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ABSTRACT
We investigatesomefundamentalpropertiesof thereductionrela-
tion in theuntypedtermcalculusderived from CurienandHerbe-
lin' s l µeµ. The original l µeµ hasa systemof simple types,based
on sequentcalculus,embodyinga Curry-Howard correspondence
with classicallogic; thesigni�canceof theuntypedcalculusof raw
termsis thatit is aTuring-completelanguagefor computationwith
explicit representationof controlaswell ascode.We de�ne a type
assignmentsystemfor theraw termssatisfying:a termis typableif
andonly if it is stronglynormalizing.Theintrinsicsymmetryin the
l µeµ calculusleadsto anessentialuseof bothintersectionandunion
types;in contrastto otherunion-typessystemsin theliterature,our
systemenjoys theSubjectReductionproperty.

1. INTRODUCTION
TheCurry-Howard correspondencehaslong beena linchpin of

the connectionbetweenlogic andcomputerscience.It wasorig-
inally articulatedin the context of intuitionistic logic, but Grif�n
extendedthe Curry-Howard correspondenceto classicallogic in
his seminal1990POPLpaper[14], by observingthatclassicaltau-
tologiessuggesttypingsfor certaincontroloperators.This initiated
an active line of research;in particularthe l µ calculusof Parigot
[21] hasbeenthefoundationof a numberof investigations[22, 12,
19, 6, 1] into the relationshipbetweenclassicallogic andtheories
of control in programminglanguages.

MeanwhileCurienandHerbelin[11], building onearlierwork in
[15], de�ned thesysteml µeµ. In contrastto Parigot's l µ-calculus,
whichbasesits typesystemonanaturaldeductionsystemfor clas-
sicallogic, termsin l µeµ representderivationsin asequentcalculus
proof systemandreductionre�ects theprocessof cut-elimination.
As describedin [11], thesequentcalculusbasisfor l µeµ supportsan
interpretationof thereductionrulesof thesystemasoperationsof
anabstractmachine.In particular, theright- andleft-handsidesof
a sequentdirectly representthecodeandenvironmentcomponents
of themachine.This perspective is elaboratedmorefully in [10].
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From logic to computation: two roles of typing
In this paperwe relax the connectionwith logic, andexplore the
computationalpropertiesof pure(untyped)l µeµ.

A usefulperspective emergesif we comparethepresentproject
to thestudyof typesin thestandardl -calculus.Typesystemshave
beenusedin order to interpret l -termsas de�ning set-theoretic
functions(simpletypes)andlater to enforcedataabstraction(de-
pendentandpolymorphictypes).Roughly, thisuseof typesenables
the l -calculusto be usedasan applied calculus. But in another
direction,typesystemsweredevelopedto studythe reductionbe-
havior of l -termsandthe structureof models. Intersectiontypes
play a centralrole in this analysis.Key resultsherearethe char-
acterizationsof termsthataresolvable,normalizing,andstrongly
normalizingin termsof theirpossibletypings[8, 26], andthecom-
pletenessresultsfor set-theoreticsemantics[4]. In a precisesense
the paradigmsof types-as-propositionsand typesfor operational
anddenotationalsemanticsareskew to eachother: aspointedout
by Hindley [16], theredoesnot seemto be any standardlogical
notionthatcorrespondsto intersection.

The currentwork is a �rst stepin a programmethat is �rmly
in the secondtradition: we want to explore the basiccombinato-
rial propertiesof thereduction-relationin thel µeµ calculus.In this
paperwe presentananalysisof strongnormalization.

It hasoftenbeenobserved thatanadvantagethesequentcalcu-
lus hasover naturaldeductionis the the fact that it betterexhibits
thesymmetriesinherentin logic. This is mostapparentin classical
logic, andindeedthis symmetryis at the heartof the duality be-
tweencall-by-nameandcall-by-valuethatmotivatedthede�nition
of l µeµ originally; Wadlerhasrecentlyclari�ed andstrengthened
this duality in [29]. In this paperwe arenot interestedin a log-
ical interpretationof l µeµ. Still, the importanceof symmetriesin
the analysisof l µeµ is manifestedin the fact that union typesare
an essentialfeatureof our type system. See[9] for a discussion
of the importanceof symmetriesin computation.A discussionof
the intuitionsbehindthetypesystemof l µeµ is at thebeginningof
Section3.

Summary of results
The main contribution of this paperis the characterizationof the
strongly normalizing terms of pure l µeµ underboth the call-by-
nameandcall-by-valuedisciplines. In particular, the setof terms
that are stronglynormalizingin l µeµ underthe call-by-nameand
thecall-by-valuedisciplinescoincide. In factour proof appliesto
a rathergeneralclassof reductionsystems,namelyany reduction
discipline expressinga notion of priority (seeDe�nition 6.1) in
which individual termseachconsistentlyactascall-by-nameor as
call-by-value(differenttermsmayadoptdifferent“modes”).



The characterizationis in termsof a type systemincorporating
both intersectionandunion types: thestronglynormalizingterms
are preciselythe typableones. Sucha characterizationhasbeen
done for traditional l -calculususing intersectiontypesonly but
thusfar no attempthasbeenmadefor extendingit to theclassical-
logic inspiredlanguageswith controloperators.

Typesystemswith uniontypeshave beenstudiedbefore,but the
systemsweareawareof suffer from aseverehandicap:theSubject
Reductionpropertyfails for thesesystems,at leastwithout some
constraintson thereductions.In contrast,thecalculushereenjoys
SubjectReductionfor unrestrictedreduction.

Thetype-systemwede�ne is itself presentedin sequentstyle;in
particularweuseonly rulesfor intersection-andunion-introduction.

Related work
CurienandHerbelin [11] encodesimply-typedcall-by-nameand
call-by-valuel µeµ into thesimply-typedl -calculusvia CPStransla-
tions: thisimpliesstrongnormalizationfor thesereductions.In [18]
Lengrandshows how simply-typedl µeµ and the calculusof Ur-
banandBierman[28] aremutuallyinterpretable,sothatthestrong
normalizationproof of the latter calculusyields anotherproof of
strongnormalizationfor simply-typedl µeµ. Our proof of strong
normalizationis direct,usinga naturaladaptationof thereducibil-
ity methodfor thel -calculus.

Theunrestrictedreductionrelationin l µeµ hasa critical pair, and
indeedthissystemis notcon�uent. This critical pair is a re�ection
of theinherentsymmetryin thesystem,but it complicatesreason-
ing aboutreduction. Polonovski [24] presentsa proof of SN for
the unrestrictedcalculuswith a methodbasedon the “symmetric
candidates”ideaof BarbaneraandBerardi[2] (actuallyPolonovski
treatsa versionof l µeµ with explicit substitutions).Theinteraction
betweenintersectiontypesandsymmetriccandidatesis problem-
atic,andstrongnormalizationfor intersection-typabletermsunder
reductionthatre�ects no notionof priority is at presentstill a con-
jecture.

Remarkably, Laurent[17] hasrecentlyandindependentlysetout
to analyzethedenotationalsemanticsof the l µ calculusby de�n-
ing a type systemquite similar to ours: in particularhis system
involvesboth intersectionandunion types. Sincehe is interested
in semanticshis systemnaturallyhasthepropertythat typingsare
closedundersubjectconversion(for examplethereis a universal
type). It will be interestingto investigatetherelationshipbetween
thesesystems.

Thelargercontext of relatedresearchincludesa wealthof work
in logicandprogramminglanguages.Severalterm-assignmentsys-
temsfor sequentcalculushavebeenproposedasatool for studying
theprocessof cut-elimination[25, 5, 28]. In thesesystems— with
the exceptionof the one in [28] — termsdo not unambiguously
encodesequentderivations.

