph. One can also require further properties, spanning trees of radius
two and spanning trees having only at most one vertex of degree at least three can
be found monochromatically in every 2-coloring of K, as shown in [3]. Also, Burr
proved ([2]) that there is a monochromatic spanning broom (a path with a star at one
end) in every 2-coloring of K, (see also [11]). Largest monochromatic subgraphs
with further properties have been also investigated, such as given diameter, [6], [15],
given connectivity, [4], [14]. For three colors the order of the largest monochromatic
subtree was determined in [9],[1]. The generalization for r colors have been proved
by the first author [13]:

Theorem 1. If the edges of K,, are colored with r colors then there is a monochromatic
subtree with at least " vertices.
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Theorem 1 is sharp if » — 1 is a prime power and (r — 1)? divides n. An important
generalization has been obtained by Fiiredi [7]. The proof of Theorem 1 in [13] was
based on the following lemma.

Lemma 1. In every r-coloring of a complete bipartite graph on n vertices there is a
monochromatic subtree with at least 5 vertices.

A double star is the tree obtained from two vertex disjoint stars by connecting
their centers. The next lemma of Mubayi [15], found also independently by Liu,
Morris and Prince [14], generalizes Lemma 1.

Lemma 2. In every r-coloring of a complete bipartite graph on n vertices there is a
monochromatic double star with at least % vertices.

A corollary of Lemma 2 is that in any r-coloring of K,, either all color classes
have just one component or there is a monochromatic double star with at least ;=
vertices. This naturally raises the question to find f(n, r), the maximum m such that
there is a monochromatic double star with m vertices in any r-coloring of K,,. We
shall use the proof method (averaging) of Lemma 2 to get our main result, Theo-
rem 2. Note that finding f(n, r) is different from finding the Ramsey number of a
fixed double star, determined in [8].

Theorem 2. For r > 2 there is a monochromatic double star with at least "(le#

vertices in any r-coloring of the edges of K,,.

The bound in Theorem 2 is close to best possible for r = 2: 2-colorings of K,
where the size of the largest monochromatic double star is asymptotic to %” can be
obtained from random graphs or from Paley graphs. In [5] (Theorem 2) the exis-
tence of such a 2-coloring is proved by the random method. (In fact, the proof
of Theorem 2 for r = 2 is also implicitly in [5].) However, for r > 3 the random
method seems to fail to provide good bounds for f(n, r) and it is conceivable that
f(n,r) = ;27, a good test case would be r = 3.

Observing that a double star has diameter at most three, the bound in Theorem 2
provides an improvement (for r > 3) of a result of Mubayi [15], who proved that
there is a monochromatic subgraph of diameter at most three with at least ﬁ
vertices in every r-coloring of K,,. (For r = 2 one can find a monochromatic sub-
graph of diameter at most three spanning all the n vertices, see in [15].)

The size of the largest monochromatic connected subgraph for local r-colorings
(where the number of colors is arbitrary but the edge set incident to any vertex

is r-colored) is determined in [12]: it is r2_rf+1 and this bound is sharp if a finite

projective plane of order r — 1 exists and r> — r 4 1 divides n. Our second result,
Theorem 3, is the local variant of Theorem 2.
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n(r+1)+r—1

Theorem 3. For r > 2 there is a monochromatic double star with at least o

vertices in any local r-coloring of the edges of K,,.

As in Theorem 2, we could not close the gap between the upper bound ﬁ
and the lower bound of Theorem 3, except for r = 2 when the upper bound gives

the right answer and it can be proved easily.

Theorem 4. In every local 2-coloring of K, there is a monochromatic double star with
at least (2?"1 vertices. This bound is sharp for every n.

2. Proofs

Proof of Theorem 2. We show the existence of a monochromatic double star with
M = ”(Fﬂ# vertices in an r-colored K,. Let p be a vertex of K,, and let A;
denote the set of vertices adjacent to p in colori (i € [r]). We may assume that any
vertex a € A; sends less than M — |A;| — 1 edges of color i to U;.; A; otherwise we
have a monochromatic double star in color i with M vertices. Consider the r-partite
graph G with partite classes A; obtained by the removal of edges of color i going
out of A; (foralli € [r]). From the previous remark and from the Cauchy-Schwartz
inequality we get

2AEG)] > D 1Al (n— 1= Ai]) =2 D |A| (M — 1 — |A;])

i=1 i=1

r r
=D 1Al + Al +1=2M) = > AP + (1 = D(n+ 1 - 2M)
i=1 i=1

2
D D+ 1-2m) (1)

Notice that for r = 2 the last line of (1) is zero. This is a contradiction (since
|E(G)| = 0 for r = 2), proving the theorem for r = 2. Thus assume r > 3.

Define G (i, j) as the bipartite subgraph of G spanned by [A;, A;]. Let dy (v, H)
denote the degree of v in color k in the graph H. For any edge ¢ = xy of color k,
x € A;,y € Aj, we define

Sijk(x, y) = di(x, G) +di(y, G, j)), tije(x, y) = di(x, G0, J)) + di(y, G).

Notice that this definition ensures that there are two double stars, S;jx(x, ), resp.
Tijk(x, y) of color k in G with s, (x, ¥), resp. t;jx (x, y) vertices. We estimate the sum
of s;jk(x, y) + tijk (x, y) over all edges of G. Using the Cauchy-Schwartz inequality
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and (1) we get:

Z Z Z Sijk(x, y) +tijk(x, y)

I<i<j<rk#i,jxyeE(G(,Jj))

=X > D RO+ > D GG, )

i=1 x€A; k#i i=1 j#i k#i,k#j x€A;
2
(zi=l ZXEA,' Zk;ﬁl dk(xs G))
>
B (r =D 1Al

2

N (Z?:l 2 i 2kt 2oven; (X, G, j)))
(r—Dr—2) > Al

(2|E(G)|) (r =2+ QIE(G)*  QIEG)])?

r—Dr-2)(n-1) (r—2)(n—l)
G 4 (= (1 +1—-2M))
> —De =D =2|E(G)|M.

