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Abstract

We let G(r)(n, m) denote the set ofr-uniform hypergraphs withn vertices andm edges, and
f (r)(n, p, s) is the smallestmsuch that everymember ofG(r)(n, m) contains amember ofG(r)(p, s).
In this paper we are interested in the growth off (r)(n, p, s) for fixed valuesr, p ands. Brown,
Erdős and Sós [Some external problems onr-graphs, in: New Directions in the Theory of Graphs,
Proceedings of the Third Annual Arbor Conference on Graph Theory, Academic Press, New York,
1973, pp. 55–63] proved that forr > k�2 ands �3 we havef (r)(n, s(r − k) + k, s) = �(nk). This
suggests the difficult question whetherf (r)(n, s(r −k)+k +1, s)=o(nk). This was first established
for r = s = 3 andk = 2 by Ruzsa and Szemerédi [Trible systems with no six points carrying three
triangles, in: Combinatorics (Keszthely, 1976), Colloquia Mathematics Societies Janos Bolyai, vols.
II, 18, 1976, pp. 939–945]. Then fors =3 andk =2 Erdős et al. [Graphs Combin. 2 (1986) 113–121]
extended this result for anyr, and they conjectured that it also holds fork = 2 and anys. In this note
we show that it holds with�log2 s� in place of 1, i.e.,

f (r)(n, s(r − k) + k + �log2 s�, s) = o(nk) for all r > k�2 ands �3.

In addition we show that the conjecture holds forr > k�3 ands = 4, i.e.,

f (r)(n,4(r − k) + k + 1,4) = o(nk).
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1. Introduction

1.1. Notation and definitions

For basic graph and hypergraph concepts see the monograph of Bollobás[1].
A hypergraphF is calledr-uniform if |F | = r for every edgeF ∈ F. An r-uniform

hypergraphF on the setX is r-partite if there exists a partitionX = X1 ∪ · · · ∪ Xr with
|F ∩ Xi | = 1 for every edgeF ∈ F and 1� i�r. |F| denotes the number of edges ofF.
In this paper logn denotes the base 2 logarithm.

1.2. Turán-type hypergraph problems

We letG(r)(n, m) denote the set ofr-uniform hypergraphs withn vertices andmedges,
andf (r)(n, p, s) is the smallestmsuch that everymember ofG(r)(n, m) contains amember
of G(r)(p, s). The determination off (r)(n, p, s) has been a longstanding open problem.
Special cases of this problem appeared in[3,4]. For more about Turán-type hypergraph
results consult the surveys by Füredi[9] and Sidorenko[13]. In this note we are interested
in the growth off (r)(n, p, s) for fixed valuesr, p ands.
Brown et al.[2] proved that forr > k�2 ands�3 we have

f (r)(n, s(r − k) + k, s) = �(nk).

This suggests the following difficult question.

Conjecture 1.

f (r)(n, s(r − k) + k + 1, s) = o(nk).

This was first established forr = s = 3 andk = 2 by the celebrated result of Ruzsa and
Szemerédi[11]. Then fors = 3 andk = 2 Erdős et al.[6] extended this result for anyr, and
they conjectured that it also holds fork = 2 and anys. In this direction in[12] we showed
that

f (r)(n, s(r − 2) + 2+ �logs �, s) = o(n2). (1)

In this note we extend this result fork >2, showing that Conjecture 1 is not far from
being true.

Theorem 1. For all integersr > k�2 ands�3,

f (r)(n, s(r − k) + k + �logs�, s) = o(nk).

Thus roughly speaking Conjecture 1 is true with a�logs� term in place of 1. However,
it still remains open whether one can replace this term with 1 and prove Conjecture 1.
In addition, by using a recent, deep result of Frankl and Rödl[8] we show that Conjecture

1 is true forr > k�3 ands = 4.
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Theorem 2. For all integersr > k�3 ands = 4,

f (r)(n,4(r − k) + k + 1,4) = o(nk).

In the next section we provide the tools, then we prove the theorems.

2. Tools

We will use a simple but useful result of Erd˝os and Kleitman ([7], see also on p. 1300 in
[10]).

Lemma 1. Every k-uniform hypergraphF contains a k-partite k-uniform hypergraphH
with

|H|
|F| � k!

kk
.

Wewill also need a recent result of Frankl andRödl. Following their notation from[8], let
Ai={ai, bi}bepairwisedisjoint 2-element sets for1� i�k.DefineFi={a1, . . ., ak, bi}\{ai}
andF(k) = {F1, . . . , Fk}. Let ex∗(n,F(k)) denote max|H| such thatH is ak-partite
hypergraph onn vertices that isF(k)-free, and|H ∩ H ′|�k − 2 holds for all distinct
H, H ′ ∈ H. Eq. (3) and Proposition 2.2 of[8] combine to establish the following deep
result.

Lemma 2.

ex∗(n,F(4)) = o(n3).