We describedabove thefundamentalimportanceof intersection
typesfor l -calculus.In the1980's andearly1990's Reynoldsex-
ploredthe role that intersectiontypescanplay in a practicalpro-
gramminglanguage(seefor examplethe report [27] on the lan-
guageForsythe). Pierce[23] explored the useof union typesin
programming,for exampleasa generalizationof variant records.
Bunemanand Pierce[7], have shown how union typescan play
a key role in thedesignof querylanguagesfor semistructureddata
uniontypes.Themotivationfor thework in Barbaneraetal. [3] was
foundational,motivatedby the observation that union typesarise
naturallyin denotationalsemanticsandthatthey cangeneratemore
informative typesfor someterms.This latterwork highlightedthe
failure of SubjectReductionin the presenceof union typesand
showedhow to recover this propertyby suitablyrestrictingtheno-

tion of reduction.Union andintersectiontypeshave recentlybeen
usedby Palsberg andPavlopoulou[20] andsubsequentlyby Wells,
Dimock, Muller, andTurbak[30] in a type systeminvolving �ow
typesfor encodingcontrolanddata�o w informationin typedpro-
gram representations.The systemin [30] obeys the SubjectRe-
ductionfor a certaincall-by-valueversionof theb-rule (in which
variablesarenotconsideredvalues).

2. SYNTAX
In thissectionwepresenttheuntypedversionof CurienandHer-

belin's l µeµ calculusintroducedin [11]. Weidentify threesyntactic
categories:thesetof callers, thesetof callees, andthesetof cap-
sules(in [11] thesearereferredto respectively asterms, contexts
andcommands). We changedthe terminologybecausethe word
termsseemsinappropriateto qualify only someof theexpressions
of the language,becausecommandsare in no way “commands”.
And last a terminologythat emphasizesthe inherentsymmetryof
thelanguageis morethanwelcome.

Therearetwo kindsof variablesin this system:(i) thesetVarr
of caller variablesdenotedby Latin variablesx, y,..., which can
beboundby l -abstractionsor eµ-abstractions,and(ii) thesetVare
of calleevariablesdenotedby Greekvariablesa, b,... which can
beboundby µ-abstractions.Letting r, e, andc rangeover callers,
calleesandcapsulesrespectively, we have

r ::= x j l x:r j µa:c e ::= a j r � e j eµx:c c ::= hr k ei

Thereductionrulesof thecalculusare

(l ) hl x:r k r0� ei // hr0k eµx:hr k eii
(µ) hµa:c k ei // c[a  e]
(eµ) hr k eµx:ci // c[x  r]

Of coursethesubstitutionsabove arede�ned soasto avoid vari-
ablecapture.Theformalde�nitions of freeandboundvariablesare
asexpected.In thispaper, weusetheusualconventiononvariables
that in a statementor an expression,thereis no subexpressionin
whicha variableis bothfreeandbound.

As arewriting calculusl µeµ hasanessentialcritical pairbetween
the µ and the eµ redexes. That is to say, on a term of the form
hµa:c k eµx:ci rules(µ) and(eµ) canbeappliedambiguously. If one
gives priority to (µ) over (eµ) this correspondsto a call-by-value
discipline,otherwiseit is call-by-name. Indeedthecalculusis in-
herentlynot con�uent. As a simpleexampleobserve that thecap-
sulehµa:hz1 k b1 i k eµx:hz2 k b2ii reducesto eachof hz1 k b1 i and
hz2 k b2i .

This is morethansimplya re�ection of thewell-known factthat
theequationaltheoriesof call-by-nameandcall-by-valuediffer. It
is a re�ection of thegreatexpressive power of thelanguage:a sin-
gle term containingseveral capsulescanencompassseveral com-
plete computationalprocesses,and the µ andeµ reductionsallow
freetransferof controlbetweenthem.

Sothecombinatoricsof purereductionis very complex. In this
light it is perhapsslightly surprisingthat thestronglynormalizing
computationscanso readilybe characterized,via the typesystem
we presentlater.

Whenreductionin l µeµ is constrainedto commit to thecall-by-
namedisciplineor to thecall-by-value,thesystemis con�uent.

It is not hardto seethat purel µeµ is Turing-completeasa pro-
gramminglanguage,since the untypedl -calculuscan be coded
easily into it. Spacedoesnot permit a formal developmenthere,
but it is instructive to notethefollowing generalexample.
Notation. If m andn arecallers,let m� n denotethe caller term
µa:hmk n� ai . (Of coursea is not freein m or n here.)



Example. (Classicalbeta-reduction)

(l x:r) � s � µa:hl x:r k s� ai
// // µa:hr[x  s] k ai

usinga l -stepfollowedimmediatelyby aeµ-step.

From the reductionrules, one deduceseasily that the normal
formsaregeneratedby thefollowing abstractsyntax.

rnf ::= x j l x:rnf j µa:cnf

enf ::= a j rnf � enf j eµx:cnf

cnf ::= hx k ai j hx k rnf � enf i j hl x:rnf k ai

3. TYPE ASSIGNMENT
WITH INTERSECTION AND UNION

The form of classicalsequentcalculusprovidesthe framework
for the de�nition of a type-assignmentsystemfor l µeµ usingsim-
ple types. This is preciselythe type systemof Curien and Her-
belin [11], which will be the foundationuponwhich we build our
intersectiontypes.Indeed,thesystemof CurienandHerbelincom-
prisespreciselytherulesin Figure1 thatdo not mentionintersec-
tionsor unions.

Whenthe sequent-basedtype systemis viewed a meansof as-
signing termsto sequents,we are led to the notion of the active
propositionin asequent,thatis, theproposition(type)that“carries”
theterm.This is thepropositionin thestoupin Girard'ssense[13].
In eachruleof Figure1 , theactivepropositionis boxed.Whenap-
plying a rule,onehasto take into accountwheretheactive propo-
sition is.

It is well-known that the distinction betweenintuitionistic and
classicallogic is re�ected in sequentcalculusby the admission,
in the classicalcase,of multiple formulason the right side of a
sequent.But the useof sequentsas typings for l µeµ terms— µ-
termsin particular— yields anotherinsight. For the purposesof
this discussionlet usagreeto introducethepropositionalconstant
? to denotethespaceof “answers”or “responses”.The informal
interpretationof a caller typing judgmentr : A is that r denotesa
value in type A; correspondinglythe informal interpretationof a
calleetyping judgmente : A is that e denotesa continuationthat
expectsavalueof typeA andreturnsananswer. Underthis reading
a judgmentsuchasµa:c : A saysthat µa:c takesasparameteran
A-continuationandreturnsa value. If we wereto informally de-
notethespaceof A-continuationsastheset(A ) ? ) thenthisµa:c
inhabitsthe set((A ) ? ) ) ? ), andthe fact that suchtermsare
assignedthe typeA is exactly the embodimentof the equivalence
of a propositionwith its double-negation.

The need for unions. Generalconsiderationof symmetryshould
leadus to considerunion typestogetherwith intersectiontypesin
our system.If a caller r canhave type A\ B, meaningthat it de-
notesvaluesthatinhabitbothA andB thenit caninteractwith any
calleethatcanreceive anA-valueor a B-value: sucha calleewill
naturally be expectedto have the type A [ B. Thus far we have
only arguedthathaving intersectiontypesfor valuessuggestshav-
ing union typesfor callees,which is in itself not a real extension
of the intersection-typesparadigm. But any type that canbe the
typeof a caller-variablecanbethetypeof a calleeterm(via theeµ-
construction)andany typethatcanbethetypeof a callee-variable
can be the type of a caller term (via the µ-construction). So we
arecommittedto having intersectionsand unionsfor callersand
callees.

