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Unification deals with the problem of solving an equation of the form s = ¢ in the free algebra
T(F, X ) of terms that are generated from the function symbols in F' (each of them with a fixed
arity) and the variables in X. As is well-known such an equation either has no solution at all,
or there exists a single most general solution [Rob65], that is, each solution is an instance of
this most general one. Also algorithms are known that determine this most general solution
in linear time from the given equation [PaWe78] . Unification is an essential tool in logic
programming and machine-oriented logic, where it is the basic mechanism underlying the
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Abstract

For finite convergent term-rewriting systems it is shown that the equational unifi-
cation problem is recursively independent of the equational matching problem, the word
matching problem, and the 2" -order equational matching problem. Apart from the latter
these results are derived by considering term-rewriting systems on signatures that contain
unary function symbols only (that is, string-rewriting systems). Also for this special case
27 order equational matching is shown to be reducible to 15*-order equational matching.
In addition, we present some new decidability results for simultaneous equational match-
ing and unification. Finally, we compare the word unification problem to the 2"-order
equational unification problem.
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resolution principle, and it is fundamental in the rewrite-rule based approach to equational
reasoning as embodied in the Knuth-Bendix completion procedure [AvMa90].

Often we are interested in reasoning about terms modulo a 1%*-order equational theory, and
it has proved fruitful in many cases to “build-in” such a theory in the unification process. This
leads to the notion of equational unification, E-unification for short, the problem of solving
an equation in (the initial model for) the given equational theory. Because of its importance
for logic programming and equational reasoning, this problem has received a great deal of
attention in the literature; see [BaSi93] for a recent survey of the area.

We can generalize the syntactic unification problem in another direction, by considering
terms which may contain function variables, eligible for instantiation. For example, if @ is
an individual constant, f a function symbol, and v a function variable, then the unification
problem f(a) = v(a) has the solution in which v is instantiated by f, and the solution in
which v is instantiated by the constant function f(a). This is an example of a ond
unification problem. Note that there is no equational theory in the background here, but
the relevant equality is not simply syntactic equality, either: some information about how
functions behave is built into the theory. In particular, in 2"d-order unification it is customary
to take function variables as ranging over the functions definable in the lambda-calculus, and
to take equality between functions to be axiomatized by the () and (7) equations of the
lambda-calculus.

We are naturally led to combine these generalizations, allowing function variables and
postulating certain equations between first-order terms as axioms. Naturally enough, this is
called 2" -order E-unification.

Certain variations are significant in practice. One must often consider simultaneous uni-
fication problems, in which we seek a solution to a set of equations. Finally, it is sometimes
important to consider “one-sided” unification, in which only one, designated, term in a pair
is eligible for instantiation. This is the matching problem. Needless to say, each of these
variations can be considered in an equational and/or a 2"d-order framework.

Clearly both E-unification and 2"d-order-unification are harder than syntactic unification,
in an intuitive sense. One way to make this precise is to observe that syntactic unification
is easily decidable, while each of E-unification and 2"%-order-unification are undecidable in
general (see [BaSi93] for a discussion). But beyond this the situation is not so straightforward.

In this paper we present some results which help to clarify the relationships among these
paradigms, typically comparing them with respect to decidability. To derive these results
it has turned out to be sufficient to look at equational theories that are generated by finite
convergent term-rewriting systems in which only unary function symbols appear. A term-
rewriting system of this form can easily be interpreted as a string-rewriting system, and we
will make heavy use of string-rewriting terminology.

-order-

Summary of results

Let F denote a signature in which all function symbols occurring have arity 1, and let £ be
a set of equations which do not involve any individual constants, and in each of which the
same individual variable occurs. Thus, £ expresses some universal relationships among the
functions in F' (such as “f and ¢ commute,” or “f is idempotent”). Such equations may
conveniently be presented as equations between strings.

