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1 Introduction

The A-calculus plays a key role in the foundations of logic and of programming
language design, and in the implementation of logics and languages as well. The
foundation of A-calculus itself is S-conversion, which relates the primitive notions
of abstraction and application in terms of substitution. Classical A-calculus
treats substitution as an atomic operation, but in the presence of variable-
binding substitution it is a complex operation to define and to implement. So
a more careful analysis is required if one is to reason about the correctness of
compilers, theorem provers, or proof-checkers. Furthermore the actual cost of
performing substitution should be considered when reasoning about complexity
of implementations.

Abadi, Cardelli, Curien, and Lévy [1] defined a calculus of ezplicit
substitutions to serve as a more faithful model of implementations of the
A-calculus. Since then a variety of explicit substitutions calculi have been
defined. The original motivation for the Abadi-Cardelli-Curien-Lévy calculus was
pragmatic, but there is another point of view one may take on such a calculus,
namely that making substitution explicit permits a more refined analysis of
substitution than does classical A-calculus. As historical context we note that
in their book [12] Curry and Feys insist on the importance of substitution
in logic in general and especially in the framework of A-calculus. They write
[page 6] that the synthetic theory of combinators “gives the ultimate analysis
of substitutions in terms of a system of extreme simplicity. The theory of
lambda-conversion is intermediate in character between synthetic theories and
ordinary logics. Although its analysis is in some ways less profound—many of
the complexities in regard to variables are still unanalyzed there—yet it is none
the less significant; and it has the advantage of departing less radically from
our intuition.” From this point of view one can see an explicit substitution
calculus as an improvement on both the system of combinators and the classical
A-calculus, since it is a system whose mechanics are first-order and as simple as
those of combinatory logic yet which retains the same intensional character as



traditional A-calculus. In particular we may view explicit substitution calculi as
primary and see the classical A-calculus as a subsystem of these systems, defined
by a particular strategy of “eagerly” evaluating the substitution constructed by
contracting a f-redex. In this way the study of explicit substitutions represents
a deeper examination of the relationship between abstraction and application.
This setting invites the programme of refining the results of the classical \-
calculus by finding proofs of their explicit-substitutions analogues in the explicit
substitutions system itself. One can reasonably expect in this way to gain insight
into the original A-calculus. As a case study, in this paper we present a systematic
study of the relation between normalization and types.

In many calculi of explicit substitutions, including the original Abadi,
Cardelli, Curien, Lévy system, substitutions are first-class citizens and there is an
algebraic/computational structure on the substitutions themselves, reflecting the
fact that composition is a natural operation on substitutions. Melliés [17] made
the somewhat surprising discovery that the presence of substitution-composition
leads to the failure of strong normalization even for simply-typed terms. This
suggests that it is useful to analyze the effect of making substitution explicit
independently of studying composition of substitutions. Composition-free calculi
of explicit substitutions have been studied in [16, 7,4] among others.

Here we work in the composition-free calculus Ax (which uses names rather
than de Bruijn indices) and the calculus Axg4. obtained by adding explicit
garbage-collection to Ax.

Summary of results

Our main results concern the set of terms typable in various intersection-types
disciplines. We show that in each of Ax and Ax,. the terms which normalize by
leftmost reduction and the terms which normalize by head reduction can each
be characterized as the set of terms typable in a certain system. Our notions
of leftmost- and head-reduction are non-deterministic, and our normalization
theorems apply to any computations obeying these strategies. In this way we
refine and strengthen these classical normalization theorems. See [18] where a
similar issue is discussed. Surprisingly, the situation for the strongly normalizing
terms diverges from the classical A-calculus. For the natural generalization of
the classical type system we prove that typable terms are strongly normalizing.
But the converse fails: see Section 7.

In addition to their theoretical and methodological interest our results have
consequences for the study of the implementation of functional programming
languages. Recall that the theoretical foundation for the correctness of the
standard evaluation strategy for functional languages is the classical theorem
that leftmost reduction is normalizing (see for example [19] Prop. 2.4.12).
When explicit substitutions are offered as a basis for an implementation one
should define and analyze a corresponding notion of “leftmost” reduction. To
our knowledge this analysis has not been previously done. The natural notion
of leftmost reduction we define here is related to, but a refinement of, the
classical notion; the non-determinism in leftmost reduction here corresponds



to a choice between certain standard implementation strategies ([5]). The proofs
we present here readily yield the results that a term is (strong-, leftmost-, or
head- ) normalizing iff it is so in the calculus extended by garbage-collection. Our
results support the claim that garbage-collection is a very natural addition to the
system, even from a purely theoretical point of view, since the resulting calculus
has more convenient closure properties than the simple calculus (Lemma 2 is an
example).