A speci�c technicalconsiderationgives anotherargumentfor

having unions. If our goal is to characterizestronglynormalizing
termsthencertainlywe needto type all normal forms. As usual
in traditional intersectiontypes,whena termt hasmorethanone
occurrenceof acaller-variablex, thisvariablewill, in general,have
a typeof the form A1 \ � � � \ An, thedifferentAi re�ecting various
constraintson thetypeof x arisingfrom its interactionwith differ-
ent subtermst. Similarly, if t hasmorethanoneoccurrenceof a
callee-variablea, it will, in general,receive a type A1 [ � � � [ An,
thetypeof continuationsthatcanproduceananswergivena value
of any of thetypesA1; : : : ;An

DEFINITION 3.1. - Thesetof typesis generatedfroma set
of typevariablesby closingunder\ and [ . We will always
considertypesto bede�nedmodulocommutativityandasso-
ciativity for \ and[ .

- A callerbasisis a setof statementsof theform x : A, a callee
basisis a setof statementsof theform a : A; in each casewe
stipulatethatall variablesare distinct.

- There are threetypesof typing judgments:

G `
�
�

�
�r : A ; D G;

�
�

�
�e: A ` D c : (G ` D)

where Gis a caller basisandwhere D is a calleebasis.

3.1 Discussion
In orderto motivatethe technicalconditionon basesin De�ni-

tion 3.2 below we show why it is that a naive attemptto de�ne a
type systemwith unionstypesleadsto dif�culties in SubjectRe-
duction.Morespeci�cally, it seemsdif�cult to prove asubstitution
lemmaof thesortthatis crucialto SubjectReduction.

A first attempt. Considerastandardintersectiontypesystemfor
l -calculus.At thelevel of thenaturaldeduction,therulesfor \ are
just the rulesfor ^ (that is, if oneerasesthe termsandlooks just
at the formulas).As we know, thedifferencebetweentheformula
A^ B andthe type A\ B is that in the latter we requirethe same
termto witnessA, B, andA\ B.

We canimaginea type systemfor l µeµ derived usingthe same
principle, appliedto sequentcalculusdeduction. So the \ rules
would bebasedon theshapeof thelogic rulesfor ^ :

G;A ` D

G;A^ B ` D

G ` D;A G ` D;B

G ` D;A^ B

A key point is that, sinceintroducingan intersectionon the left
or the right is not a logical inference,thesetype inferencesare
completelyorthogonalto the notion of the stoup,i.e. of the ac-
tive formula. This meansthat to write down the typing judgments
correspondingto theserulesin thecontext of l µeµ, weshouldwrite
down several differentl µeµ sequentswhose“erasure”looks like a
givenlogic inference.

Of coursethesameprincipleholdsfor uniontypes,whoserules
aresuggestedby analogywith disjunction.

For example,consider

G;A ` D G;B ` D

G;A_ B ` D

TheformulaA_ B canbethetypeof anactive formula(i.e. the
typeof acallee),or it canbethetypeof acaller-variable,andin the
lattercasethejudgmentcanbetyping a calleror a callee.Thus,in



(e+ -ax)
G;

�
�

�
�a : Ai ` a : A1 [ � � � [ An;D

(r+ -ax)
G;x : A1 \ � � � \ An `

�
�

�
�x : Ai ; D

G `
�
�

�
�r : A ; D G;

�
�

�
�e: B ` D

(! L)
G;

�
�

�
�r � e : A! B ` D

G;x : A `
�
�

�
�r : B ; D

(! R)
G `

�
�

�
�l x:r : A! B ; D

c : (G;x : A ` D)
(eµ)

G;
�
�

�
�eµx:c : A ` D

c : (G ` a : A;D)
(µ)

G `
�
�

�
�µa:c : A ; D

G `
�
�

�
�r : A ; D G;

�
�

�
�e: A ` D

(cut)
hr k ei : (G ` D)

G;
�
�

�
�e: A ` D

(\ L)
G;

�
�

�
�e: A\ B ` D

G `
�
�

�
�r : A ; D G `

�
�

�
�r : B ; D

(\ R)
G `

�
�

�
�r : A\ B ; D

G;
�
�

�
�e: A ` D G;

�
�

�
�e: B ` D

([ L)
G;

�
�

�
�e: A[ B ` D

G `
�
�

�
�r : A ; D

([ R)
G `

�
�

�
�r : A[ B ; D

Figure1: The type systemM \[

termsof l µeµ, this onelogic inferencewould yield threedifferent
typing rules,asfollows.

G;
�
�

�
�e: A ` D G;

�
�

�
�e: B ` D

([ L)
G;

�
�

�
�e: A[ B ` D

G;x : A `
�
�

�
�r : T ; D G;x : B `

�
�

�
�r : T ; D

([ L� Var)
G;x : A[ B `

�
�

�
�r : T ; D

G;x : A;
�
�

�
�e: T ` D G;x : B ` e: TD

([ L� Var)
G;x : A[ B;

�
�

�
�e: T ` D

It turnsout thatthelattertwo rulesaboveprove to beanobstacle
to proving a substitutionlemmaof the kind that is necessaryto
supportSubjectReduction.Werequirethefollowing property:

If G;x : A `
�
�

�
�r : T ; D and G `

�
�

�
�s: A ; D

then G `
�

�

�

�r[x  s] : T ; D

But knowing G `
�
�

�
�s: A1 [ A2 ; D doesn't allow us to use

the inductionhypothesison the given G;x : Ai `
�
�

�
�r : T ; D, and

theproof cannotbecompleted.

A second attempt. A �rst ideafor �xing thisproblemmightbe
to forbid union typesfor callersandforbid intersectiontypesfor
callees.But aswe observedearlier, in thepresenceof µ andeµ, any
typethatcanbethetypeof acalleevariablecanariseasthetypeof
a caller term,andany typethatcanbethetypeof a callervariable
canariseasthetypeof a calleeterm. Sowe cannothopeto make
any distinctionbetween“caller types”“calleetypes.”

A third and successful attempt. However it turns out, as
we will see,that we get a successfulsystemif we simply forbid
typing judgmentswhosebasescontainvariable-typingsof theform
x : A[ B anda : A\ B. In particularwe rejectthe latter two rules
above.

DEFINITION 3.2. - A typeA is \ -de�nite if it is a typevari-
able, anarrow-typeor it is A1 \ A2, with each Ai a \ -de�nite
type. A typeA is [ -de�nite if it is a typevariable, an arrow-
typeor it is A1 [ A2, with each Ai a [ -de�nite type.

- A basisGis \ -de�nite, if in each bindingx : A in G, A is a \ -
de�nite type. A basisD is [ -de�nite if in each bindinga : A
in D, A is a [ -de�nite type.

- A typing judgmentis de�nite if its typingbasesGandD are
\ - and[ -de�nite, respectively.

Notethat in a de�nite typing judgmentwe do not insist that the
typeof theactive formulabede�nite. We will restrictattentionto
de�nite typing judgmentsin thetypesystemwe de�ne.

A furthersimpli�cation of thesystemwe de�ne will befor con-
venienceonly. Theanalogywith thelogical rulesdescribedabove
suggestthefollowing rulesfor variables:

G;x : A ` D

G;x : A\ B ` D

G ` D;a : A

G ` D;a : A[ B

Theserulesareperfectlysound,but it turnsout thattheir presence
complicatesreasoningaboutthis system. On the otherhandit is
nothardto seethatapplicationof theserulescanalwaysbepushed
towardsthe leavesof a typing tree. In fact an equivalent formu-
lation of the systemremovestheserulescompletelyandreplaces
themwith more�e xible axiomschemas.