A model M for & consists of a set M and a collection F' = {f; | ¢ € I'} of unary functions
over M. In such a model we may ask whether an equation s = ¢ has a solution, when the
variables range over the individuals and (perhaps) the functions of M. But there are two
natural choices for what we mean by “the functions of M.” One is to consider the functions
which are lambda-definable from the elements of F — this leads to the full 2*d-order E-
unification problem. Another point of view would be to take function variables as denoting



only functions that are generated (by composition) from the interpretations of the elements
of F. Here we are working in the monoid of functions over M that is generated by M. This
latter situation is precisely the word unification problem for £, when £ is treated simply as
a set of string-equations.

So the same set of equations & defines three different notions of unification: the 15¢-
order E-unification problem, the 2°d-order E-unification problem, and the word unification
problem. Of course we may also consider the analogous matching problems, and for each of
these the simultaneous versions.

Two problems are said to be (recursively) independent if there exist theories £ for which
the one problem is decidable while the other problem is undecidable, and conversely. We
show that the equational unification problem is independent of:

e the equational matching problem (Section 3),
e the word matching problem (Section 4), and

e the (simultaneous) 2°d-order equational matching problem (Section 5).

In addition, we prove that the simultaneous E-unification problem is decidable for theories
& which are defined by finite, monadic, and confluent string-rewriting systems (Section 3),
and that for arbitrary £ as above the (single-pair) 27d_order E-matching problem is recur-
sively reducible to the (1%t-order) E-matching problem (Theorem 5.1). Finally, we prove that
for finite string-rewriting systems in general, the 2"d-order equational unification problem
reduces to the word unification problem (Theorem 6.5), but that, on the other hand, there
exists a finite, length-reducing, and confluent string-rewriting system for which the 2"d-order
equational unification problem is decidable, while the word unification problem is undecidable
for this system (Theorem 6.6).

The paper is organized as follows. In Section 2 some basic definitions are given, and the
terminology used is introduced. In Section 3 the 15*-order equational matching and unification
problems for finite, convergent string-rewriting systems are considered, and in Section 4 these
problems are related to the equational word matching and unification problems. In Section
5 the 2"order equational matching and unification problems are defined, and the above-
mentioned results on the 2°d-order equational matching problem are derived. Finally in
Section 6 the 2"d-order equational unification problem is related to the equational word
unification problem. The paper closes with a short summary. In an appendix we discuss the
27d_order equational matching and unification problems for string-rewriting systems in the
case that also function variables of arity larger than one are taken into account. As it will
turn out these function variables do not make the problems considered more difficult. This
justifies the definitions of 2"d-order equational matching and unification that are used in the

main body of the paper.

2 Preliminaries

Here we present the basic definitions concerning term-rewriting systems, equational unifi-
cation, and string-rewriting systems that we will need throughout the paper. We keep the
definitions given to a minimum — more information and discussion of the notions introduced
can be found in the literature. For term-rewriting systems our main reference is Dershowitz
and Jouannaud [DeJo90], for equational unification it is Baader and Siekmann [BaSi93], and
for string-rewriting systems it is Book and Otto [BoOt93].

Let F' be a finite set of function symbols, each f € F having a fixed arity a(f) € N,
and let X be a countably infinite set of variables. As usual, function symbols of arity 0 will
be called constants. Then T = T(F, X ) denotes the set of terms generated by F' and X.



A term ¢t € T(F,X) can be seen as a finite ordered tree, the leaves of which are labeled
with variables or constants and the internal nodes of which are labeled with function symbols
of positive arity such that the outdegree of an internal node equals the arity of its label. Thus,
a position within a term can be represented — in Dewey decimal notation — as the sequence
of positive integers which describes the path from the root to that position. Accordingly, the
set O(t) of occurrences of the term ¢ is the set of sequences of positive integers describing
the positions in t. The length of the longest of these sequences is called the depth of the
term ¢, which is denoted as depth(¢), and the number of sequences in O(t) is the size of ¢,
denoted as size(t). For example, if ¢ = f(g(a),h(z)), where f is a binary function symbol
(that is, a(f) = 2), g and h are unary function symbols (that is, a(g) = a(h) = 1), a is a
constant, and z is a variable, then O(t) = {e,1,2,1.1,2.1}, depth(¢) = 2, and size(t) = 5.
For p € O(t), t|, denotes the subterm of ¢ at occurrence p. If s is another term, then ¢[s],
denotes the term that is obtained by replacing the subterm of ¢ at occurrence p by the term
s. For a term ¢ € T(F,X), Var(t) denotes the set of variables that have occurrences in ¢. If
no variable occurs more than once in ¢, then ¢ is called a linear term.