The intersection type systems we study are natural generalizations of the
corresponding classical systems, and in fact the global structure of the proofs
follow a standard paradigm (as in [3]). But the explicit reductions involving
substitutions lead to combinatorial complications not arising in the traditional
treatments and the proofs require some new techniques. The first result on strong
normalization of calculi of explicit substitution was the so-called preservation of
strong normalization: a pure (substitution-free) term is strongly normalizing
under reduction in the presence of explicit substitutions if and only if it is
strongly normalizing under S-reduction. We stress that, in keeping with our aim
of treating the explicit substitutions calculus as logically prior to the traditional
A-calculus, we develop the machinery needed for direct proofs which do not
depend on results from the theory of S-reduction.

This paper contains few proofs, but a full version with all the proofs is
available at http://www.ens-1lyon.fr/ plescann/publications.html

2 Terms and reduction strategies

In this section, we describe the terms of the calculus of explicit substitutions
with explicit names Ax and specify strategies of reduction toward normal forms,
namely Ax-reduction, head reduction, and leftmost reduction.

Actually the same set of terms can be described in many different ways which
we call tazonomies.

Definition 1 (The basic taxonomy). The set of terms with explicit substitu-
tions Az is the set of terms M defined as follows:

M,N:=z | e.M | MN | M{(z = N)

The set of free variables of a term is defined just as for classical \-calculus,
with an additional clause ensuring that the free variables of M(x = N) are the
same as the free variables of (Ax.M)N. In particular, x is bound in M{x = N).
The set of free variables of a term M is written FV (M), sometimes for simplicity
we write © € M instead of x € FV(M).

We assume Barendregt’s [2] convention, namely that a variable does not occur
free and bound in the same term. For instance, we assume that z does not occur
free in N in the term M({z = N). The rules we define further assume this
convention and the reader should keep this fact in mind when reading them and
certain forthcoming lemmas.



To describe the second taxonomy nicely it will be very convenient to have
a notation to describe a term M on which is applied a sequence of closures
(z1 = S1), -y {2m = Sm) then a sequence of applications of terms T1,..., Tp,.
Such a term M{z; = S1)...{zm = S )T1... Ty, will be abbreviated as M (z= S) T.

Lemma 1 (The head form taxonomy). Every term is of precisely one of the
following forms:

Az.B (My.B)(x = A)(z=8S)T
(Me.B)AT, ---T,, with n>0 UV{e=A}z=8T
Iy ---T, with n>0 {x =AY z= 8T
ylt = A z=8)T with zZvy
Proof. Straightforward. /17

Following Barendregt [2] we distinguish between a set of rules defining a
notion of reduction and a reduction relation induced by closing a notion of
reduction under certain contexts. Sometimes the latter are called strategies and
play a main role in evaluation of functional programming languages [5]. Some
reductions are deterministic, which means that the structural rules determine a
unique redex to be reduced. Others are non deterministic.

The following notion of reduction is due to R. Bloo and K. Rose [8, 21, 6].
The rules Varl and VarK, called respectively xv and xvgc by Rose, have been
renamed here to recall the distinction between the classical A\; and Ak calculi.

Definition 2. The notions of reduction Ax and Axy. are induced by the rules in
Table 1: the notion of reduction Ax is obtained by deleting the rule gc, and the
notion of reduction A\x4. is obtained by deleting the rule VarK.

The rule gc is called “garbage collection”, as it removes useless substitutions.

(B) (AzB)A — B{z=A)

(App)  (MN)(w=A) — M{z=A)Nz = A)
(Abs) (AyM){zx =N) — AIyM{z=N)

(Varl) z{x=N) — N

(VarK) ye=N) — y

(gc) M{z=A) —» M ife g FV(M)

Table 1. The reduction rules.

Of course in the presence of rule gc we do not need rule VarK. On the other
hand it is not the case that gc can be directly simulated by the other rules:
consider the garbage-collection z{(zx = y){(v = w) — z{x = y). Rule gc has a
different character from the other rules in the sense that it represents a more



complex transformation than those of the other, atomic, substitution operations.
On the other hand with an appropriate data structure for maintaining (the free
variables in) terms it can be efficiently implemented and provides a tool to
prevent memory leaks. And as Bloo and Rose have demonstrated it is quite
convenient when reasoning about the formal properties of the calculus.