The systemin De�nition 3.3 is the systemobtainedfrom the
rulesnaively generatedby analogywith thelogical inferencerules
by

� restrictingto de�nite typejudgmentsand

� replacingthe variablerulesabove by the more �e xible ax-
iomse+ -ax andr+ -ax.

This system�ts well with the sequentcalculusbasedon active
formulas,sinceall therulesconcernthe termsassociatedwith the



active formula,asopposedto the earliertwo systems,whosevar-
ruleschangedthe type basisfor an active term while keepingthe
typeof thetermthesame.

Note that althoughwe have forbiddencaller variablesto have
uniontypes,we do have callertermswith uniontypes,dueto their
typing ruleµ.

3.2 The typessystemM \[

DEFINITION 3.3 (THE TYPE SYSTEM M \[ ). Thetypingjudge-
mentsof M \[ are thosederivableby therulesin Figure1. In each
rule weassumethat thebasesare de�nite.

The�rst propertywe will needis thattheintersectionandunion
ruleswith two premisescanbe “inverted” in the sensethat if the
judgmentin theconclusionof therule is derivabletheneachof the
judgmentsin thehypothesesarederivable.

It is preciselyherethatwe reapthe bene�t of our restrictionto
de�nite bases.The following lemmais falsewithout this restric-
tion. Indeed

x : A \ A ! (B\ C) `
�

�

�

�µa:hx k x� ai : B\ C ;

since

hx k x� ai : (x : A \ A ! (B\ C) ` a : B\ C)

wherea : B\ C is not [ -de�nite. An easycheckshows that one
has

neither x : A \ A ! (B\ C) `
�

�

�

�µa:hx k x� ai : B ;

nor x : A \ A ! (B\ C) `
�

�

�

�µa:hx k x� ai : C ; :

LEMMA 3.4 (EL IMINATION).

i. If G `
�
�

�
�r : A1 \ A2 ; D thenfor i = 1;2, G `

�
�

�
�r : Ai ; D.

ii. If G;
�
�

�
�e: A1 [ A2 ` D thenfor i = 1;2, G;

�
�

�
�e: Ai ` D.

PROOF. For part1,wejustobservethattheonly rulesthatcould
be usedto derive G `

�
�

�
�r : A1 \ A2 ; D arer+ -ax and\ R. In the

lattercasetheresultis immediate;andin theformercasetheresult
is a consequenceof the fact thatwe areconsideringtypesmodulo
associativity andcommutativity of \ .

The fact that the last inferencecannotbe a µ is a direct conse-
quenceof our assumptionthat basesare de�nite. That is, since
basescannothave assumptionsof theform a : A1 \ A2 a derivation
suchastheonebelow is not possible:

G `
�
�

�
�r : T ; D;a : A1 \ A2 G;

�
�

�
�e: T ` D;a : A1 \ A2

(cut)
hr k ei : (G ` D;a : A1 \ A2)

G `
�

�

�

�µa:hr k ei : A1 \ A2 ; D

theassumedderivationmustlook like

G `
�

�

�

�µa:hr k ei : A1 ; D G `
�

�

�

�µa:hr k ei : A2 ; D

G `
�

�

�

�µa:hr k ei : A1 \ A2 ; D

thatis, aninstanceof \ R. This completestheproofof part1 of the
lemma.Theproof of part2 is similar.

DEFINITION 3.5. If G1 andG2 are caller bases,de�ne G1 u G2
to be

G1 u G2 = f x : A j (x : A) 2 G1 andx 62G2g [

f x : A j (x : A) 2 G2 andx 62G2g [

f x : A\ B j (x : A) 2 G1 and(x : B) 2 G2g

If D1 andD2 are calleebases,de�ne D1 t D2 to be

D1 t D2 = f x : A j (x : A) 2 D1 andx 62D2g [

f x : A j (x : A) 2 D2 andx 62D1g [

f x : A[ B j (x : A) 2 D1 and(x : B) 2 D2g

LEMMA 3.6. Let G and G0 be \ -de�nite; let D and D0 be [ -
de�nite.

ThenG1 u G2 is \ -de�nite and D1 t D2 is [ -de�nite. Further-
more:

i. If G `
�
�

�
�r : A ; D then Gu G0 `

�
�

�
�r : A ; Dt D0.

ii. If G;
�
�

�
�e: A ` D then Gu G0 `

�
�

�
�e: A ; Dt D0.

LEMMA 3.7 (CONTEXT EXPANSION LEMMA). LetG� G0and
D� D0.

i. If G`
�
�

�
�r : A ;D, thenG0`

�
�

�
�r : A ;D0.

ii. If G;
�
�

�
�e: A ` D, thenG0;

�
�

�
�e: A ` D0.

iii. If c : (G` D), thenc : (G0` D0).

LEMMA 3.8 (GENERATION LEMMA).

i. If G`
�

�

�

�l x:r :
T

i2 I Ai ! Bi ;D, thenG;x : Ai `
�
�

�
�r : Bi ;D.

ii. If G;
�

�

�

�r � e :
S

i2 I Ai ! Bi ` D, thenG`
�
�

�
�r : Ai ;D

andG;
�
�

�
�e: Bi ` D.

iii. If G`
�

�

�

�µa:c :
T

i2 I Ai ;D, thenc : (G` a : Ai ;D).

iv. If G;
�

�

�

�eµx:c :
S

i2 I Ai ` D, thenc : (G;x : Ai ` D).

4. SUBJECT REDUCTION
In this sectionwe show thatour typesystemenjoys theSubject

Reductionproperty, for thethecalculuswith unrestrictedreduction,
thatis, evenin thepresenceof the(µ;eµ) critical pair. As mentioned
in theintroductionandshown in [3] subjectreductionis dif�cult to
achieve in a systemwith uniontypes.

As usualthekey propertyto verify to ensureSubjectReduction
is thatsubstitutionbehaveswell. Sothenext lemmais theheartof
theargument.

LEMMA 4.1 (SUBSTITUTION). Let ussupposethat all judg-
mentsare de�nite.

1. If G;x : S `
�
�

�
�t : T ; D and G `

�
�

�
�s: S ; D then

G `
�

�

�

�t[x  s] : T ; D.

2. If G `
�
�

�
�t : T ; D;a : S and G;

�
�

�
�f : S ` D then

G `
�

�

�

�t[a  f ] : T ; D.



3. If G;x : S;
�
�

�
�g : T ` D and G `

�
�

�
�s: S ; D then

G;
�

�

�

�g[x  s] : T ` D.

4. If G;
�
�

�
�g : T ` D;a : S and G;

�
�

�
�f : S ` D then

G;
�

�

�

�g[a  f ] : T ` D.

PROOF. We prove thepartssimultaneouslyby inductionon the
lengthof thederivationof the�rst indicatedjudgmentin eachpart.
We canremarkthat Lemma3.4 — andso in turn the assumption
thatall basesarede�nite — is crucialto theargument.

We organizethe proof by consideringthe caseof eachtyping
rule in turn.
Case:r+ -ax. Wemust(only) addressparts1 and2. Part2 is trivial.
For part1, we aregiven

(r+ -ax)
G;x : A1 \ � � � \ An `

�
�

�
�x : Ai ; D

andG `
�
�

�
�s: A1 \ � � � \ An ; D; wewantto show that

G `
�
�

�
�s: Ai ; D. This is immediatefrom Lemma3.4.1.

