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ABSTRACT

We investigatesomefundamentapropertiesof the reductionrela-
tion in the untypedterm calculusderived from CurienandHerbe-
lin's| pp. Theoriginal | g hasa systemof simpletypes,based
on sequentalculus,embodyinga Curry-Howard correspondence
with classicalogic; thesigni canceof theuntypedcalculusof raw
termsis thatit is a Turing-completdanguageor computatiorwith
explicit representatioof controlaswell ascode.We de ne atype
assignmensystentor theraw termssatisfying:atermis typableif
andonly if it is stronglynormalizing. Theintrinsic symmetryin the
| pp calculudeadsto anessentialiseof bothintersectiorandunion
types;in contrasto otherunion-typessystemsn theliterature,our
systemenjoys the SubjectReductionproperty

1. INTRODUCTION

The Curry-Howard correspondenckaslong beena linchpin of
the connectionbetweenlogic and computerscience. It was orig-
inally articulatedin the contet of intuitionistic logic, but Grif n
extendedthe Curry-Havard correspondencio classicallogic in
his seminall990POPLpaperf14], by observinghatclassicatau-
tologiessuggestypingsfor certaincontroloperatorsThisinitiated
an active line of researchijn particularthe | pu calculusof Parigot
[21] hasbeenthe foundationof a numberof investigation§22, 12,
19, 6, 1] into the relationshipbetweenclassicalogic andtheories
of controlin programmindanguages.

MeanwhileCurienandHerbelin[11], building on earlierwork in
[15], de ned the systeml pg. In contrastto Parigot's | p-calculus,
which basests typesystemon a naturaldeductionsystentor clas-
sicallogic, termsin | pg representlerivationsin asequentalculus
proof systemandreductionre ects the processf cut-elimination.
As describedn [11], thesequentalculusbasisfor | pg supportsan
interpretationof the reductionrulesof the systemasoperationof
anabstracmachine.In particular theright- andleft-handsidesof
asequentirectly representhe codeandervironmentcomponents
of themachine.This perspectie is elaboratednorefully in [10].

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.

Copyright 200X ACM X-XXXXX-XX-X/XX/XX ...$5.00.

Silvia Ghilezan
Faculty of Engineering
University of Novi Sad

Novi Sad, Serbia

gsilvia@uns.ns.ac.yu

Pierre Lescanne
LIP, ENS de Lyon
LYON, France

Pierre.Lescanne@ens-
lyon.fr

From logic to computation: two roles of typing

In this paperwe relax the connectionwith logic, and explore the
computationapropertiesof pure(untyped)l pg.

A usefulperspectie emegesif we comparethe presenfproject
to the studyof typesin thestandard -calculus.Type systemdave
beenusedin order to interpretl -termsas de ning set-theoretic
functions(simpletypes)andlater to enforcedataabstraction(de-
pendenandpolymorphictypes).Roughly thisuseof typesenables
the | -calculusto be usedas an applied calculus. But in another
direction,type systemswveredevelopedto studythe reductionbe-
havior of | -termsandthe structureof models. Intersectiontypes
play a centralrole in this analysis. Key resultsherearethe char
acterizationf termsthat are solvable, normalizing,and strongly
normalizingin termsof their possibletypings[8, 26], andthe com-
pletenessesultsfor set-theoreticsemanticg4]. In a precisesense
the paradigmsof types-as-propositionand typesfor operational
anddenotationakemanticsare skew to eachother: aspointedout
by Hindley [16], theredoesnot seemto be ary standardogical
notionthatcorrespondso intersection.

The currentwork is a rst stepin a programmethatis rmly
in the secondtradition: we wantto explore the basiccombinato-
rial propertiesof thereduction-relatiornin thel pg calculus.In this
paperwe presentinanalysisof strongnormalization.

It hasoften beenobsered that an advantagethe sequentalcu-
lus hasover naturaldeductionis the the factthatit betterexhibits
the symmetriesnherentin logic. Thisis mostapparentn classical
logic, andindeedthis symmetryis at the heartof the duality be-
tweencall-by-nameandcall-by-valuethatmotivatedthe de nition
of | pa originally; Wadlerhasrecentlyclari ed andstrengthened
this duality in [29]. In this paperwe are not interestedn a log-
ical interpretationof | pg. Still, theimportanceof symmetriesn
the analysisof | g is manifestedn the fact that union typesare
an essentiafeatureof our type system. See[9] for a discussion
of theimportanceof symmetriesn computation.A discussiorof
theintuitionsbehindthe type systemof | pg is at the beginning of
Section3.

Summary of results

The main contrikution of this paperis the characterizatiorof the
strongly normalizing terms of pure | pg under both the call-by-
nameand call-by-valuedisciplines. In particular the setof terms
that are strongly normalizingin | pg underthe call-by-nameand
the call-by-valuedisciplinescoincide. In factour proof appliesto
a rathergeneralclassof reductionsystemsnamelyary reduction
discipline expressinga notion of priority (seeDe nition 6.1) in
which individual termseachconsistentlyactascall-by-nameor as
call-by-value(differenttermsmay adoptdifferent“modes”).



The characterizatiors in termsof a type systemincorporating
both intersectiorand union types: the strongly normalizingterms
are preciselythe typableones. Sucha characterizatiorhasbeen
donefor traditional | -calculususing intersectiontypes only but
thusfar no attempthasbeenmadefor extendingit to the classical-
logic inspiredlanguagesvith controloperators.

Typesystemawith uniontypeshave beenstudiedbefore but the
systemsve areawareof suffer from a severehandicapthe Subject
Reductionpropertyfails for thesesystemsat leastwithout some
constrainton the reductions.In contrastthe calculushereenjoys
SubjectReductionfor unrestrictededuction.

Thetype-systenwe de ne is itself presentedn sequenstyle;in

particularwe useonly rulesfor intersectionandunion-introduction.

Related work

Curienand Herbelin[11] encodesimply-typedcall-by-nameand
call-by-valuel pginto thesimply-typed -calculusvia CPStransla-
tions: thisimpliesstrongnormalizatiorfor thesereductionsin [18]
Lengrandshawvs how simply-typed! pg and the calculusof Ur-
banandBierman[28] aremutuallyinterpretablesothatthe strong
normalizationproof of the latter calculusyields anotherproof of
strongnormalizationfor simply-typed| pg. Our proof of strong
normalizationis direct, usinga naturaladaptatiorof the reducibil-
ity methodfor thel -calculus. B

Theunrestrictedeductionrelationin | pg hasa critical pair, and
indeedthis systemis not con uent. This critical pairis are ection
of theinherentsymmetryin the systemput it complicateseason-
ing aboutreduction. Polonasski [24] presentsa proof of SN for
the unrestrictedcalculuswith a methodbasedon the “symmetric
candidatesideaof BarbanerandBerardi[2] (actuallyPolonwski
treatsa versionof | pg with explicit substitutions) Theinteraction
betweenintersectiontypesand symmetriccandidatess problem-
atic, andstrongnormalizatiorfor intersection-typabléermsunder
reductionthatre ects no notionof priority is at presenstill acon-
jecture.