Notation. In the main technical development of this paper we will work
exclusively with the full system Axg.. So unless explicitly stated otherwise,
phrases such as “reduction” refer to reduction in system Axg.. At the end of
the paper (Section 8) we will see that the results for the system not including
garbage collection follow readily from the results for Axge.

Remark. As is well-known, Ax,. has a critical pair, namely:

(Az.M)N)(y = L)

/\

(Az.M(y = L)) N(y = L) M(z = N)(y = L)

Most of the difficulty in working with the system is due to this critical pair; this
will be amply demonstrated in the sequel.

Definition 3 (Unrestricted reduction). Unrestricted reduction (or Axge-
reduction) allows a reduction rule to be applied in any context.

A term M s strongly normalizing if there is no infinite Ax4.-reduction
starting from M. The set of strongly normalizing terms is denoted SN .

Definition 4 (Head reduction). Head reduction is the closure of Axy. under
the structural rules of Table 2.

LN U is not an abstraction B ", B
uv s u'v Axe.B —"— Xz.B'
M " M M is not an abstraction
Mz =A) —"— M'(z = A)

Table 2. Head reduction

A term M is head normalizing if there is no infinite head-reduction starting
from M. The set of head normalizing terms is denoted HN .

A head normal form is a term of the form A\xy..x.xA;...A,, where T is a free
variable or one of the x; and A; € Az.



vt U is not an abstraction B '+ B
vv —— u'v Ae.B —— Az.B'
M M M is not an abstraction A, L Al A; is the leftmost non-normal form
M{z = A) —' s M'(z = A) TA1 Al A, — s pALLALLA,

Table 3. Leftmost reduction

Definition 5 (Leftmost reduction). Leftmost reduction is the closure of Az
under the structural rules in Table 3.

A term M is leftmost normalizing if there is no infinite leftmost reduction
starting from M. The set of leftmost-normalizing terms is denoted LN .

Remark. Observe that in contrast to the classical notions both head
reduction and leftmost reduction are nondeterministic strategies. Indeed both
reductions out of the critical pair noted earlier count as head reductions.
For example, let M be ((A\x.B)A)(y = C)(z = S)T. Then M can rewrite
by leftmost reduction either to P = B{z = A}y = C)(z = S)T, or (in
two steps) to @ = ((Az.B{y = C)) Aly = C))(z = S)T. Then since
Az.B{y = C) is an abstraction ) leftmost-rewrites via rule B leading to
Q'=By=C)z= Ay=0C))(2=9T.

3 Two fundamental Lemmas

To prove the main theorems of this paper, we need two very general lemmas
which we present in this section. These lemmas aim at proving the following two
facts (where A stands for SN, LN, or HN).

M{z=N)y=L)e Nif M(y=L){(zx=N({y=L)) eN,
and
M{z=A)e Nif M e Nand z ¢ FV(M),
where, when N is SN, we require A € SN as well.

A remark on the classical Substitution Lemma

The Substitution Lemma of the classical A-calculus [2] states a fundamental
property of (implicit) substitutions, namely that, when z is not free in L

Mz :=N]ly:=L] = M[y:= L[z := N[y := L]]

The two terms are syntactically identical above. When generalized to an explicit
substitutions calculus the analogous statement is weakened to provable equality:

Mz =N)y=1I) = M{y= L)z = N{y = L))



It is not hard to see that the two terms above can have quite different reduction
behavior. In particular it is possible for the left-hand side to be SA/ while the
right-hand side admits an infinite reduction. For instance, take M = 2z, N = yy
and L = Au.uu.

The Composition Lemma below states that if the right-hand side is SN then
so is the left-hand side. So there is a fundamental asymmetry in this situation.

3.1 The Composition Lemma
Let us consider the following rule
Mz = N)ly =Ly - M{y =Ly = Ny = L))

which we call composition. It abstracts the composition one finds in systems like
Ao [1,11] (namely the rule called Map) or in the extension Ax||c of Ax [6,7,14,
15] (namely the rule T> of [6], see also [21] page 75).

We would like to see that the converse of the composition rule preserves
(strong, head, or leftmost) normalization. Unfortunately this rule does not
commute in a nice way with reduction, essentially due to the duplication of
substitutions in the App rule.

The following relation is a “bottom-up parallel extension” of the composition
rule, which propagates and duplicates the applications of this rule inside terms.
In particular, rule Cpabs pushes a substitution through an abstraction, Cpapp
pushes through an application, and Cpclo pushes through a closure. The other
rules make it a congruence.