Case: e+ -ax. We must addressparts 3 and 4. Part 3 is triv-
ial. For part4, theargumentis similar to theprevious case,using
Lemma3.4.2.
Case:! L We considerparts3 and4. For part3 wearegiven

G;x : S `
�
�

�
�r : A ; D G;x : S;

�
�

�
�e: B ` D

(! L)
G;x : S;

�
�

�
�r � e : A! B ` D

and

G `
�
�

�
�s: S ; D

andwe notethat

(r � e)[x  s] = (r[x  s]) � (e[x  s])

sotheresultfollows by inductionhypothesis,parts1 and3.
For part4 we aregiven

G `
�
�

�
�r : A ; D;a : S G;

�
�

�
�e: B ` D;a : S

(! L)
G;

�
�

�
�r � e : A! B ` D;a : S

and

G;
�
�

�
�f : S ` D:

andwe notethat

(r � e)[a  f ] = (r[a  f ]) � (e[a  f ])

sotheresultfollows by inductionhypothesis,parts2 and4.
Case:! R. We addressparts1 and2. For part1 wearegiven

G;x : S;y : A `
�
�

�
�r : B ; D

(! R)
G;x : S `

�
�

�
�l y:r : A! B ; D

and

G `
�
�

�
�s: S ; D

andwe notethat

(l y:r)[x  s] = l y:(r[x  s])

sotheresultfollows by inductionhypothesis,part1, andanappli-
cationof rule ! R.

For part2 we aregiven

G;y : A `
�
�

�
�r : B ; D;a : S

(! R)
G `

�
�

�
�l y:r : A! B ; D;a : S

and

G;
�
�

�
�f : S ` D:

andwenotethat

(l y:r)[a  f ] = l y:(r[a  f ])

sotheresultfollows by inductionhypothesis,part2, andanappli-
cationof rule ! R.
Case:eµ. Weaddressparts3 and4. For part3 we aregiven

G;y : T;x : S `
�
�

�
�r : B ; D G;y : T;x : S;

�
�

�
�e: B ` D

hr k ei : (G;y : T;x : S ` D)
(eµ)

G;x : S;
�

�

�

�eµy:hr k ei : T ` D

and

G `
�
�

�
�s: S ; D

andweseekto show that

G;
�

�

�

�(eµy:hr k ei )[x  s] : T ` D

Since(eµy:hr k ei )[x  s] = eµy:hr[x  s] k e[x  s]i , theresultfol-
lows from the inductionhypothesis,parts1 and3, appliedto the
leavesof thederivationshown, followedby (cut) and(eµ).

Part4 is similar, usingtheinductionhypothesis,parts2 and4.
Case:µ. Weaddressparts1 and2. For part1 we aregiven

G;x : S `
�
�

�
�r : B ; a : T;D G;x : S;

�
�

�
�e: B ` a : T;D

hr k ei : (G;x : S ` a : T;D)
(µ)

G;x : S `
�

�

�

�µa:hr k ei : T ; D

and

G `
�
�

�
�s: S ; D

andweseekto show that

G;x : S `
�

�

�

�(µa:hr k ei )[x  s] : T ; D

Since(µa:hr k ei )[x  s] = µa:hr[x  s] k e[x  s]i , theresultfol-
lows from the inductionhypothesis,parts1 and3, appliedto the
leavesof thederivationshown, followedby (cut) and(µ).

Part2 is similar, usingtheinductionhypothesis,parts2 and4.
Case:\ L. Weaddressparts3 and4. For part3 we aregiven

G;x : S;
�
�

�
�e: A ` D

(\ L)
G;x : S;

�
�

�
�e: A\ B ` D

andwewish to show that

G;
�

�

�

�e[x  s] : A\ B ` D

This is aneasyapplicationof theinductionhypothesis,part3.
Part4 is similar.

Case:\ R. Weaddressparts1 and2. For part1 we aregiven

G;x : S `
�
�

�
�r : A ; D G;x : S `

�
�

�
�r : B ; D

(\ R)
G;x : S `

�
�

�
�r : A\ B ; D

andwewish to show that

G `
�

�

�

�r[x  s] : A\ B ; D

This is aneasyapplicationof theinductionhypothesis,part1.
Part2 is similar.

Case:[ L. Similar to case\ R.
Case:[ R. Similar to case\ L.



THEOREM 4.2 (SUBJECT REDUCTION).
If c : (G ` D) and c! c0 then c0: (G ` D)

PROOF. Therearethreecases,correspondingto the reductions
for µ, eµ, andl .

Case:µ. Wehave

hµa:hr k ei k f i : (G ` D)

andwe wish to show

hr[a  f ] k e[a  f ]i : (G ` D)

By hypothesis,for sometypeT,

G `
�
�

�
�r : T ; D and G;

�
�

�
�e: T ` D:

But by theSubstitutionLemma4.1,

G `
�

�

�

�r[a  f ] : T ; D and G;
�

�

�

�e[a  f ] : T ` D

andsotheresultfollows.
Case:eµ. Similar to caseµ.
Case: l . We have hl x:r k s� ei : (G ` D) andwe wish to show
hsk eµx:hr k eii : (G ` D). By hypothesis,for sometypeT,

G `
�
�

�
�l x:r : T ; D and G;

�
�

�
�s� e : T ` D:

We performa sub-inductionon thesizeof thetypeT. ThetypeT
is of oneof theforms:A ! B, T1 \ T2, or T1 [ T2.

case:T is A ! B. Thenl x:r musthave beentypedby anappli-
cationof rule ! R,

G;x : A `
�
�

�
�r : B ; D

(! R)
G `

�
�

�
�l x:r : A! B ; D

ands� e musthave beentypedby anapplicationof rule ! L:

G `
�
�

�
�s: A ; D G;

�
�

�
�e: B ` D

(! L)
G;

�
�

�
�s� e : A! B ` D

Wecanrearrangethesetyping judgmentsto obtainthedesiredtyp-
ing.

G `
�
�

�
�s: A ; D

G;x : A `
�
�

�
�r : B ; D G;

�
�

�
�e: B ` D

hr k ei : (G;x : A ` D)

G;
�

�

�

�eµx:hr k ei : A ` D

hsk eµx:hr k eii : (G ` D)

case:T is T1 \ T2. Thens� e musthave beentypedby anappli-
cationof rule \ L, sothat

G;
�
�

�
�s� e : Ti ` D

(\ L)
G;

�
�

�
�s� e : T1 \ T2 ` D

for eitheri = 1 or i = 2 in \ L. But by Lemma3.4,we have
G `

�
�

�
�l x:r : Ti ; D andsotheresultfollows by applicationof the

inductionhypothesisat typeTi .
case:T is T1 [ T2. Thenl x:r musthave beentypedby anappli-

cationof rule [ R

G `
�
�

�
�l x:r : Ti ; D

([ R)
G `

�
�

�
�l x:r : T1 [ T2 ; D

for either i = 1 or i = 2 in [ R. But by Lemma 3.4, we have
G;

�
�

�
�s� e : Ti ` D andsotheresultfollows by applicationof the

inductionhypothesisat typeTi .

5. STRONGLY NORMALIZING TERMS
ARE TYPABLE

In this sectionwe show that our type systemassignsa type to
any normalform andthata SubjectExpansionresultholds,sothat
any term that is stronglynormalizing(underany of the reduction
disciplinesconsidered)is typable.

5.1 Typing normal forms

THEOREM 5.1. Everynormalform is typable.

PROOF. It is herethat theunions�rst play a crucial role, in as-
signing typesto calleevariablesthat occur more than oncein a
normalform. Weprove by inductionon termsthat

i. If r is a callernormalform thenthereareG, D, andT such
thatG `

�
�

�
�r : T ; D

ii. If e is a calleenormalform thenthereareG, D andT such
thatG;

�
�

�
�e: T ` D

iii. If c is acapsulenormalform thenthereareGandDsuchthat
c : (G ` D)

Of coursein eachcasewe assertthatGcomprisesonly \ -de�nite
bindingsandthatDcomprisesonly [ -de�nite bindings.