RemarkablyLaurent[17] hasrecentlyandindependentlgetout
to analyzethe denotationakemanticof the | p calculusby de n-
ing a type systemquite similar to ours: in particularhis system
involvesboth intersectionand union types. Sinceheis interested
in semanticsis systemnaturallyhasthe propertythattypingsare
closedundersubjectconversion(for examplethereis a universal
type). It will beinterestingto investigatethe relationshipbetween
thesesystems.

Thelargercontet of relatedresearchincludesa wealthof work
in logic andprogrammindanguagesSereralterm-assignmersys-
temsfor sequentalculushave beenproposedsatool for studying
the procesof cut-elimination[25, 5, 28]. In thesesystems— with
the exceptionof the onein [28] — termsdo not unambiguously
encodesequenterivations.

We describedabove the fundamentalmportanceof intersection
typesfor | -calculus.In the 1980 andearly 19905 Reynoldsex-
ploredthe role that intersectiontypescanplay in a practicalpro-
gramminglanguage(seefor examplethe report[27] on the lan-
guageForsythe). Pierce[23] exploredthe useof union typesin
programming for exampleas a generalizatiorof variantrecords.
Bunemanand Pierce[7], have shavn how union typescan play
akey rolein thedesignof querylanguagesor semistructurediata
uniontypes.Themotivationfor thework in Barbaneratal. [3] was
foundational,motivated by the obsenration that union typesarise
naturallyin denotationatemanticg&ndthatthey cangeneratenore
informative typesfor someterms. This latterwork highlightedthe
failure of SubjectReductionin the presenceof union typesand
shaved how to recover this propertyby suitablyrestrictingthe no-

tion of reduction.Union andintersectiortypeshave recentlybeen
usedby Palsbeg andPavlopoulou[20] andsubsequentiipy Wells,
Dimock, Muller, and Turbak[30] in a type systeminvolving ow

typesfor encodingcontrolanddata o w informationin typedpro-
gram representationsThe systemin [30] obeys the SubjectRe-
ductionfor a certaincall-by-value versionof the b-rule (in which
variablesarenot considered/alues).

2. SYNTAX

In this sectiorwe presentheuntypedversionof CurienandHer-
belin's| pg calculusintroducedn [11]. We identify threesyntactic
catgories:the setof callers, the setof callees andthe setof cap-
sules(in [11] thesearereferredto respectiely asterms contexts
andcommands We changedhe terminologybecausehe word
termsseemsdnappropriateo qualify only someof the expressions
of the language pbecausecommandsare in no way “commands”.
And lasta terminologythat emphasizeghe inherentsymmetryof
thelanguagds morethanwelcome.

Therearetwo kinds of variablesin this system:(i) the setVar,
of caller variablesdenotedby Latin variablesy, y,..., which can
be boundby | -abstraction®r g-abstractionsand (ii) the setVare
of calleevariablesdenotedby Greekvariablesa, b,... which can
be boundby p-abstractionsLetting r, e, andc rangeover callers,
calleesandcapsulesespectiely, we have

r = xjlxrjuac e:= ajr ejaxc c:= hrke
Thereductionrulesof thecalculusare
(1) HxrkrO e —  h%pxh ki

(W hua:ckeé — cla €
(| hr k ex:ci —  cx ]

Of coursethe substitutionsabove arede ned soasto avoid vari-
ablecapture Theformalde nitions of freeandboundvariablesare
asexpected.In this paperwe usetheusualconventiononvariables
thatin a statemenbr an expression thereis no subepressionin
which avariableis bothfreeandbound.

As arewriting calculus g hasanessentiatritical pair between
the 4 and the g redexes. Thatis to say on a term of the form
hua:c k gx:ci rules(p) and(g) canbeappliedambiguously If one
gives priority to (p) over (g) this correspondgo a call-by-value
discipline, otherwiseit is call-by-name Indeedthe calculusis in-
herentlynot con uent. As a simpleexampleobsere thatthe cap-
sulehya:hz; k bii k pxhez, k boii reducego eachof hz; k b1i and
heo k bai .

Thisis morethansimply are ection of thewell-known factthat
the equationatheoriesof call-by-nameandcall-by-valuediffer. It
is are ection of the greatexpressie power of thelanguagea sin-
gle term containingseveral capsulesanencompasseveral com-
plete computationalprocessesand the p and g reductionsallow
freetransferof controlbetweerthem.

Sothe combinatoricof purereductionis very comple. In this
light it is perhapsslightly surprisingthat the strongly normalizing
computationansoreadily be characterizedyia the type system
we presentater _

Whenreductionin | pg is constrainedo committo the call-by-
namedisciplineor to the call-by-value,the systemis con uent.

It is not hardto seethat purel pg is Turing-completeasa pro-
gramminglanguage,since the untyped| -calculuscan be coded
easilyinto it. Spacedoesnot permita formal developmenthere,
but it is instructive to notethefollowing generakexample.
Notation. If mandn arecallers,let m n denotethe callerterm
pa:hmkn ai. (Of coursea is notfreein morn here.)



Example. (Classicabeta-reduction)
(Ixr) s pa:H xrks ai
—» pa:br[x gkai
usingal -stepfollowedimmediatelyby ag-step.
From the reductionrules, one deduceseasily that the normal
formsaregeneratedby thefollowing abstracsyntax.
fnf 2= X ] IXTnf ] paiCas
ent a ] rnf €nf]EXCns
Cnf hxkai j kkrps ensi jH xry kai

3. TYPE ASSIGNMENT
WITH INTERSECTION AND UNION

The form of classicalsequentalculusprovidesthe framavork
for the de nition of a type-assignmergystemfor | pg usingsim-
ple types. This is preciselythe type systemof Curien and Her-
belin [11], which will be the foundationuponwhich we build our
intersectiortypes.Indeed the systemof CurienandHerbelincom-
prisespreciselythe rulesin Figurel thatdo not mentionintersec-
tionsor unions.

Whenthe sequent-basetype systemis viewed a meansof as-
signingtermsto sequentsyve are led to the notion of the active
propositionin asequentthatis, theproposition(type)that“carries”
theterm. Thisis thepropositionin thestoupin Girard's sensg13].
In eachrule of Figurel , theactive propositionis boxed. Whenap-
plying arule, onehasto take into accountwherethe active propo-
sitionis.