A substitution is a mapping o : X — T(F, X) such that o(z) = z holds for almost all
variables z. It can uniquely be extended to a morphism ¢ : T(F, X) — T(F, X).

A term-rewriting system R is a (finite) set of rules {¢; — r; | ¢ € I}, where {; and r; are
terms from 7'(#, X ) such that Var(r;) C Var({;) (¢ € I).

A term t is reducible modulo R if there is a rule £ — r in R, an occurrence p € O(),
and a substitution o such that o(¢) = ¢|,. The term ¢[o(r)], is the result of reducing t by
¢ — r at p. By — g we denote the single-step reduction relation defined by the term-rewriting
system R. Its reflexive and transitive closure —7 is the reduction relation induced by R. A
term ¢ is said to be in normal form or irreducible modulo R if no reduction can be applied
to t. By IRR(R) we denote the set of all irreducible terms.

The equational theory that is associated with a term-rewriting system R is the congruence
=g that is generated by the reduction relation —g, that is, it is the congruence <% :=
(—=rU <R)"

A term-rewriting system R is said to be noetherian if there are no infinite sequences of
reductions, that is, for each term ¢, each sequence { —p {3 —p --- is finite. It is locally
confluent if, for all terms s, ¢, and u, s g ¢ and s —g u imply that, for some term w,
t —% wand v =5 w. It is confluent if, for all terms s, ¢, and u, s =% ¢t and s —} » imply
that, for some term w, t —% w and v —% w. Finally, R is called convergent (or complete)
if it is both noetherian and confluent. In this case each term has a unique normal form with
respect to R, that is, for each term ¢, there exists one and only one irreducible term ¢y such
that t =g tp. In addition, from ¢ the term ¢y can be determined effectively by reduction.
The system R is depth-reducing if depth(£) > depth(r) holds for each rule { — r of R. It is
linear if all the terms occurring as the left-hand side or the right-hand side of a rule of R are
linear.

Let R be a term-rewriting system on 7'(F, X ). Two terms s,t € T(F,X) are said to
be unifiable modulo R if there exists a substitution o such that o(s) =gr o(t) holds. The
substitution o is then called an R-unifier of s and {. We say that there exists an R-match
from s onto ¢ if there exists a substitution o such that o(s) =g t.

As indicated in the introduction our main results will be concerned with term-rewriting
systems that only involve function symbols of arity one. In fact, this class of term-rewriting
systems is essentially just the class of string-rewriting systems.

Let Y be an alphabet and X%* be the set of all strings over X including the empty string A.
For w € ¥*, |w| denotes the length of w. Obviously, ¥* is in one-to-one correspondence to
the set of terms T'(X, {z}), where each letter from ¥ is simply interpreted as a unary function
symbol.



A string-rewriting system S on an alphabet ¥ is a (finite) set of pairs of strings from
¥*. A pair ({,7) is often referred to as a rule. Usually, the rule (£,r) will be denoted as
({ — 7). For a rule ({ — r), £ is said to be its left-hand side and r its right-hand side.
The set of all left-hand sides of a string-rewriting system S is denoted by domain(.5), and
the set of its right-hand sides is denoted by range(.5). Under the isomorphism between
¥* and T(X,{z}) the string-rewriting system S corresponds to the term-rewriting system
Rs = {{(z) — r(z) | ({ — r) € §}. Thus, the notions of being noetherian, locally confluent,
confluent, and convergent immediately carry over to string-rewriting systems.

We close this section by introducing some additional notation that we will only need for
the case of string-rewriting systems.