Now supposer is a callernormalform. Of courseif r is a vari-
ablewe maytyper with a typevariable.If r is l x:s thenby induc-
tion we have

G `
�
�

�
�s: T ; D

where,without lossof generalitywe have assumeda bindingx : X
in thetyping for s. Thenwe have

Gnx : X `
�
�

�
�l x:s : X ! T ; D

If r is µa:hr k ei thenby inductionwehave

hr k ei : (G ` a : X;D)

where,without lossof generalitywehaveassumedabindingfor a.
Then

G `
�

�

�

�µa:hr k ei : X ; D

This completestheargumentfor typingcallernormalforms.
A calleenormalform is eithera variable,or is of the form eµx:c

or r � e. Thevariablecaseis easy, andtheeµ caseis similar to that
for µ. Whenthetermis r � e we have by induction

G1 `
�
�

�
�r : A ; D1 and G2;

�
�

�
�e: B ` D2

Then

G1 u G2;
�
�

�
�r � e : A ! B ` D1 t D2

A capsulenormalform is of oneof theforms

hl x:r k ai or hx k (r1 � : : : � rn � e)i

wheren � 0 ande is eithera or eµx:c
Considerthe�rst case.Wehave, for someG, D, andT,

G `
�
�

�
�l x:r : T ; D

If a doesnot occurfree in l x:r thenwe may supposethata 62D.
Then

G `
�
�

�
�l x:r : T ; D;a : T and G;

�
�

�
�a : T ` D;a : T

sothat

hl x:r k ai : (G ` D;a : T)



If a doesoccurfreein l x:r thenwe will have, for someA,

G `
�
�

�
�l x:r : T ; D0;a : A:

Then

G `
�
�

�
�l x:r : T ; D0;a : T [ A:

and

G;
�
�

�
�a : T ` D0;a : T [ A

sothat

hl x:r k ai : (G ` D0;a : T [ A)

For thecasehx k (r � e)i , we have a typing

G;
�
�

�
�r � e : T ` D

If x is not freein (r � e) then

G;x : T `
�
�

�
�x : T ; D

and

G;x : T;
�
�

�
�r � e : T ` D

sothat

hx k (r � e)i : (G;x : T ` D)

Otherwise,if x getsa typeA in G

G0;x : T \ A `
�
�

�
�x : T ; D

and

G0;x : T \ A;
�
�

�
�r � e : T ` D

sothat

hx k (r � e)i : (G0;x : T \ A ` D)

5.2 Subjectexpansion
Thefollowing is themainlemmasupportingtheSubjectExpan-

sion theorem;it can be viewed asa converseto the Substitution
Lemma.

LEMMA 5.2 (SUBJECT EXPANSION).

1. SupposeG `
�

�

�

�r[x  s] : B ; D andsupposethat caller s is
typableunderG;D. Thenthere is a typeA such that

G `
�
�

�
�s: A ; D and G;x : A `

�
�

�
�r : B ; D:

2. SupposeG `
�

�

�

�r[a  f ] : B ; D and supposethat callee f
is typableunderG;D. Thenthere is a typeA such that

G;
�
�

�
�f : A ` D and G `

�
�

�
�r : B ; D;a : A:

3. SupposeG;
�

�

�

�e[x  s] : B ` D andsupposethat caller s is
typableunderG;D. Thenthere is a typeA such that

G `
�
�

�
�s: A ; D and G;x : A;

�
�

�
�e: B ` D:

4. SupposeG;
�

�

�

�e[a  f ] : B ` D and supposethat callee f
is typableunderG;D. Thenthere is a typeA such that

G;
�
�

�
�f : A ` D and G;

�
�

�
�e: B ` D;a : A:

5. Supposec[x  s] : (G ` D) and supposethat caller s is
typableunderG;D. Thenthere is a typeB such that

G `
�
�

�
�s: B ; D and c : (G;x : B ` D):

6. Supposec[a  f ] : (G ` D) and supposethat callee f is
typableunderG;D. Thenthere is a typeB such that

G;
�
�

�
�f : B ` D and c : (G ` D;a : B):

PROOF. By inductionon r, e andc.

1. – If r � x, thenr[x  s] � sand

G `
�
�

�
�s: B ; D

accordingto theassumption.On theotherhand

G;x : B `
�
�

�
�x : B ; D

by r+ � ax.
If r � y, thenr[x  s] � y,

G `
�
�

�
�y : B ; D

andfor sometypeA,

G `
�
�

�
�s: A ; D

accordingto theassumption.Then

G;x : A `
�
�

�
�y : B ; D

by Context expansionlemma3.7.

– Let r � l y:r0. Then(l y:r0)[x  s] � l y:r0[x  s], where
y 62Fvr (s) by Barendregt convention.By assumption

G `
�

�

�

�l y:r0[x  s] : B ; D

We performa sub-inductionon thesizeof typeB. The
typeB is oneof theforms:T1 ! T2, T1 \ T2, or T1 [ T2.
caseB is T1 ! T2. By Generationlemma3.8

G;y : T1 `
�

�

�

�r0[x  s] : T2 ; D

andby theinductionhypothesis

G;y : T1 `
�
�

�
�s: T2 ; D

(whichyieldsG `
�
�

�
�s: B ; D sincey 62Fvr (s)) and

G;y : T1;x : B `
�

�

�

�r0: T2 ; D

(whichyieldsG;x : B `
�

�

�

�l y:r0: T1 ! T2 ; D).

caseB is T1 \ T2. Thenby Eliminationlemma3.4

G `
�

�

�

�l y:r0[x  s] : Ti ; D

andby theinductionhypothesisthereis a typeAi such
the

G `
�
�

�
�s: Ai ; D and G;x : Ai `

�

�

�

�l y:r0: Ti ; D

for i = 1;2. Theresultfollows by Lemma3.6and\ R.
caseB is T1 [ T2. Thelastrule appliedmusthave been
[ R hence

G `
�

�

�

�l y:r0[x  s] : Ti ; D



for eitheri = 1 or i = 2. Take i = 1, thenby theinduc-
tion hypothesis

G `
�
�

�
�s: A1 ; D and G;x : A1 `

�

�

�

�l y:r0: T1 ; D

Theresultfollows by [ R.

– Let r � µa:c. Then(µa:c)[x  s] � µa:c[x  s], where
a 62Fve(s). Let

G `
�

�

�

�µa:(c[x  s]) : B ; D

Accordingto Generationlemma3.8

c[x  s] : (G` a : B;D)

henceby theinductionhypothesis

G `
�
�

�
�s: A ; D and c : (G;x : A ` a : B;D)

Thus

G;x : A `
�
�

�
�µa:c : B ; D

2. 3. and4. Similar.

5. In thecaseof acapsulehr k ei [x  s] � hr[x  s] k e[x  s]i ,
hencethelasttyping ruleappliedis (cut), therefore

G `
�

�

�

�r[x  s] : B ; D and G;
�

�

�

�e[x  s] : B ` D

By theinductionhypothesisthereexistsA1 suchthat

G `
�
�

�
�s: A1 ; D and G;x : A1 `

�
�

�
�r : B ; D

andthereexistsA2 suchthat

G `
�
�

�
�s: A2 ; D and G;x : A2;

�
�

�
�e: B ` D

By (\ R) we get

G `
�
�

�
�s: A1 \ A2 ; D

By Lemma3.6we get

G;x : A1 \ A2 `
�
�

�
�r : B ; D and G;x : A1 \ A2;

�
�

�
�e: B ` D

Using(cut) we get

hr k ei : (G;x : A1 \ A2 ` D)

Part6. is similar.

THEOREM 5.3. All stronglynormalizingtermsare typable.