3. Proof of Theorem 1

Let r > k�2, s�3,p = s(r − k) + k + �logs�. Fork = 2 we showed that the theorem
is true in[12]; thus we may assumek >2.
Assume indirectly that there is a constantc >0 such that, for infinitely many values ofn,

f (r)(n, p, s) > �cnk�. (2)

From thisassumptionwewill get a contradiction.Eq. (2)means that thereexistsanr-uniform
hypergraphF with

f (r)(n, p, s) − 1��cnk��cnk

edges that does not contain a member ofG(r)(p, s), i.e. a set ofp vertices spanning at least
sedges.
Using the Erd˝os–Kleitman theorem (Lemma 1) we find anr-partite subhypergraphH

ofF with at least

r!c
rr

nk
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edges. LetX1, . . . , Xr be the vertex classes of thisr-partite hypergraphH. Consider the
(k + 1)-uniform hypergraphH∗ which is defined by the removal ofX1, . . . , Xr−k−1 from
the vertex set ofH and from all edges ofH. If a (k + 1)-edge ofH∗ has multiplicity
greater than 1, then we keep only one edge. Note that every(k + 1)-edge has multiplicity
less thans. Indeed, otherwise taking a(k +1)-edge with multiplicity at leastsands r-edges
ofH containing this edge, we get a set of at most

s(r − k − 1) + k + 1�s(r − k) + k + �logs� = p

vertices that span at leasts r-edges, a contradiction. Then if inH∗ we keep only one edge
from each multiple(k + 1)-edge we still have at least

r!c
rr (s − 1)

nk

edges.
Define for everyx1 ∈ Xr−k, x2 ∈ Xr−k+1, . . . , xk−2 ∈ Xr−3 the following hypergraph:

H∗(x1, . . . , xk−2) = {G\{x1, . . . , xk−2} | {x1, . . . , xk−2} ⊂ G ∈ H∗}.
There arex1, . . . , xk−2 for which we have

|H∗(x1, . . . , xk−2)|� r!c
rr (s − 1)

n2.

If n is sufficiently large then, by (1), we have aG(3)(s + 2+ �logs�, s) in this 3-uniform
H∗(x1, . . . , xk−2). Then in the originalH we have a set of at most

s(r − (k + 1)) + (k − 2) + s + 2+ �logs� = s(r − k) + k + �logs� = p

vertices spanning at leasts r-edges, a contradiction.
This completes the proof of Theorem 1.�

4. Proof of Theorem 2

Let r > k�3 andp = 4(r − k) + k + 1.
Proceeding similarly as above, assume indirectly that there is a constantc >0 such that,

for infinitely many values ofn,

f (r)(n, p,4) > �cnk�. (3)

From thisassumptionwewill get a contradiction.Eq. (3)means that thereexistsanr-uniform
hypergraphF with

f (r)(n, p,4) − 1��cnk��cnk

edges that does not contain a member ofG(r)(p,4), i.e. a set ofp vertices spanning at least
4 edges.
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Similarly as above, first by using Lemma 1 we find anr-partite subhypergraphH ofF
with at least

r!c
rr

nk

edges and with partite setsX1, . . . , Xr . Then we reduceH to {Xr−k, . . . , Xr} to getH∗
with at least

r!c
3rr

nk

(k+1)-edges.Here, as before,wemadeuseof the fact that any(k+1)-edge canbe contained
in at most three edges ofH.
For k >3, similarly as above for everyx1 ∈ Xr−k, . . . , xk−3 ∈ Xr−4 we defineH∗

(x1, . . . , xk−3). Again there arex1, . . . , xk−3 for which we have

|H∗(x1, . . . , xk−3)|� r!c
3rr

n3.

For k >3, letH∗∗ be thisH∗(x1, . . . , xk−3), while for k = 3 letH∗∗ = H∗. Thus in
both cases

|H∗∗|� r!c
3rr

n3.

Any 3-edge can be contained in at most three edges ofH∗∗, since otherwise we get a set
of at most

4(r − k − 1) + (k − 3) + 4+ 3= 4(r − k) + k < p

vertices spanning four edges, a contradiction.
This implies that for anyH ′ ∈ H∗∗, at most twelve edgesH ′′ ∈ H∗∗ can exist with

|H ′ ∩ H ′′| = 3. Thus we can proceed in a greedy manner, selecting edges ofH∗∗ one by
one and every time discarding those at most twelve which intersect the new edge in three
vertices. Denote the resulting hypergraph byH, then

|H|� r!c
39rr

n3 (4)

and |H ′ ∩ H ′′|�2 for all distinctH ′, H ′′ ∈ H. Furthermore,H is F(4)-free, since
otherwise we get a set of at most

4(r − k − 1) + (k − 3) + 8= 4(r − k) + k + 1= p

vertices spanning at least fourr-edges, a contradiction.
However, then (4) is in contradiction with Lemma 2, ifn is sufficiently large.
This completes the proof of Theorem 2.�
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