Let S be a string-rewriting system on X. For u € X*, [u]g denotes the congruence class
[u]s = {w € ¥* | u «—% w}, and for a language L C X*, [L]s = U,erluls.

A string-rewriting system S is called length-reducing if each rule (£ — r) of S satisfies
|€] > |r]|. Observe that $ is length-reducing if and only if the term-rewriting system Rg
is depth-reducing. It is called monadic if it is length-reducing, and if range(.S) C ¥ U {A},
that is, if the right-hand side of each rule of § is a single letter or the empty string. Finally,
it is called special if it is length-reducing, and if range(S5) = {A}.

A string-rewriting system S is called interreduced if range(S) C IRR(S), and if ¢ €
IRR(S ~ {€ — r}) holds for each rule ({ — 7) of 5. For each finite convergent system an
equivalent finite convergent system can be computed effectively such that the latter system is
also interreduced. Here two systems are called equivalent if they generate the same congruence
relation. Therefore, we can always assume in the following that the finite convergent systems
considered are interreduced. Such systems are called canonical.

3 Equational matching and unification problems

Let X be a finite alphabet, let S be a string-rewriting system on X, and let V := {v; | i € N}
be a set of string variables such that ¥ NV = (). We consider existential sentences of the
following form:

Jvi,...,0,: 91~ hy and ... and ¢, ~ Ay,

where g;,h; € (U {v1,...,v,})*, ¢ = 1,...,m. We say that this sentence has a solution
for S if there exists a mapping ¢ : {v1,...,v,} — X* such that ¢(g;) <% ¢(h;) holds for
all i = 1,...,m. Here ¢ is extended to (X U {vy,...,v,})* in the obvious way. By varying
the syntactic form of the existential sentences considered we can define various equational
matching and unification problems for 5.

First of all, if each symbol @ € ¥ is interpreted as a unary function symbol a(.), and if S
is interpreted as the term-rewriting system Rg on the signature Fy, := {a(.) | a € ¥}, then
the resulting equational matching and unification problems for S can be defined as usual.
Using existential sentences they can be expressed as follows.

1St

(1.) The equational (1%'-order) matching problem for 5:

INSTANCE : Two strings g, h € X*.
QUESTION : Does the sentence “dv : gv ~ h” have a solution for 57

(2.) The equational (1%t-order) unification problem for S:

INSTANCE : Two strings g, h € X*.
QUESTION : Does “dvy, vy : gvg ~ hvy” have a solution for 57

Here it is also possible that the two variables v; and vy coincide, that is, the question could
be whether “Jv : gv ~ hv” has a solution.



By considering more than one pair of strings at a time, we obtain the simultaneous versions
of the above problems.

(3.) The simultaneous equational (1%*-order) matching problem for :

INSTANCE : Some pairs (g1,h1), .., (gm, hm) € X* x X%,
QUESTION : Does “dv:giv ~ hy and ... and g, v ~ h,,” have a solution for 57
(4.) The simultaneous equational (1%t-order) unification problem for S:

INSTANCE : Some pairs (g1,h1), -, (gm, hm) € X* x X%,
QUESTION : Does “Jvq,...,v : g1v;, ~ hyvj, and ... and g,v;, ~ hyv;,7 have
a solution for S, where i1,..., %0, 71, s Jm € {1,...,k},and k > 17

Recall from [NaOt90] that the simultaneous E-matching and E-unification problems are
in general more difficult than their non-simultaneous counterparts.

On the other hand, we have the “classical” word matching and unification problems,
where each symbol a € Y. is considered as a constant, and where an additional binary function
symbol (“concatenation”) is used that is associative. These problems can be stated as follows.

(5.) The word matching problem for S:

INSTANCE : Two strings g € (XU V)" and h € X*.
QUESTION : Does “Jdoy,...,v;: g ~ h” have a solution for 5, where

{Ulv"'vvk} = {,U eV | |g|U > O}?
(6.) The word unification problem for §:

INSTANCE : Two strings g,h € (XU V)*.
QUESTION : Does “Joy,...,v;: g ~ h” have a solution for 5, where
{oo, ..oy ={veV | gl + |k, >0}7

Here |w |, denotes the v-length of the string w, that is, the number of occurrences of the
symbol v in w.