PROOF. Let c be stronglynormalizing. We proceedby induc-
tion on the lengthof the longestreductionof c. Sosupposec and
c0 arecapsuleswith c // c0. Fromtheassumptionthatc0 is ty-
peablewe derive a typing for c; therearethreecasesaccordingto
the rule usedto reducec. Herewe presentonly one, the caseof
the l rule: hl x:r k r0� ei // hr0k eµx:hr k eii . By the induction
hypothesishr0k eµx:hr k eii : (G ` D). In this typing (cut) must
have beenthelastruleapplied.

Thereforefor sometypeA

G `
�
�

�
�r0: A ; D andG;

�

�

�

�eµx:hr k ei : A ` D:

The secondimplies hr k ei : (G;x : A ` D). So, thereis a type B
suchthat

G;x : A;
�
�

�
�e: B ` D and G;x : A `

�
�

�
�r : B ; D:

By the variableconvention x is not free in e so G;
�
�

�
�e: A ` D.

Puttingthis togetherwe getto hl x:r k r0� ei : (G ` D).

6. TYPABLE TERMS ARE
STRONGLY NORMALIZING

CurienandHerbelin[11], andLengrand[18], have shown how
to deducestrongnormalizationfor simply-typedl µeµ in both the
call-by-nameandcall-by-valuedisciplines;the former by embed-
ding l µeµ into thel -calculuswith continuation-passingstyletrans-
lationsandthe latter via interpretationinto the calculusof Urban
andBierman[28]. But it is not clearhow to adaptthesearguments
to obtainstrongnormalizationfor anintersection-typessystem.In
thissectionwepresentaself-containedSNproof for M \[ -typable
l µeµ termsby a variantof thestandardreducibility methodfor the
l -calculus.In factwe give a uniform proof thatappliesto boththe
call-by-nameandcall-by-valueregimes,andindeedgeneralizesto
evenmore�e xible systems.

Thecall-by-namesubsystemof l µeµ is thesystemde�ned by the
constraintthatsaysthateµ-redexeshave“higherpriority” in thecrit-
ical pair, the call-by-valuesubsystemgivespriority to µ-redexes.
Let usgeneralizetheseconventions.

DEFINITION 6.1. A priority p is a well-foundedpartial order-
ing de�nedon termsof theformµa:c andeµx:c

Forexample,thecall-by-namepriority isde�nedbyµa:c � eµx:c0

for all c andc0, with no otherrelations,andthecall-by-valuepri-
ority is de�ned by eµx:c0 � µa:c for all c andc0, with no otherre-
lations. The longestcapsule�r st priority de�ned by eµx:c0 � µa:c
if kc0k < kck (whereis kck is the sizeof c in term of numberof
symbols)andµa:c � eµx:c0otherwiseis anotherpriority.

In orderto make precisethesensein which a priority de�nes a
notionof reduction,we requirea few de�nitions.

DEFINITION 6.2. Letp bea priority.

� If r is a caller, let us saythat a calleee is available to r if
eithere is notof theformeµx:c0or eprecedesr in thepriority
p. Similarly, for a calleee wesaythat a caller r is available
to e if eitherr is not of theform µa:c0 or r precedese in the
priority p.

� A reductionsteprespectsp if either its redex is not an in-
stanceof a critical pair, or, lettingtheredex behµa:ck eµx:c0i ,
the eµ-reductionis done if µa:c precedeseµx:c0, but the µ-
reductionis doneif eµx:c0precedesµa:c.

� A reductionsequenceis a p-reductionif each steprespectsp.

� A termt is stronglynormalizingunderp, or is a SNp-term, if
everyp-reductionsequenceoutof t terminates.

Soin theterminologyabove,thecall-by-namesubsystemof l µeµ
is thesystemin whicheachreductionrespectsthecall-by-namepri-
ority, while thecall-by-valuesubsystemrespectsthecall-by-value
priority.

But notethattherearemany prioritiesotherthanthesetwo. For
example,onecande�ne apriority thatensuresthatcertaincapsules
obey thecall-by-namediscipline,while othersobey call-by-value.



On the other hand,thereare reductionsequencesthat arenot p-
reductionsfor any p: thiswill bethecasewheneveraredex hµa:c k
eµx:c0i is contractedin thereductionsometimesasaµ-reductionand
sometimesasaeµ-reduction.

Our goal is to prove that if t is a M \[ -typableterm thenany
reductionoutof t thatrespectsanypriority mustbe�nite.

DEFINITION 6.3. Fix a priority p. For each typeT wede�ne a
set(Sp)T of terms;welet (Sp)T

r and(Sp)T
e denotethecorrespond-

ing setsof callers andcalleesat each typeT.
To keepthe notationmanageable, we will simplywrite ST , ST

r
andST

e whenever a �xed p is underconsideration.
Thisde�nition isbyinductionontypes,witha sub-inductionover

thepriority p.

� a is in ST
e for all T, and x is in ST

r for all T.

� r � e is in SA! B
e if r is in SA

r ande is in SB
e

� l x:r is in SA! B
r if for all e2 SB

e , eµx:hr k ei is in SA
e .

� eµx:c is in ST
e if for all r in ST

r which is availabletoeµx:c under
p, c[x  r] is SN.

� µa:c is in ST
r if for all e in ST

e which is available to µa:c
underp, c[a  e] is SN.

� t 2 ST1\ T2
r if t 2 ST1

r \ ST2
r , and t 2 ST1\ T2

e if t 2 ST1
e [ ST2

e

� t 2 ST1[ T2
r if t 2 ST1

r [ ST2
r , and t 2 ST1[ T2

e if t 2 ST1
e \ ST2

e

This de�nition is sensiblebecausewe have assumedthatp is a
well-ordering. Note the duality between\ and[ in the last four
clausesof thede�nition.

Two easyconsequencesof thede�nitions are:

� For eachpriority p andeachtype T, all caller variablesare
in (Sp)T

r andall calleevariablesarein (Sp)T
e .

� Foreachpriority p andeachtypeT, (Sp)T
r � SNp and(Sp)T

e �
SNp.

LEMMA 6.4. For each priority p andeach typeT, if r 2 (Sp)T
r

ande2 (Sp)T
e thenhr k ei is in SNp.

PROOF. We know that r ande areSNp, so we may reasonby
multisetinductionoverthep-reductionrelationoutof r ande. Then
it suf�ces to argue that the result of immediatelycontractingthe
top-level redex of hr k ei , if any, is SNp.

This leadsto considerationof thefollowing cases

1. hµa:c k ei // c[a  e]

2. hr k eµx:c0i // c0[x  r]

3. hl x:r k a� e0i // ha k eµx:hr k e0ii

For cases1 and2 theresultis immediateby de�nition of (Sp)T and
theassumptionthatthereductionrespectsp.

For case3, we know thata is in (Sp)A
r ande0 is in (Sp)B

e . The
latter fact togetherwith (l x:r) 2 (Sp)A! B

r implies thateµx:hr k e0i
is in (Sp)A

e . Sothecapsuleha k eµx:hr k e0ii is aninstanceof case2,
alreadytreated.

THEOREM 6.5 (SOUNDNESS). Let p be a priority. If termt
is typablewith typeA thent is in (Sp)A.

PROOF. Let us say that a substitutionq satis�es G underp if
whenever (x : A) is in G, qx 2 (Sp)A

r , andthatq satis�esD underp
if whenever (a : A) is in D, qa 2 (Sp)A

e . Thento prove thetheorem
it is convenientto provethefollowing strongerstatement:Suppose
q satis�esGandDunderp. If G`

�
�

�
�r : A ;D, thenqr 2 (Sp)A

r , andif

G;
�
�

�
�e: B ` D, thenqe2 (Sp)A

e . This impliesthetheoremsincethe
identitysubstitutionsatis�eseveryGandD. Weprovethestatement
above by inductionon typingderivations.