It is well-known that the distinction betweenintuitionistic and
classicallogic is re ected in sequentcalculusby the admission,
in the classicalcase,of multiple formulason the right side of a
sequent. But the useof sequentsastypingsfor | pa terms— p-
termsin particular— yields anotherinsight. For the purposesf
this discussioriet us agreeto introducethe propositionalconstant
? to denotethe spaceof “answers”or “responses”.The informal
interpretationof a callertyping judgmentr : A is thatr denotesa
valuein type A; correspondinglithe informal interpretationof a
calleetyping judgmente : A is that e denotesa continuationthat
expectsavalueof type A andreturnsananswer Underthisreading
ajudgmentsuchaspa:c : A saysthat pa:c takesasparametean
A-continuationandreturnsa value. If we wereto informally de-
notethespaceof A-continuationsastheset(A) ?) thenthispa:c
inhabitstheset((A) ?)) ?), andthefactthatsuchtermsare
assignedhe typeA is exactly the embodimenbf the equivalence
of a propositionwith its double-ngation.

The need for unions. Generatonsideratiomf symmetryshould
leadusto consideruniontypestogethemwith intersectiortypesin
our system.If a callerr canhave type A\ B, meaningthatit de-
notesvaluesthatinhabitboth A andB thenit caninteractwith ary
calleethatcanreceve an A-valueor a B-value: sucha calleewill
naturally be expectedto have the type A[ B. Thusfar we have
only arguedthathaving intersectiortypesfor valuessuggest$av-
ing union typesfor callees,which is in itself not a real extension
of the intersection-typeparadigm. But ary type that can be the
typeof acallervariablecanbethetypeof a calleeterm (via the g-
constructionandary typethatcanbethetypeof a callee-ariable
canbe the type of a caller term (via the p-construction). So we
are committedto having intersectionsand unionsfor callersand
callees.

A speci ¢ technicalconsiderationgives anotherargumentfor

having unions. If our goalis to characterizestronglynormalizing
termsthen certainly we needto type all normalforms. As usual
in traditionalintersectiontypes,whenatermt hasmorethanone
occurrencef a callervariablex, this variablewill, in generalhave
atypeof theform A;\  \ Ay, thedifferentA; re ecting various
constrainton the type of x arisingfrom its interactionwith differ-
entsubtermg. Similarly, if t hasmorethanoneoccurrenceof a
callee-ariablea, it will, in generalreceve atype A1[ [ An,
thetype of continuationghatcanproduceananswergivenavalue

DEFINITION 3.1. - Thesetof typesis geneatedfroma set
of typevariablesby closingunder\ and[ . We will always
considertypesto bede ned modulocommutativityandasso-
ciativity for\ and[ .

- Acallerbasisis a setof statementsf theformx: A, a callee
basisis a setof statementsftheforma : A; in eac casewe
stipulatethat all variablesare distinct.

- Thee are threetypesof typing judgments

G |r:A D G |e:Al° D c: (G D

whee Gis a caller basisandwhee D is a calleebasis.

O

3.1 Discussion

In orderto motivate the technicalconditionon basesn De ni-
tion 3.2 belav we shav why it is thata naive attemptto de ne a
type systemwith unionstypesleadsto dif culties in SubjectRe-
duction.More speci cally, it seemdlif cult to prove asubstitution
lemmaof the sortthatis crucialto SubjectReduction.

Afirstattempt. Considemstandardntersectiortypesystenfor
| -calculus.At thelevel of thenaturaldeductiontherulesfor \ are
justtherulesfor A (thatis, if oneeraseghe termsandlooks just
attheformulas). As we know, the differencebetweerthe formula
A” B andthetype A\ B is thatin the latter we requirethe same
termto witnessA, B, andA\ B. B

We canimaginea type systemfor | yg derived usingthe same
principle, appliedto sequentcalculusdeduction. So the\ rules
would be basedn the shapeof thelogic rulesfor ~ :

GA™ D G DDA G' DB
GAB ™ D G" DA"B

A key point is that, sinceintroducingan intersectionon the left
or the right is not a logical inference,thesetype inferencesare
completelyorthogonalto the notion of the stoup,i.e. of the ac-
tive formula. This meanshatto write down the typing judgments
correspondingo theserulesin the context of | pg, we shouldwrite
down several differentl pg sequentshose“erasure”looks like a
givenlogic inference.

Of coursethe sameprinciple holdsfor uniontypes,whoserules
aresuggestedty analogywith disjunction.

For example,consider

GA™ D GB" D
GA_B' D
TheformulaA_ B canbethetype of anactive formula(i.e. the

typeof acallee),orit canbethetypeof acallervariable,andin the
latter casethejudgmentcanbetyping a calleror a callee.Thus,in




- (e"-ax) - (r*-ax
Gla:A| a:A[ [AsD Gx:A1\ VA T XA
G Ir:AL D G le:Bl D Gx:A " [r:B D
——= — (O] — R
G |r e:Al B| > D G |Ixr:Al Bl D
c:(Gx:A " D c: (G a:AD
- ® ——— M
G lgxc:Al ° D G " |paic:A D
G Ir:A D Gle:Al" D
—— N (cu)
hrke : (G D)
G‘IEI‘D(\) G Ir:AL D G‘IEI;D(\)
GleABl D - G Ir:A\BL D R
Gle:Al* D GleB|l D G Ir:AL D
G le:A[B| " D (v G IrALBEDUR

Figure 1: The type systemM [

termsof | pg, this onelogic inferencewould yield threedifferent
typing rules,asfollows.

Gle:Al" D Gle:Bl D
GleAlBl- D (v
Gx:A " |r:TED Gx:B " [r:T} DL v
GX:A[B " [T} D -
Gx:A le:T|° D Gx:B' e:TD
— (['e var)

Gx:A[ B; |le:T| "~ D
It turnsoutthatthelattertwo rulesabore prove to beanobstacle
to proving a substitutionlemmaof the kind that is necessaryo
supportSubjectReduction. We requirethefollowing property:
If Gx:A " |r:T|; D and G |s:A|, D

then G ° |r[x ¢:T| D

But knowing

the induction hypothesison the given G x: A; °
the proof cannotbe completed.

G ° |s:Ai[ A2} D doesnt allow usto use
[r:T D, and

A second attempt. A rst ideafor xing this problemmightbe
to forbid union typesfor callersandforbid intersectiontypesfor
callees.But aswe obseredearlier in the presencef pandg, any
typethatcanbethetypeof acalleevariablecanariseasthetypeof
acallerterm,andary typethatcanbethetype of a callervariable
canariseasthetype of a calleeterm. Sowe cannothopeto make
ary distinctionbetweeri‘caller types”“calleetypes:.