Again, by considering more than one pair of strings at a time, we obtain the simultaneous
versions of these problems. While for the empty system the simultaneous versions of these
problems are reducible to the non-simultaneous versions [Pec81], it is not known whether this
also holds for non-empty systems.

Recall that word unification generalizes 15'-order unification and specializes
unification in that function variables are allowed to be instantiated, but only by functions

ond_grder

definable explicitly from F. Concerning these problems the following results are known.

Proposition 3.1

(a) The equational matching problem is decidable in polynomial time for finite, monadic,
and confluent string-rewriting systems [BoOt93].

(b) The word unification problem is decidable for the empty system S = () [Mak77].

(c) There is a finite, monadic, and confluent system for which the word matching problem

is undecidable [BoOt93].

(d) There is a finite, special, and confluent system for which the word unification problem

is undecidable [Ott95].

In fact, as shown recently by Narendran and Otto [NaOt96] there even exists a finite,
special, and confluent system for which the word matching problem is undecidable. Observe
that neither the equational unification problem nor the simultaneous equational matching
problem can be expressed by linear sentences in the sense of Book [Boo83, BoOt93].



We now turn to the relationship between the E-matching problem and the E-unification
problem for finite convergent string-rewriting systems.

Theorem 3.2 There exists a finite, length-reducing, and confluent string-rewriting system
S1 such that

(a) the E-matching problem for Sy is decidable, while

(b) the E-unification problem for Sy is undecidable.

Proof. In [NaOt90] a finite, length-reducing, confluent string-rewriting system 75(5) on the
alphabet A= {av b7 ay, b17 €1,€2,C, d17 d27 d7 €2y .05 €k, f27 SRR fk7927 <o 9k h7 h17 h27 $7 ¢7 §} is
constructed from some finite set P = {(y;,2) | i = 2,...,k} C {a,b}T x {a,b}T such
that the E-unification problem for 75()5) is undecidable ([NaOt90], Theorem 3.4). We take
S1 := T5(5), and we verify that the E-matching problem for 5; is decidable. Recall from
[NaOt90] that 57 contains the following rules:

eicp(y;) — ¢

eidp(z) — d i_ 9 i
c1figi — € T
d1 f:9i —  eidy

ch — ¢

dih — d

$c — 3

$d —  dy

ajcaa — (2

b1C2b —  C2

aldga — dg

bydab —  dy

hicad — §

hady ¢ — 3§

where p denotes the function reversal. First, we need the following technical result.

Claim 1. There exists a deterministic pushdown automaton (dpda) B(S7) which, when
given a string w € A* as input, halts with the irreducible descendant of w mod 57 on its
pushdown store.

Proof. Let v € IRR(.S7) and v € A* be such that
U = uyy, v = vav1, and (ugvy — 1) € 9.

Since w is irreducible, vy # A. Now uv = ujugvavqy —g, uirvq, and from the form of the rules
of S1 we see that either u; ends with an occurrence of the symbol $ and r € {¢,d}, or uyr is
irreducible. In the former case u;r = u3$c or uyr = u3$d, which reduces in one step to the
irreducible string uscy or ugdy, respectively. Consider a left-most reduction

w=wy —g W1 —g ... —8 Wy € IRR(ST).

Then, for ¢ = 0,1,...,m — 1, w; can be factored as w; = u;{;v; such that u; € IRR(57),
(l; — r;) € 51, and w; = wilyv; —g, w;r;v; = Wit1 = Uip1li41v41. The observation above
implies that either w; = w;41% and r; € {c¢,d} or |v;41| < |v;|. Using the technique of



Theorem 2.2.9 of [BoOt93], a deterministic two-stack machine B(S7) can be built that, on
input w € A*, computes the irreducible descendant wqy of w mod 57 by simulating the left-
most reduction from w to wg. Because of the above, stack 2 of B(.S7) can be implemented as
a read-only input tape. Thus, B(S7) is in fact a dpda. O

From Claim 1 we immediately obtain the following result.