For the restof the proof we suppresswriting p andwrite S in-
steadof (Sp) , andSN insteadof SNp. Choosea substitutionq that
satis�esGandD, anda typabletermr or e; we wish to show that
qr 2 SA

r or qe2 SA
e , asappropriate.Weconsiderthepossibleforms

of thegiventyping.

Case:.

(e+ -ax)
G;

�
�

�
�a : Ai ` a : A1 [ � � � [ An;D

Whenthe termis a variablea typedasabove, we needto show
that qa 2 SAi

e , underthe assumptionthat qa 2 SA1[���[ An
e . Since

SA1[���[ An
e = SA1

e \ � � � \ SAn
e this is clear.

Case:.

(r+ -ax)
G;x : A1 \ � � � \ An `

�
�

�
�x : Ai ; D

When the term is a variablex typed as above, we needto show
that qx 2 SAi

r , underthe assumptionthat qx 2 SA1\���\ An
r . Since

SA1\���\ An
r = SA1

r \ � � � \ SAn
r this is clear.

Case:.

G`
�
�

�
�r : A ;D G;

�
�

�
�e: B ` D

(! L)
G;

�
�

�
�r � e : A! B ` D

Wewishto show that(qr � qe) 2 SA! B
e . It suf�ces toshow that(qr �

qe) 2 SA! B
e , which is immediatesinceby theinductionhypothesis

qr 2 SA
r andqe2 SB

e .

Case:.

G;x : A `
�
�

�
�r : B ;D

(! R)
G`

�
�

�
�l x:r : A! B ;D

Wewish to show thatq(l x:qr) 2 SA! B
r . It suf�ces to show thatfor

everye in SA
e , eµx:hqr k ei 2 SA

e . For thelatterit suf�ces to consider
anarbitrarya thatis availableto eµx:hqr k ei underp andarguethat
hqr k ei [x  a] is SNp. Sincewemayassumethatx is not freein e
we mustarguethath(qr)[x  a] k ei is SNp. But (qr)[x  a] 2 SB

r
by induction,andwe have assumede2 SB

e � SN.

Case:.

G;x : A `
�
�

�
�r : T ; D G;x : A;

�
�

�
�e: T ` D

(cut)
hr k ei : (G;x : A ` D)

(µ)
G;

�

�

�

�eµx:hr k ei : A ` D

Note thatany applicationof typing rule (eµ) mustindeedimmedi-
atelyfollow a cut. Wewish to show thatq(eµx:hr k ei ) � (eµx:hqr k



qei ) 2 SA
e . For thisweneedto consideranr1 in SA

r thatis available
to (eµx:hqr k qei ) underp andarguethat

hqr k qei [x  r1] is SNp.

Lettingq0denotethesubstitutionobtainedby augmentingq with
thebindingx 7! r1, whatwewantto show is thathq0r k q0ei is SNp.
Thesubstitutionq0satis�esG;x : A andDby hypothesisandthefact
that r1 2 SA

r . So q0r 2 ST
r andq0e 2 ST

e by inductionhypothesis,
andsohq0r k q0ei is SNp.

Case:.

G `
�
�

�
�r : T ; a : A;D G;

�
�

�
�e: T ` a : A;D

(cut)
hr k ei : (G ` a : A;D)

(µ)
G `

�

�

�

�µa:hr k ei : A ; D

Note thatany applicationof typing rule (µ) mustindeedimmedi-
ately follow a cut. We wish to show that(µa:hqr k qei ) 2 SA

r . For
this we needto considerane1 in SA

e that is availableto (µa:hqr k
qei ) underp andarguethat

hqr k qei [a  e1] is SNp.

Lettingq0denotethesubstitutionobtainedby augmentingq with
thebindinga 7! e1, whatwewantto show is thathq0r k q0ei is SNp.

Thesubstitutionq0satis�esGandD;a : A by hypothesisandthe
factthate1 2 SA

e . Soq0r 2 ST
r andq0e2 ST

e by inductionhypothe-
sis,andsohq0r k q0ei is SNp.

Case:.

G;
�
�

�
�e: A ` D

(\ L)
G;

�
�

�
�e: A\ B ` D

We wish to show thatqe 2 SA\ B
e . SinceSA\ B

e = SA
e [ SB

e this fol-
lows from thefactthat(by inductionhypothesis)qe2 SA

e .

Case:.

G `
�
�

�
�r : A ; D G `

�
�

�
�r : B ; D

(\ R)
G `

�
�

�
�r : A\ B ; D

We wish to show that qr 2 SA\ B
r . Since SA\ B

r = SA
r \ SB

r this
follows from the fact that (by inductionhypothesis)qr 2 SA

r and
qr 2 SB

r .

Case:.

G;
�
�

�
�e: A ` D G;

�
�

�
�e: B ` D

([ L)
G;

�
�

�
�e: A[ B ` D

We wish to show that qe 2 SA[ B
e . SinceSA[ B

e = SA
e \ SB

e this
follows from the fact that (by inductionhypothesis)qe 2 SA

e and
qe2 SB

e .

Case:.

G `
�
�

�
�r : A ; D

([ R)
G `

�
�

�
�r : A[ B ; D

We wish to show thatqr 2 SA[ B
r . SinceSA[ B

r = SA
r [ SB

r this fol-
lows from thefactthat(by inductionhypothesis)qr 2 SA

r .

THEOREM 6.6. For everypriority p, everytypabletermis SNp.

PROOF. By Theorem6.5 and the fact that every term in S is
SNp.

Theabove theoremhasasimmediatecorollariesthefactthatev-
erytypabletermis stronglynormalizingunderboththethecall-by-
nameandthecall-by-valuevariantsof l µeµ.

COROLLARY 6.7. Thefollowingare equivalent,for a termt:

� t is stronglynormalizingundersomepriority.

� t is stronglynormalizingundereverypriority.

In particular, thesetof termsthat are stronglynormalizingin l µeµ
underthecall-by-nameandthecall-by-valuedisciplinescoincide.

PROOF. If t is stronglynormalizingundersomepriority thenby
Theorem5.3t is typable.Soby Theorem6.6t is stronglynormal-
izing underevery priority.

7. CONCLUSION
Weconcludeby notingsomedirectionsfor futureresearch.
Intersectiontypeshaveprovento beaninvaluabletool for study-

ing reductionpropertiesin thetraditionall -calculus,andin future
work we expect to usesuitablevariantson the systempresented
here to characterizeweak normalizationand head-normalization
in l µeµ.

It will be interestingto investigatethe relationshipbetweenthe
systempresentedhereandthatof Laurent[17].

As mentionedin Section6 therearetechnicaldif�culties in lift-
ing the reducibility techniquein the presenceof intersectionsand
unionsto theunrestrictedl µeµ calculuswith the(µ;eµ) critical pair.
This would seemto bean importantstepin applyingintersection-
types techniquesto the denotationalsemanticsof non-con�uent
classicalcalculi. Solving this problemseemsto requirea deeper
understandingof the combinatorialinteractionbetweenµ- andeµ-
reductions.

It is importantto betterunderstandthe role of union typesin a
classicalcalculus,in light of thework in [23] and[7] showing how
uniontypescanplayarolein thedesignof programminglanguages
andquerylanguagesfor semistructureddatatypes,andespecially
the resultsin [20] and [30] relating unionsto �o w analysis. An
obvious questionis whetherthe price we pay for having Subject
Reductionin our systemis a decreasein expressive power relative
to thosesystems,andif so,we shouldtry to understandthe trade-
offs.
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