Definition 6. The relation = is given by the inductive definition indicated in
Table 4.

[Crefl] M= M
! — +

[Cabs] i [Cpabs] By=q) =B

Az.B = \z.B' (Az.B)(y = Q) = \z.B™

U="U V=V Uy=Q)=U" Vig=Q)= VT
[Capp] [Cpapp]

Uv = u'v UV)ly=Q)= (U'VH)
B=B A=A My=Q)=M" Ply=Q)= Pt

[Cclo] [Cpclo]

B(z=A)= B'(z=A") M{z = P)y=Q)= M {(z = P%)

Table 4. The rules for =



Lemma 2. Let —— stand for either wunrestricted reduction, leftmost
reduction, or head reduction. If M —— M" and M = M' then there is an
M* with M" = M* and M' —— M*. Furthermore, if M —— M" is a

B-step then in fact M' . M* with at least one B-step.

M:}M’

I

| ‘
¥
MY > M

Proof. By induction over the definition of M = M'. ///

Corollary 1. Suppose M = M’.

— If M' € HN then M € HN.
— If M' € LN then M € LN.
— If M' € SN then M € SN.

Proof. As is well-known, the set of rules of Axy. other than the B-rule comprise
a strongly normalizing rewrite system. So any infinite reduction out of M must
involve infinitely many B-steps. With this observation each of the claims follows
easily from Lemma 2. ///

In particular, suppose that if 7" is obtained from T' by the composition rule
as defined at the beginning of this section. We conclude that if 7" is strongly
normalizing then T is strongly normalizing; similarly for leftmost and head
normalization. These results will be crucial in the coming sections.

3.2 The Closure lemma

Now we want to prove that (head, leftmost, or strong) normalization is not
affected by garbage-collection of normalizing terms. For technical reasons we
state the result rather generally.

Definition 7. A n-multi-context is a term with n holes in which we can insert
n terms. If n is understood, we say a multi-context.

If CJ...,...,...] is a multi-context and M, ..., M, are terms, then the
insertions of those terms in CJ...,...,...] is denoted C[Ma,..., M,].

Lemma 3. Let C[...] be a multi-context, Ai,...,A,, and My,...,M, be
terms, with x & FV (M), ..., z € FV(M,).

Cf C[My, .y My] € HN then C[Mi(z = Ar), ., Mn(z = An)] € HN.

— if C[Ma, ..., M,] € LN then C[Mi(z = A1), ..., Mx{z = A,)] € LN.

— if C[My,....,.M,] € SN and A; € SN for 1 < i < n then C[Mi{z =
A1>, ,Mn<.Z' = An)]] (S SN

Proof. By induction on triples (D, M, A) where D is a term, M and A are
multisets of terms. /17



Corollary 2. Let M = N{z = AYz = S)T with x ¢ FV(N) and let
M'=N{(z= 8T,

— If M' € HN then M € HN.
— If M' € LN then M € LN.
— If M' € SN and A € SN then M € SN.

4 Saturated Sets

Definition 8. A set S is X-saturated (or saturated if there is no ambiguity
about the set X ), if it is closed under the rules of inference in Table 5.

Bzx=A)T Al(z=8)T
sat-B ——— sat-|
(Az.B)AT z{x = Az=8)T
(\y.Blo = A)) (2= §)T (Ulw = )(V(s = A)) (z= §)T
sat-Abs sat-App
(\y-B)(z = A)(z=§)T (UV)(@ = A) (2= §)T
M{y=Q)z=Ply=Q)){z=S)T N(z=8)T A€ X and z g FV(N)
sat-comp sat-gc
Mz = P)(y = Q) z=8)T Nz =ANz=8)T

Table 5. X-saturated sets

Note that the set X occurs only in the rule sat-gc. In practice the set X' will
depend on the reduction we consider.

Definition 9 (Function space). If A and B are sets of terms then A — B is
{M|VA € A, (MA) € B}.

The following are very easy consequences of the definition.
Lemma 4. Let A and B be sets of terms.

1. If B is saturated then so is A — B
2. If A and B are saturated then so is AN B.

The major part of the technical difficulty in lifting the classical normalization
proofs to our explicit substitutions setting is embodied in the next Lemma. In
fact all of the work in the previous section was for the purpose of establishing
these results.

Lemma 5.

— SN is SN -saturated.



— HN is Az-saturated.
— LN is Az-saturated.