Claim 2. If A C IRR(S) is a regular set, then [A]g, is a deterministic context-free language.
Given a finite-state acceptor for A, a dpda for [A]s, can be constructed effectively.

In particular, for each w € A*, [w]s, is a deterministic context-free language, and from
w a dpda for [w]s, can be constructed effectively. Based on this observation we can now
establish the following result.

Claim 3. The E-matching problem for 5 is decidable.

Proof. Let g,h € A™. There exists a string w € A* such that gw <35 A if and only if the
language g-A*N[h]s, is nonempty. By Claim 2 [h]g, is deterministic context-free, and hence,
so is the language ¢ - A* N [h]g,. Since a dpda can be constructed for this language from ¢
and h, we can determine whether or not it is empty. |

Thus 57 has all the required properties. This completes the proof of Theorem 3.2. a

On the other hand, we have the following result.

Theorem 3.3 There exists a finite, length-reducing, and confluent string-rewriting system
Sy such that

(a) the E-matching problem for Sy is undecidable, while

(b) the E-unification problem for Sy is decidable.

Proof. The E-matching problem for a string-rewriting system S is called the right-divisi-
bility problem for S in [BoOt93]. There an example of a finite, length-reducing, and confluent
string-rewriting system Sy on a finite alphabet Y is given such that this problem is undecid-
able for Sy ([BoOt93], Corollary 5.2.5). We construct the system S3 as an extension of Sg.
Let ¥ = YoU{Z}, where Z is a new symbol, and let 55 denote the following string-rewriting
system on

SQISOU{QZ—>Z|QEE}.

Then 55 is a finite length-reducing system, and since Sg is confluent, and Z is a new symbol, it
is easily seen that S5 is confluent too. For all g,h € X%, 97 —§ 7 and hZ —7 7, and hence,
the existential sentence “Jvy, vy : gvy ~ hvy” always has the solution {v; — Z,vy — Z}.
Thus, the E-unification problem for 55 is decidable.

On the other hand, let g,h € X5. There exists a string w € X* such that gw <% h
if and only if there exists a string w € X such that gw <5 h. However, this problem is
undecidable by the choice of Sg. Thus, the E-matching problem for 55 is undecidable. O

Theorems 3.2 and 3.3 show that for the class of finite, length-reducing, and confluent
string-rewriting systems, the E-matching problem and the E-unification problem are inde-
pendent. At first, this result, which for the case of term-rewriting systems has been observed
by Biirckert [Biir89], may appear as a surprise, since it is generally expected that a unification
problem is at least as hard as the corresponding matching problem. But the proof of Theorem
3.3 reveals the reason for this unexpected behavior: when we interpret the system 53 as a
term-rewriting system Rg, = {{(z) — r(z) | ({ — r) € S} over the set of unary function
symbols Fy, = {a(.) | a« € ¥}, then we see that we have no constants and, hence, no ground



terms that could be used to describe instances of the E-matching problem as special instances
of the E-unification problem mod Rg,. As soon as we have an additional, uninterpreted func-
tion symbol, that is, a letter that does not occur in any rule of the string-rewriting system
under consideration, the situation changes. This is the contents of the following theorem.

Theorem 3.4 Lel S be a string-rewriling system on some alphabel Y.. If there exisls a letler
in X that does not occur in any rule of S, then the E-matching problem for S is reducible to
the F-unification problem for §.

Proof. We want to give a reduction from the E-matching problem for S to the E-unification
problem for §. Solet “Jv : gv ~ h” be an instance of the E-matching problem for 5. Assume
that there exists a letter § € ¥ that does not occur in any rule of . We can write ¢ and
h, respectively, as ¢ = go$¢1%...%g, and h = ho$h1$...8h,,, where go, ..., Gn, ko, ..., Iy €
(X~ {$}H)* and n,m > 0. If n > m, then the given instance of the E-matching problem has
no solution for S, since, for all w € ¥*, |gw|g > |g|s = n > m = |hl|g, and applications of rules
of S do not change the number of occurrences of the symbol $. So assume that n < m.