A third and successful attempt. However it turnsout, as
we will see,thatwe geta successfubystemif we simply forbid
typingjudgmentsvhosebasesontainvariable-typing®f theform
x:A[ Banda:A\ B. In particularwe rejectthe lattertwo rules
above.

DEFINITION 3.2. - AtypeAis\ -de nite if it isatypevari-
able anarrow-typeor it is A1\ Ay, withead A a\ -de nite
type AtypeAis[ -de nite if it is a typevariable anarrow-
typeoritis Aj[ Ag, withead A; a[ -de nite type

- AbasisGis\ -de nite, if in eadh bindingx: Ain G, Aisa\ -
de nite type A basisDis [ -de nite if in ead bindinga : A
in D, Ais a[ -de nite type

- Atypingjudgmentis de nite if its typingbasesGand D are
\ - and[ -de nite, respectively

O

Notethatin ade nite typing judgmentwe do notinsistthatthe
type of the active formulabe de nite. We will restrictattentionto
de nite typing judgmentsn thetype systemwe de ne.

A furthersimpli cation of the systemwe de ne will befor con-
venienceonly. Theanalogywith the logical rulesdescribecabore
suggesthefollowing rulesfor variables:

Gx:A" D G Da:A
Gx:A\B" D G' Da:A[B

Theserulesareperfectlysound,but it turnsout thattheir presence
complicatesreasoningaboutthis system. On the otherhandit is
nothardto seethatapplicationof theserulescanalwaysbe pushed
towardsthe leaves of a typing tree. In fact an equvalentformu-
lation of the systemremovestheserules completelyandreplaces
themwith more e xible axiomschemas.

The systemin De nition 3.3 is the systemobtainedfrom the
rulesnaiely generatedby analogywith thelogical inferencerules
by

restrictingto de nite typejudgmentsand

replacingthe variablerules abore by the more e xible ax-
iomse" -axandr* -ax

This systemts well with the sequentalculusbasedon active
formulas,sinceall the rulesconcernthe termsassociateavith the



active formula, asopposedo the earliertwo systemswhosevar
ruleschangedhe type basisfor an active term while keepingthe
typeof thetermthesame.

Note that althoughwe have forbiddencaller variablesto have
uniontypes,we do have callertermswith uniontypes,dueto their
typingrule

3.2 Thetypessystemm !

DEFINITION 3.3 (THETYPESYSTEM M ! ). Thetypingjudge-

mentsof M\l are thosederivableby therulesin Figure 1. In each
rule weassumehatthe basesare de nite.

O

The rst propertywe will needis thattheintersectiorandunion
ruleswith two premisescanbe “inverted”in the sensethatif the
judgmentin the conclusiorof therule is derivabletheneachof the
judgmentsn the hypothesesarederivable.

It is preciselyherethatwe reapthe bene t of our restrictionto
de nite bases.The following lemmais falsewithout this restric-
tion. Indeed

x:A\ Al (B\C) ° |pa:lxkx ai:B\ Cj

since

hkkx ai: (x:A\ A! (B\ C) a:B\ C)

wherea : B\ Cis not [ -de nite. An easycheckshaws thatone
has

neither x:A\ A! (B\C) ° |ua:hxkx ai:Bj|
nor x:A\ Al (B\C) * |pa:xkx ai:Cj :

LEMMA 3.4 (ELIMINATION).

i. If G |r:A;\ Ap|; D thenfori= 12, G * |r:A|; D

i. If Gle:A[ A2| ° D thenfori=12, G |e:A| D

PRrROOF. Forpartl,we justobserethattheonly rulesthatcould
beusedto derve G * |r:A;\ Ay|; Darer*-axand\ g. In the
lattercasetheresultis immediate;andin the formercasetheresult
is a consequencef the factthatwe areconsideringypesmodulo
associatiity andcommutatity of \ .

The factthat the last inferencecannotbe a 1 is a direct conse-
quenceof our assumptiorthat basesare de nite. Thatis, since
basesannothave assumptionsf theforma : A;\ A, aderivation
suchastheonebelaw is not possible

G Ir:ThE Da:A\ A G le:T| " Da:Al\ A
lrkei : (G~ Dia:A1\ Ay)
G"° |ya:hr ke : Aj\ Az, D

cu)

theassumedierivationmustlook like
G |pahrkei A1 D G Juaihrke :Ay; D
G ' |pa:brke : A\ Ay, D

thatis, aninstanceof \ r. This completeghe proofof part1 of the
lemma.Theproofof part2 is similar. [

DEFINITION 3.5. If G, andG; are caller basesde ne Giu &
to be

GuG=fx:Aj(x:A) 2 G andx62X5g9 [
fX:Aj(X:A) 2 G andx6X5g9 [
fx:A\ Bj(x:A) 2 G and(x:B) 2 &g
If D; and D, are calleebasesde ne Dyt Dy to be
Dit Do=fx:Aj(x:A) 2 Dy andx6Drg [
fx:Aj(x:A) 2 Dyandx6D1g [
fx:A[ Bj(x:A) 2 Dy and(x: B) 2 Dyg
([l
LEMMA 3.6. Let G and G® be\ -de nite; let Dand D be | -
de nite.

ThenG u G is\ -de nite and Dy t Dy is [ -de nite. Further
more:

i.If G |r:Al D then Gu& * |r:A[ Dt DP
i. If Gle:Al " D then Gu@ ° |e:Al, Dt D°

LEMMA 3.7 (CONTEXT EXPANSION LEMMA). LetG G’and
D

i. FG" |r:ALD, then@ |r:A[D°
i. fGle:Al" D,thenG® |e: Al D°
jii. Ifc:(G" D), thenc: (G D9.

LEMMA 3.8 (GENERATION LEMMA).

i. fG™ [Ixr:MiiA! BiD thenGx:A " |r:Bj|D.
i. 1GIr e:UipA! Bi|” D, thenG" |r: A ;D
andG|e:B;j|" D.

ii. IfG™ |pa:c:Niz A D thenc: (G a:A;D).
iv. If Gl@axc: Ui Al° D thenc: (Gx:A " D).

4. SUBJECT REDUCTION

In this sectionwe shaw thatour type systemenjoys the Subject
Reductiorproperty for thethecalculuswith unrestrictededuction,
thatis, evenin thepresencef the(|; g) critical pair. As mentioned
in theintroductionandshavn in [3] subjectreductionis dif cult to
achieve in asystemwith uniontypes.

As usualthe key propertyto verify to ensureSubjectReduction
is thatsubstitutionbehaeswell. Sothe next lemmais the heartof
theargument.