The notion of saturation is key to the proof of the Soundness Theorem below
for the type systems. It is amusing to note that closure under sat-gc for SN, HN,
and LN is used precisely in showing that the start rule below for typing variables
is sound: in the standard A-calculus this is a triviality but in our calculus we
ultimately rely on the difficult argument embodied in Lemma 3.

5 Types and Soundness

Definition 10 (The system of type assignment D,). Given an infinite set
of type-variables and a distinguished type-constant w the set of types is formed
by closing the type-variables and w under the operations o —7 and o N T.

A statement is an expression of the form M: T; where M is a term, the
subject of the statement, and T is a type. A basis is a set of statements with
distinct variables as subjects. A judgment is a triple I', M, T where I' is o basis,
M is a term, and T is a type; the notion of a judgment’s being derivable, denoted
I' = M: 7 is given by the rules of inference in Table 6.

We say that a term M is typable if there exists a I' and a T such that
' M: .

We identify two systems: the system D, itself and the subsystem D obtained
by omitting type w and the rule w-1I.

(z:0)erl’
start ——
I'kz:0
Ie:obFM: 1 Ir-M:o—T I'-N:o
—1 —E
't XeM:0—>T1 I'(MN): 1
I'tM: o I'tM: o I'M:o1Noo
N-1 N-E — ie{1,2}
F"M:O’an'Q Fl‘M:O’i
z:o0'FM: T I'EFN:o
wl I'FEM:w cut
I'-M{z=N):1

Table 6. Typing rules for D,,

The form of the cut rule ensures that a closure M{x = N) has exactly the same
typing behavior as the associated B-redex (Az.M)N. That is, for every I" and 7,

I' - M{z =N): 1 iff '+ (Az.M)N: .

10



Definition 11. An interpretation I is a function from types to sets of terms
obeying the following

— I, = Az (in system D,,)
— Lanp :Iaﬂzg
— Ty = To — I

Obviously an interpretation is completely determined by its value on the type
variables. Suppose 7 is an interpretation and X is a set of terms such that Z;
is X-saturated for each type-variable t. Then Z, is X-saturated for each type 7:
for 7 = w we observe that Ax is itself X-saturated, and for the other types we
invoke Lemma, 4.

Theorem 1 (Soundness). Let 7 be an interpretation and let X be a class of
terms such that Iy is X -saturated for each type-variable t and such that T, C X
for each type o.

Suppose M is typable with type T in either D or D,. Then M € T,.

6 Normalization

Definition 12. (See Cardone and Coppo [10]) A type is proper if it has no
positive occurrence of w, antiproper if it has no negative occurrence of w, and
strictly proper if it has no occurrence of w.

The trivial types are determined by the following rules:
- w s trivial.
— If o is trivial and 8 is any type, then 0 — o is trivial.
— Ifo and T are trivial, then o N T is trivial.

Head normalization. Consider the system D,,; let “type” mean “type of D,”
and let “typable” mean “typable in D,”.

Definition 13. Let H be the interpretation which maps each type variable to
the set HN of head normalizing terms.

Lemma 6. H, C HN for each non-trivial type 7.

Corollary 3. If M is typable in D, with a non-trivial type then M is head
normalizing.

Leftmost normalization. Consider the system D, ; let “type”’ mean “type of
D,” and let “typable” mean “typable in D,,”.

Definition 14. Let L be the interpretation which maps each type variable to the
set LN of leftmost-normalizing terms.

Lemma 7. £, C LN for each proper type T.

Corollary 4. If M is typable in D, with a proper type then M is leftmost
normalizing.

11



Strong normalization. Consider the system D; let “type”’ mean “type of D”
and let “typable” mean “typable in D.

Definition 15. Let S be the interpretation which maps each type variable to the
set SN of strongly normalizing terms.

Lemma 8. S; C SN for each type 7.

Corollary 5. If M is typable in D then M is strongly normalizing.

7 Typings for normalizable terms

Proposition 1.

1. If H is a head normal form then H is typable in system D, with a non-trivial

type.
2. If N is a normal form then N is typable in system D.

Theorem 2 (Subject Reduction). In either of the systems D,, or D: suppose
- M:7and M —— M;. ThenI' & M;: 1.

Theorem 3 (Subject Expansion for D). In system D,,: suppose I' = M: 1
and Mg —— M. Then I' + My: 1.

Corollary 6. Suppose I' + M: 7 in system D, and M «—» M'. Then
- M:rT.

Subject Expansion and system D.