Since altogether we summed the cardinalities of the vertex sets of 2| E(G)| mono-
chromatic double stars (S;;« (x, y) and T;j(x, y)), forsome k € [r],x € A;,y € A},
either |V (S;jk(x, y))| or [V (T;ji(x, y))| is at least M, proving the theorem. O

Proof of Theorem 3. The lplroof follows the proof of Theorem 2 with obvious mod-
ifications, now M = ”(r+ +r=1 We use the same notation. Inequality (1) remains
the same. Using 7 (x) for the set of colors appearing on the edges incident to vertex
x, the argument of the proof of Theorem 2 is followed. A difference worth noting is
that in a local r-coloring an edge xy, x € A;, y € A; of color k with k € 1(x)\ {i, j}
implies that k can have r — 1 distinct values (in contrast to the ordinary r-coloring,
where k can have only » — 2 values). Now the "local" variant of the argument is as
follows.

Z Z Z Sijk(x, y) + tijr(x, y)

Isi<j=rk#i,jxyeE(G(.J))

=3 D> HEO+D> D D dix, GG )

i—1 xeA; kel (O\{i) i=1 jAi kel (O\{irj) xeA;
2
(Zf:l D xea; 2ke(l (o) DX, G))
>
- (r—=D2>_1 Al

2
N (Z?:l Dk 2kell o\ i)y 2evea; A, G, j)))
(r—12320_ 1 |Ail
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_ = DRIEGD*+ CIEG)D? _ rCIEG))?

r—1D2n -1 T r=D2n-=1
21E(G)]r (@ f—Dn+1— 2M))
> =2|E(G)|M.
(r—=D*n—-1

As before, we summed the cardinalities of the vertex sets of 2| E(G)| monochro-
matic double stars, (S;x (x, y) and T;jx (x, y)), thus forsome k € [r],x € A;,y € A},
either |V (S;jx (x, y)| or [V (T;jk(x, y))| is at least M. O

Proof of Theorem 4. 1t is easy to see ([10]) that a local 2-coloring of K, is one of
three types: case A. a 2-coloring; case B. the vertices of K, are partitioned into
m > 3 parts Aja, ..., Ay, all edges within Ay; are colored with color 1 or color
i, edges between Aj;, Aj; are colored with color 1; case C. the vertices of K,, are
partitioned into three parts Aj», A3, A2z, edges within A;; are colored with i or j
and cross edges are colored with the color of the intersection of their index pairs.
In case A. there is monochromatic double star with at least %" > (%”1 vertices. In
case B. there is a monochromatic double star in color 1 spanning all vertices. In case
C. the two largest sets, say A2, Aj3 span a double star of the required size in color
1. This proves the lower bound, and any local 2-coloring according to case C. with
evenly distributed sets shows that equality is possible. |

Acknowledgement. Thanks for the referees for a careful reading of the manuscript.

References

1. Andrasfai, B.: Remarks on a paper of Gerencsér and Gyarfas, Ann. Univ. Sci. E6tvos,
Budapest 13, 103-107 (1970)
2. Burr, S.A.: Either a graph or its complement has a spanning broom (manuscript)
3. Bialostocki, A., Dierker, P., Voxman, W.: Either a graph or its complement is connected:
a continuing saga, manuscript (2001)
4. Bollobas, B., Gyarfas, A.: Highly connected monochromatic subgraphs, Discrete Math.
308, 17221725 (2008)
5. Erdos, P, Faudree, R., Gyarfas, A., Schelp, R.H.: Domination in colored complete
graphs, Journal of Graph Theory 13, 713-718 (1989)
6. Erdos, P, Fowler, T.: Finding large p-colored diameter two subgraphs, Graphs and Com-
binatorics 15, 21-27 (1999)
7. Firedi, Z.: Maximum degree and fractional matchings in uniform hypergraphs, Combi-
natorica 1, 155-162 (1981)
8. Grossman, JW., Harary, F., Klawe, M.: Generalized Ramsey theory for graphs. X. Dou-
ble stars, Discrete Math. 28, 247-254 (1979)
9. Gerencsér, L., Gyarfas, A.: On Ramsey type problems, Ann. Univ. Sci. E6tvos, Budapest
10, 167-170 (1967)
10. Gyarfas, A., Lehel, J., Schelp, R.H., Tuza, Zs.: Ramsey numbers for local colorings,
Graphs and Combinatorics 3, 267-277 (1987)
11. Gyarfas, A., Simonyi, G.: Edge colorings of complete graphs without tricolored triangles,
Journal of Graph Theory 46, 211-216 (2004)
12. Gyarfas, A., Sarkozy, G.N.: Size of monochromatic components in local edge colorings,
Discrete Math. 308, 2620-2622 (2008)



536 A. Gyarfas, G. N. Sarkozy

13. Gyarfas, A.: Partition coverings and blocking sets in hypergraphs (in Hungarian)
Communications of the Computer and Automation Institute of the Hungarian Academy
of Sciences 71, 62 pp (1977)

14. Liu, H., Morris, R., Prince, N.: Highly connected monochromatic subgraphs of multi-
coloured graphs, submitted

15. Mubayi, D.: Generalizing the Ramsey problem through diameter, Electronic Journal of
Combinatorics 9, R41 (2002)

Received: April 22, 2008
Final Version received: August 18, 2008



	Introduction
	Proofs


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