LEMMA 4.1 (SUBSTITUTION). Letussupposehatall judg-
mentsare de nite.
1.If Gx:S " [t:T| D and G * |s:S|, D then

G |tx 9:T}| D

2.1f G* |t:T| Da:S and G |f:S| ° D then

G |tla f]:T| D



3.If Gx:S |g:T| > D and G° IESI; D then

Glglx s:T| " D

4.1f G |g:T|  Da:S and G |f:S|° D then
Glga f]1:T| D

PrROOF. We prove the partssimultaneoushpy inductionon the
lengthof thederiationof the rst indicatedudgmentin eachpart.
We canremarkthatLemma3.4 — andsoin turn the assumption
thatall basesarede nite — is crucialto theargument.

We organizethe proof by consideringthe caseof eachtyping
rulein turn.

Case:r* -ax. Wemust(only) addrespartsl and2. Part2is trivial.
For part1, we aregiven

(r*-ax)
Gx:MA\ VA, T |x:A D

andG ° |s:A;\  \ Ay| D; wewantto shaw that

G ° |s:A| D. Thisisimmediatefrom Lemma3.4.1.

Case: €' -ax We must addressparts3 and 4. Part 3 is triv-
ial. For part4, the agumentis similar to the previous case using
Lemma3.4.2.

Case:! L We considemparts3 and4. For part3 we aregiven

Gx:S " |r:Al D Gx:S |le:B|° D

¢
Gx:S |r e:Al Bl ° D
and
G Is:S D
andwe notethat
(r ex s=(r[x ) (ex s))

sotheresultfollows by inductionhypothesispartsl and3.
For part4 we aregiven

G |r:Al Da:S G l|e:B| " Da:S

¢
G |r e:Al Bl Da:S
and
G|f:S|° D
andwe notethat -
(r gla f]=(rfa f]) (efa f])

sotheresultfollows by inductionhypothesisparts2 and4.
Case:! R Weaddrespartsl and2. For partl we aregiven

Gx:Sy:A " |r:B|, D
Gx:S " |lyr:A! B, D

¢ R

and
G Is:SD
andwe notethat
(lynlx s=1y(r[x s

sotheresultfollows by inductionhypothesispart 1, andan appli-
cationof rule! R
For part2 we aregiven

Gy:A " |r:Bl Da:S
: (R
G [lyr:A! BJ, Da:S

and
G|f:S| D
andwe notethat -
(lynla fl=1ly(rfa f])

sotheresultfollows by inductionhypothesispart2, andanappli-
cationof rule! R
Case:g. We addresgarts3 and4. For part3 we aregiven

Gy:T;x:S " |r:B|, D Gy:T;x:S |e:B| ° D
hrke : (Gy:T;x:S ~ D)
Gx:S |gyhrkei:T| ~ D

(8)

and
G Is:SLD
andwe seekto shaw that
G I(pyhrke)x ¢:T| " D
Since(gyhr kei)[x = gyhr[x g kex ¢, theresultfol-
lows from the induction hypothesisparts1 and 3, appliedto the
leavesof thederivationshavn, followed by (cut) and(g).

Part4 is similar, usingtheinductionhypothesisparts2 and4.
Case: . We addresgartsl and2. For partl we aregiven

Gx:S " |r:Bf a:T;D Gx:S |e:B| * a:T;D
hrke : (Gx:S "~ a:T;D
Gx:S " |pa:brke :T| D

(W

and
G Is:SLD
andwe seekto shav that
Gx:S | (pa:hr kei)[x

Since(pa:hrke)[x s =pa:br[x slkex g, theresultfol-
lows from the induction hypothesisparts1 and 3, appliedto the
leavesof thederivationshavn, followed by (cut) and ().

Part 2 is similar, usingtheinductionhypothesisparts2 and4.
Case:\ |. We addresgarts3 and4. For part3 we aregiven

Gx:§ |e:Al* D

s:T|; D

\
Gx:S |e:A\ B ° D( 2
andwe wish to shav that
G |gx S|:A\B| " D

Thisis aneasyapplicationof theinductionhypothesispart 3.
Part4 is similar.
Case:\ r. We addresgpartsl and2. For part1 we aregiven

Gx:S " |r:Al D Gx:S" [r:B} D
Gx:S " [r:A\ B[ D
andwe wish to shawv that
G |r[x

(\r)

s|:A\ B|; D

Thisis aneasyapplicationof theinductionhypothesispart1.
Part2 is similar.

Case:[ L. Similarto caseé\ g.

Case:[ r. Similartocase\ .. [



THEOREM 4.2 (SUBJECT REDUCTION).
If ¢c:(G* D) and c! @ then @:(G" D)

ProoF. Therearethreecasesgorrespondingo thereductions
for, @, andl .
Case: . Wehave

hpa:hrkei k fi : (G* D)
andwe wish to shav
hhfa flkea
By hypothesisfor sometypeT,
G Ir:T[ D and G le:T| " D
But by the SubstitutionLemma4.1,

fli : (G D)

G |rla f]:T; D and G |da f]:T| D
andsotheresultfollows.

Case:g. Similarto caseu

Case:l. WehaveH xrks e : (G D) andwe wish to shav

hskaxh kei : (G D). By hypothesisfor sometypeT,
G lIxr:T| D and G |s e:T| " D

We performa sub-inductioron the sizeof thetype T. Thetype T
is of oneof theforms: A! B, T1\ T, or To[ To.

case:T isA! B. Thenl xxr musthave beentypedby anappli-
cationof rule! R,

Gx:A " |r:Bl D
G |Ixr:Al Bl D

ands e musthave beentypedby anapplicationof rule! L:

¢ R

G  |s:Al; D G le:B|™ D
G |s e:Al Bl ° D

We canrearrangéhesetyping judgmentdo obtainthe desirectyp-
ing.

¢

Gx:A " |1:B; D GleB| D
hrkei : (Gx:A" D)
G  Is:Al D G |pxirkei :A| ° D
hskgxtrkei :(G™ D)
case:T isTy\ T,. Thens emusthave beentypedby anappli-
cationof rule\ |, sothat

G|seT| D
Gl|seT\T D

(\u)

for eitheri= 1ori= 2in\ L. Butby Lemma3.4,we have
G ° |Ixr:T| Dandsotheresultfollows by applicationof the
inductionhypothesisattypeT,.

case:T isTy[ To. Thenl xr musthave beentypedby anappli-
cationof rule[ r

G’ |Ixr: T}, D (0o
G Ilxr:Ty[ To; D R

for eitheri= 1 ori= 2in [ r. But by Lemma3.4, we have
G |s e:Ti| = Dandsotheresultfollows by applicationof the
inductionhypothesisattypeT,. [

5. STRONGLY NORMALIZING TERMS
ARE TYPABLE

In this sectionwe shav that our type systemassignsa type to
ary normalform andthata SubjectExpansiorresultholds,sothat
ary termthatis stronglynormalizing(underary of the reduction
disciplinesconsidered)s typable.