The Subject Expansion theorem plays a key role in deriving converses involving
system D,, to the normalization results concerning head- and leftmost reduction
(Corollaries 3 and 4 above). We present these converses in the next section.

It is well-known from the classical A-calculus that the Subject Expansion
theorem fails for system D. But with some care (involving the potential erasing
of non-typable terms) one can analyze S-expansion in order to derive a converse
to the classical version of Corollary 5 and so obtain a characterization of the
strongly normalizing classical terms.

It seems to be much more difficult to perform such an analysis for expansion
in the calculus Ax. In particular it is not the case that D-typability is preserved by
expansion even when the reduction-rule in question erases a strongly-normalizing
subterm.

Example. Let D be the term Au.uu and M be the term (Az.(\y.z)(zx))D. D is
D-typable by (tN(t—t)) —t but DD is not SN so M is not SN'. Now consider

M — (Az.2{y = zz))D — M' = z{(y = zz){x = D) — M" = z{(z = D)

M" is SN and is easily seen to be D-typable. But M’ is SA/ yet not D-typable.

12



It is not hard to see that M' is SN. To see that M' is not D-typable, first
note that by Corollary 5 M cannot be typed since it is not SN. But (\y.z)(zx)
and z(y = zz) have exactly the same typing behavior in our system.

The reduction from M’ to M" witnesses the failure of Subject Expansion;
the notable thing here is the innocuous nature of the erased subterm zxz. The
reduction (\y.z)(zz) — z{y = zz), which reduces an inner B-redex, changes the
behavior of the term w.r.t. to normalization. This should somewhat be translated
into the typing system, which is not the case in D.

The natural reaction to such an example is conclude that the type system D
should be modified. But the terms M and M’ above are related simply by an
application of the B-rule. So if we are to have a type system which characterizes
strong normalization it seems that we must abandon the property that closures
B(xz = A) have the same typing behavior as the associated B-redexes (Az.B)A
(perhaps only in the case when z is not free in B). This would be a fundamental
change in what seems to us to be the most natural generalization of the classical
type system. We leave the search for a type system characterizing the strongly
normalizing terms as a subject for future investigation.

8 Summary

In this section we summarize the results of this paper and also address the role
of the garbage-collection rule gc in the development.

As suggested in the introduction one may view the rule gc as being somewhat
out of character with the rest of the explicit substitutions program, since it does
not really correspond to an atomic operation on terms. So it is natural to ask
whether the relationships we have established between typings and reduction
properties carries for the “pure” calculus without rule gc.

Since the pure calculus is a subsystem of the full (gc) calculus one direction
of the relationship is immediate, but it is mildly surprising that the full
equivalence between various normalization properties and typing properties can
be established for the pure calculus with essentially no extra work. This is shown
in the three theorems of this section.

Recall that head- and leftmost reduction are each non-deterministic and that
when we speak of head- or leftmost-reduction below we mean any sequence of
reduction steps obeying the given discipline.

Theorem 4 (Head normalization). Let M be o closed term. The following
are equivalent.

1. M is typable with a non-trivial type in system D,,.

2. M e HN.

3. M is head-normalizing in the calculus Ax (without garbage-collection).

4. M has a head normal form.

5. M is solvable, that is, there is an n and terms Xi,...X, such that
MX,---X, = \.z.

Proof. Weprovel ==2=3=4=1and4=5= 2. 1]/

13



Theorem 5 (Leftmost normalization). Let M be a closed term. The
following are equivalent.

M is typable in system D, with a type not involving w.

M s typable with a proper type in system D,,,.

M e LN.

M is leftmost-normalizing in the calculus Ax (without garbage-collection).
M has a normal form.

Grds Co o

Proof. We provel =2=3=4=5=1. /17

It is worth emphasizing the fact that the implications 5 to 3 and 5 to 4 state
that in Ax and Ax,. leftmost reduction is a normalizing strategy.

Theorem 6 (Strong normalization). Let M be a closed term.

1. M € SN if and only if M is strongly normalizing in the calculus A\x (without
garbage-collection).

2. If M is typable in system D then M € SN.

3. If M is a pure term then M € SN if and only if M is typable in system D.

As described in the previous section we do not have the implication “M € SN
implies M is typable in system D.” As is well-known this result holds for
pure terms under S-reduction. It then follows from the preservation of strong
normalization in Ax that the result holds for pure terms under Axg4.-reduction.
The problem of finding a reasonable type system characterizing the strongly
normalizing terms in Ax is left as an open problem.
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