5.1 Typing normal forms

THEOREM 5.1. Everynormalformis typable

PROOF. It is herethattheunions rst play a crucialrole,in as-
signing typesto callee variablesthat occur more thanoncein a
normalform. We prove by inductionon termsthat

i. If r is acallernormalform thenthereareG, D, andT such
thatG * |r:T| D
ii. If eis acalleenormalform thenthereareG, D andT such
thatG |e:T| ° D
iii. If cisacapsulenormalform thenthereareGandD suchthat
c:(G"° D

Of coursein eachcasewe asserthat G comprisesonly \ -de nite
bindingsandthatD comprise®only [ -de nite bindings.

Now suppose is a callernormalform. Of courseif r is a vari-
ablewe maytyper with atypevariable.If r is | x:sthenby induc-
tion we have

G |s:T|[ D

where,without lossof generalitywe have assumed bindingx : X
in thetyping for s. Thenwe have

Gnx:X * |Ixs:X! T} D
If ris pa:hr k e thenby inductionwe have
hrkei : (G* a:X;D)
where withoutlossof generalitywe have assumed bindingfor a.
Then
G |pailrke : X[ D

This completeghe agumentfor typing callernormalforms.

A calleenormalform is eithera variable,or is of the form gxc

orr e Thevariablecaseis easy andtheg caseis similar to that
for .. Whenthetermisr e we have by induction

G " Ir:Ap D1 and Gy le:B| " Dy
Then
GuGy; [T e:Al Bl Dit D,
A capsulenormalformis of oneof theforms
Hxrkai or mxk(ry :::

wheren 0 andeis eithera or px.c
Considetthe rst case We have, for someG, D, andT,

 ei

G |Ixr:Tl D

If a doesnot occurfreein | x:;r thenwe may supposehata 62D.
Then

G |lxr:T| Dja:T and G la:T|  Da:T
sothat
Hxrkai:(G™ Da:T)



If a doesoccurfreein | x:r thenwe will have, for someA,

G lIxr:T| D%a:A

Then

G" IEI; Dla:T[ A
and

Gla:T| " Dla:T[A
sothat

Hxrkai:(G> D%a:T[ A)
Forthecasetxk (r €)i, we have atyping
GlreT| D
If xis notfreein (r €) then
Gx:T * [x:T| D
and
Gx:T;|r e:T|" D
sothat
hxk(r ei:(Gx:T "~ D)
Otherwisejf x getsatypeAin G
Ex:T\VA " [x:TL D

and
Gx:T\A |r exT|* D
sothat
hk(r e)i:(G*x:T\ A" D)
([l

5.2 Subjectexpansion

Thefollowing is the mainlemmasupportinghe SubjectExpan-
sion theorem;it canbe viewed as a corverseto the Substitution

Lemma.

LEMMA 5.2 (SUBJECT EXPANSION).

1. Supposés * |r[x ]:BJ|, Dandsupposehatcaller sis

typableunderG, D. Thenthereis a typeA sud that
G |s:Al D and Gx:A * |r:BJ D

2. Supposés © |r[a  f]:BJ; Dandsupposeghat callee f

is typableunderG, D. Thentheris a typeA sud that
G |f:Al " D and G  |r:B|, Da:A

3. Suppose&s; | elx §:B| ° Dandsupposehatcaller sis

typableunderG, D. Thenthereis a typeA sud that
G |s:Al; D and Gx:A |e:B| " D

4. Supposes;, [ela  f]:B| ° D andsupposehat callee f

is typableunderG, D. Thenther is a typeA sud that
G |f:A| > D and G |e:B| " Da:A

5. Supposec[x s : (G ° D) and supposethat caller s is

typableunderG, D. Thenther is a typeB sud that

G |s:B|, D and c: (Gx:B = D):

6. Supposefa f]: (G~ D) andsupposehat callee f is

typableunderG, D. Thenther is a typeB sud that

G |f:B]° D and c: (G  Da:B):

PROOF. By inductiononr, eandc.

1.

—Ifr xthenr[x ¢ sand
G Is:B D
accordingio theassumptionOn theotherhand
Gx:B ' [x:B| D
byr* ax
Ifr vythenr[x g v,

G |y:Bj D
andfor sometypeA,
G  Is:Al D
accordingto theassumptionThen
Gx:A ° |y:—B|; D
by Contet expansionemma3s.7.

— Letr lyr®Then(lyr9[x o Iyr9x s],where
y 6FV; (s) by Barendrgt corvention. By assumption

G |lyr9x 9:BL D

We performa sub-inductioron the sizeof type B. The
typeBisoneof theforms: Ty! Tp, T1\ Tp, or o[ To.

caseBisTy! T,. By Generatiohemma3.8

Gy:Ti ~ Iffx §: T2 D

andby theinductionhypothesis
Gy:T1 * |s:Tz|, D

(whichyieldsG * |s:BJ, Dsincey6ZFv,(s)) and

Gy:Tu;x:B * Ir% T D

(whichyieldsGx:B * [1yr%:T;! T,|; D).
caseBis Ty\ T,. Thenby Eliminationlemma3.4

G |lyr9x 9:T D
andby theinductionhypothesighereis atype A; such
the

G |s:A; D and Gx:A ~ [1yr% T D

fori= 1;2. Theresultfollows by Lemma3.6and\ g.

caseBis T1[ T,. Thelastrule appliedmusthave been
[ rhence

G |lyr9x 9:T D



for eitheri = 1ori= 2. Takei = 1, thenby theinduc-
tion hypothesis

G |s:Ai D and Gx:A; ~ [lyr%: T, D

Theresultfollows by [ g.

— Letr pa:c. Then(pa:c)[x 9 pa:c[x 9, where
a6Fve(s). Let
G " Jpaic[x ¢):Bj D

Accordingto Generationemma3.8
cx 9:(G a:B;D
henceby theinductionhypothesis
G"* IEI; D and c:(Gx:A" a:B;D)
Thus
Gx:A " |pacc:B} D
2. 3. and4. Similar.

5. Inthecaseof acapsuldrkei[x s h[x gkex di,
hencethelasttyping rule appliedis (cut), therefore

G Irlx 9§:B; D and G |e€x g:B|° D

By theinductionhypothesighereexists A; suchthat

G"° |TA1|; D and Gx:A; ° IEI; D
andthereexists A, suchthat

G"° |TA2|; D and Gx:Ay; IEI D
By (\ R) we get

G |siAl\ A, D
By Lemma3.6 we get
Gx:A\ A °
Using(cut) we get
hrke : (Gx: A1\ Ay D)

Part6. is similar.

O

THEOREM 5.3. All stronglynormalizingtermsare typable

PROOF. Let c be strongly normalizing. We proceedby induc-
tion on the lengthof the longestreductionof ¢c. Sosupposes and
Parecapsulesvith c — ¢ Fromtheassumptiorihat cis ty-
peablewe derive a typing for c; therearethreecasesccordingto
the rule usedto reducec. Herewe presentonly one, the caseof
thel rule: H xrkr® e — h9 @xtr k €i . By theinduction
hypothesidrk axhr keii : (G ° D). In thistyping (cut) must
have beenthelastrule applied.

Thereforefor sometype A

G [r% A D andG |pxhrke :A| ° D

The secondmpliestr ke : (Gx:A ~ D). So,thereis atypeB
suchthat

Gx:A; |e:B| ° D and Gx:A " |r:B[ D

[r:B, D and Gx:A;\ Ay; |e:B| °~ D

By the variablecorventionx is not freein eso G, |e: Al ~ D.
Puttingthistogethemwe getto H x:r kr® e : (G" D).

O

6. TYPABLE TERMS ARE
STRONGLY NORMALIZING

CurienandHerbelin[11], andLengrand[18], have shovn how
to deducestrongnormalizationfor simply-typed| pg in both the
call-by-nameand call-by-value disciplines;the former by embed-
ding| pgainto thel -calculuswith continuation-passingtyletrans-
lationsandthe latter via interpretationinto the calculusof Urban
andBierman[28]. But it is not clearhow to adaptthesearguments
to obtainstrongnormalizationfor anintersection-typesystem.in
this sectionwe presena self-containe®N prooffor M \[ -typable
| yp termsby a variantof the standardreducibility methodfor the
| -calculus.In factwe give a uniform proof thatappliesto boththe
call-by-nameandcall-by-valueregimes,andindeedgeneralize$o
evenmore e xible systems. _

Thecall-by-namesubsystenof | pg is the systemde ned by the
constrainthatsaysthatp-redexeshave “higher priority” in thecrit-
ical pair, the call-by-value subsystengives priority to p-redeces.
Let usgeneralize¢heseconventions.

DEFINITION 6.1. A priority p is a well-foundedpartial order-
ing de nedontermsof theformpa:c andgx:c

O

Forexample thecall-by-namepriority isde nedby pa:c  gxc®
for all c andc® with no otherrelations,andthe call-by-valuepri-
ority is de ned by px:.c® pa:c for all c andc®, with no otherre-
lations. The longestcapsuler st priority de ned by gx:.c® pa:c
if kek < kek (whereis kck is the sizeof ¢ in term of numberof
symbols)andpa:c  gxclotherwiseis anotherpriority.

In orderto male precisethe sensean which a priority de nesa
notionof reductionwe requireafew de nitions.

DEFINITION 6.2. Letp bea priority.

If r is a caller, let us saythat a calleee is availableto r if
eithereis notof theformgxcOor e precedes in thepriority
p. Similarly, for a calleee we saythata callerr is available
to eif eitherr is notof theform pa:cor r precedes in the

priority p.

A reductionsteprespect9 if either its redec is not an in-
stanceofacritical pair, or, lettingtheredecbehua:ck ex:cd,
the p-reductionis doneif pa:c precedesax:c® but the p-
reductionis doneif gxc®precedegia:c.

Areductionsequencés a p-reductionif ead steprespectp.

Atermt is stronglynormalizingunderp, or is a SNP-term if
everyp-reductionsequenceutof t terminates.

O

Soin theterminologyabore, the call-by-namesubsystenof | pg
is thesystemn whicheachreductionrespectshecall-by-namepri-
ority, while the call-by-value subsystemespectghe call-by-value
priority.

But notethattherearemary priorities otherthanthesetwo. For
example,onecande ne apriority thatensureshatcertaincapsules
obey the call-by-namediscipline,while othersobey call-by-value.



On the other hand, thereare reductionsequenceshat are not p-
reductiondor ary p: thiswill bethecasewheneerarede hua:ck
gx:.cd is contractedn thereductionsometimessa p-reductionand
sometimessag-reduction.

Our goal is to prove thatif t is aM | -typableterm thenary
reductionout of t thatrespectany priority mustbe nite.

DEFINITION 6.3. Fix a priority p. For eat typeT wede nea
set(sP)T ofterms;welet(sp),T and(Sp)g denotethecorrespond-
ing setsof callers andcalleesat ead typeT.

To keepthe notationmanayeable we will simplywrite ST, S,T
ands] wheneera xed p is underconsideation.

Thisde nition is byinductionontypeswith a sub-inductiorover
thepriority p.

aisinsl forall T, and xising! forall T.

r eisinsy Bifrisin S*andeisin SB

I xrisin SN Bifforall e2 SB, axhr kel isin 2.

pxcisin §J if for all rin ST which is availableto gx:c under
p,c[x r]isSN.

pa:cisin S' if for all ein SJ which is availableto pa:c
underp,cfa €] is SN.

t2s™ Rift2s™ s%, and t2sP' Rift2 sl P

t2s 2itt25n s, and t2sdlTift2 sit\ s

O

This de nition is sensiblebecausave have assumedhatp is a
well-ordering. Note the duality between\ and[ in the lastfour
clausef thede nition.

Two easyconsequencesf thede nitions are:

For eachpriority p andeachtype T, all callervariablesare
in (Sp)rT andall calleevariablesarein (Sp)g.

For eachpriority p andeachtypeT, (Sp)rT NP and(Sp)l
SNP.

LEMMA 6.4. For ead priority p andead typeT,ifr 2 (Sp)rT
ande2 (SP)! thentr ke isin SNP.

ProoF. We know thatr ande are SNP, sowe may reasonby
multisetinductionoverthep-reductiorrelationoutof r ande. Then
it sufces to amgue that the result of immediatelycontractingthe

top-level redex of Ir k e, if ary, is SNP.
This leadsto consideratiorof thefollowing cases

1. hpa:cke — cla €
2. mkexdd — dIx 1]
3. Hxrka 8 — hakpxh kel

For cased and2 theresultisimmediateby de nition of (Sp)T and
theassumptionthatthereductionrespect®.

For case3, we know thata is in (Sp)rA andeis in (Sp)g’. The
latter fact togetherwith (I x:r) 2 (Sp)f! B impliesthataxhr k €4
isin (Sp)é. Sothecapsuldak pxtr k edi is aninstanceof case2,
alreadytreated. [

THEOREM 6.5 (SOUNDNESS). Letp bea priority. If termt
is typablewith typeA thent is in (SP)A.

PROOF. Let us saythat a substitutiong satis es G underp if
wheneer (x: A) isin G gx 2 (SP)A, andthatq satis esD underp
if wheneer(a:A)isinD,qa2 (SP)Q. Thento prove thetheorem
it is corvenientto prove thefollowing strongerstatement: Suppose
g satis esGandDunderp. If G™ | r : A[; D, thengr 2 (SP)A, andif
Gle:B|" D, thenge2 (Sp)é. Thisimpliesthetheoremsincethe
identity substitutiorsatis esevery GandD. We prove thestatement
above by inductionon typing derivations.

For the restof the proof we suppressvriting p andwrite S in-
steadof (SP), andSN insteadof SNP. Choosea substitutiong that
satis esGandD, anda typabletermr or e; we wish to shav that
ar 2 SP orge2 Sh, asappropriateWe considetthe possibleforms
of thegiventyping.

Case:.

N (e"-ax)
G la:Al " a:A]
Whenthetermis avariablea typedasabove, we needto shaw
thatqa 2 S@‘ underthe assumptiorthat qa 2 S@l[ [ A Since
SeAl[ [ A Sé“l\ \ SeA" thisis clear

[ An;D

Case:.

(r*-ax)

Gx:A1\ VA, T |x:A D

Whenthe term is a variablex typed as above, we needto shav
that gx 2 S(A‘, underthe assumptiorthat gx 2 S(Al\ \ A Since
SrAl\ \ A SfAl\ \ SA” thisis clear
Case..
G |r:AlD Gle:B|' D
Glr e:Al B|'D

(CS)

Wewishto shav that(qr qe) 2 S5 B. It sufces toshaw that(gr
ge) 2 S5 B, whichis immediatesinceby theinductionhypothesis
ar 2 Shandge2 sg.
Case:.

Gx:A |r:B[.D

G |Ixr:Al BLD

¢ R

We wishto shaw thatq(l x:gr) 2 S B. It sufces to shaw thatfor

everyein S2, pxhor ke 2 S&. Forthelatterit sufces to consider
anarbitrarya thatis availableto gxhgr k ei underp andarguethat
hgr kei[x  a] is SNP. Sincewe mayassumehatx is notfreein e

we mustarguethath(gr)[x a] ke isSNP. But(gr)[x a]2 SrB

by induction,andwe have assumedc 2 Se'? SN.

Case:.
Gx:A " |r:T D Gx:A |e:T| " D

hrkei : (Gx:A °~ D)

G |pxhrkei :Al ° D

(cu)

)

Note thatary applicationof typing rule (g) mustindeedimmedi-
atelyfollow a cut. Wewishto shav thatq(ex:hr kei)  (pxhgr k



gei) 2 SA. For thiswe needto consideranry in S? thatis available
to (pxhgr k gei ) underp andarguethat

hgr kgei[x rq] isSNP.

Letting g°denotethe substitutiorobtainedby augmentingy with
thebindingx 7! r1, whatwe wantto shaw is thathg% k q%i is SNP.
Thesubstitutiong®satis esG;x : A andD by hypothesisndthefact
thatr; 2 SA. Sogq% 2 ST andq®2 ST by inductionhypothesis,
andsohg% k g% is S\P.

Case:.
G  |r:T|a:AD Gle:T|  a:AD
hrkei : (G~ a:AD)
G |paihrke :Al; D

(cu)

)

Note thatary applicationof typing rule (1) mustindeedimmedi-
atelyfollow a cut. We wish to shaw that(pa:hgr k gei) 2 S,A. For
this we needto considerane; in S thatis availableto (pa:hgr k
gei) underp andamuethat

hor kgeifa e

Letting g°denotethe substitutiorobtainedby augmentingy with
thebindinga 7! e;, whatwewantto shav is thathg% k q%i is SNP.

Thesubstitutiong®satis esGandD;a : A by hypothesisandthe
factthate; 2 SA. Soqt 2 ST andq®2 S! by inductionhypothe-
sis,andsohg® k q%i is SNP.

is SNP.

Case:.
G le:Al"

222 "
GleAas  b\Y

We wish to shaw thatge 2 S B. Sinces B = SA[ SEB this fol-
lows from thefactthat (by inductionhypothesisjpie 2 S£\.
Case:.
G |r:A D G |r:B[ D
G |r:A\ B, D

(\r)

We wish to shav thatgr 2 SA B, Since ™ B = sA\ SP this
follows from the fact that (by induction hypothesisyr 2 S* and

ar 2 sB.
Case:.
Gle:Al> D GleBl D
Gle:A[ Bl D

(tuv

We wish to shav that ge 2 SM B, Since S B = s\ sP this
follows from the fact that (by induction hypothesisye 2 S2* and
ge2 SB.

Case:.

G Ir:AL D
G AlBiD ¥

We wish to shaw thatgr 2 S B, Sinces/l B = sA[ Sf this fol-
lows from thefactthat(by inductionhypothesisyr 2 7. [

THEOREM 6.6. For everypriority p, everytypabletermis SNP.

ProoF. By Theorem6.5 andthe factthat every termin S is
NP, O

Theabore theoremhasasimmediatecorollariesthefactthatev-
erytypabletermis stronglynormalizingunderboththethecall-by-
nameandthe call-by-valuevariantsof | pg.

COROLLARY 6.7. Thefollowing are equivalentfor a termt:
t is stronglynormalizingundersomepriority.
t is stronglynormalizingunderevery priority.

In particular, the setof termsthat are strongly normalizingin 1 pg
underthe call-by-nameandthe call-by-valuedisciplinescoincide

PRrROOF. If t is stronglynormalizingundersomepriority thenby
Theoremb.3t is typable.Soby Theorem6.6t is stronglynormal-
izing underevery priority. [

7. CONCLUSION

We concludeby noting somedirectionsfor futureresearch.

Intersectiortypeshave provento beaninvaluabletool for study-
ing reductionpropertiedn the traditionall -calculus,andin future
work we expectto usesuitablevariantson the systempresented
hereto characterizeveak normalizationand head-normalization
inl pa.

It will beinterestingto investigatethe relationshipbetweerthe
systenpresentedhereandthatof Laurent[17].

As mentionedn Section6 therearetechnicaldif culties in lift-
ing the reducibility techniquein the presencef intersectionsand
unionsto the unrestricted pg calculuswith the (; @) critical pair.
This would seemto be animportantstepin applyingintersection-
typestechniquesto the denotationalsemanticsof non-con uent
classicalcalculi. Solving this problemseemso requirea deeper
understandingf the combinatorialinteractionbetweeny- andg-
reductions.

It is importantto betterunderstandhe role of uniontypesin a
classicakalculus,in light of thework in [23] and[7] shaving how
uniontypescanplayarolein thedesignof programmindanguages
andquerylanguagedor semistructurediatatypes,andespecially
the resultsin [20] and [30] relating unionsto o w analysis. An
obvious questionis whetherthe price we pay for having Subject
Reductionin our systemis a decreasén expressie power relative
to thosesystemsandif so,we shouldtry to understandhe trade-
offs.
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