Claim 1. If there exists a string w € ¥* such that gw <% h, then there exist strings u,v € X*
such that gu <% h$v.

Proof. Choose v = w$ and v = A. Then gu = gw$ <% h$ = h$v. O

Claim 2. If there exist strings u,v € ¥* such that gu <% hSv, then there exists a string
w € X such that gw <% h.

Proof. We can write u and v as u = uo$u;$...%u, and v = ve$v1$...9v,, where ug, ..., up,
vg, ...,y € (X{$})* and p, ¢ > 0. By the hypothesis of Claim 2, go$¢19 . ..$g,uoSu1$ .. .%u,
= gu <% h¥v = ho$h1$...8h,,$v0%v19 ... $v,. Since no rule of S contains an occurrence of
the symbol §, this implies that n 4+ p = |gulg = |hSv|g = m + 1 + ¢, and ¢; <% h; for all

1=0,1,...,n—1, goug =% hy, 4; =5 hpg foralli=1,...,m—n, and u; <% vy_pq4; for all
t=m—n+1,...,p. Take w := up$...%up_,. Then gw = go$¢15 .. .5g,uoSu$ .. . Sup_p <%
h0$h1$ .. $hn$hn+1$ .. $hm = h. O

Thus, the given instance of the E-matching problem for § has a solution if and only if the
instance “Ju, v : gu ~ h$v” of the E-unification problem for S has a solution. This completes
the proof of Theorem 3.4. a

Analogously, the corresponding result can be shown for the simultaneous E-matching and
E-unification problems.

Corollary 3.5 Let S be a string-rewriting system on some alphabet 3. If there exists a lelter
in Y that does not occur in any rule of S, then the simullaneous E-matching problem for S
15 reducible to the simultaneous F-unification problem for S.

We close this section with some positive results on the (simultaneous) E-matching and
E-unification problems for the class of finite, monadic, and confluent string-rewriting systems.
These results are based on a careful analysis of the reduction process with respect to these
systems.

Let S be a finite, monadic, and confluent string-rewriting system on X. For g, h € IRR(5)
we want to characterize those strings u, w € IRR(.5) that satisfy the congruence gu <% hw.
Since S is confluent, gu <% hw implies that gu and hw have a common descendant mod S.
Thus, if w and w are irreducible strings satisfying the congruence above, then 5 being monadic
implies that there exist a,b € ¥ U {A} and factorizations g = g1g2, © = uguy, h = hyhy, and
w = wowy such that the following three conditions are satisfied:



(i) g2u2 —% a,
(ii) howy —% b, and
(iii) graug = hpbwy € IRR(S).
Based on the two factorizations of gyau, we obtain three cases:
(1.) If |g1] = ||, then g1 = k1, @ = b or one of a, b is the empty string A, and au; = bw;.
(2.) If |g1] > |h1]|, then hqb is a prefix of g1, that is, g1 = hybhs, and wy = hsau;.
(3.) If |g1] < ||, then gia is a prefix of hy, that is, hy = g1ags, and w1 = gzbw.
For z € IRR(S) and a € ¥ U {\A}, let RF(z,a) denote the set RF(z,a) = {y € IRR(S9) |

ry —% a}. Then RF(z,a) is a regular language, and from z and «, a nondeterministic finite-
state acceptor (nfa) can be constructed in polynomial time for RF(z,a) ([Ott86], Theorem
5.1). Using sets of this form we get the following characterization.

Lemma 3.6 Lel S be a finile, monadic, and confluent string-rewriling system on X, and lel
g,h € IRR(S). Then the following two statements are equivalent:

(a) Ju, w € ¥* : gu <% hw.
(b) 3g1,92,h1,he,y € ¥*,3a,b € S U{A} : g = g192 and h = hihy and RF¥(gz,a) # 0 #
RF(hy,b) and (i) g1 = k1 and (a = b or A € {a,b}) or (ii) g1 = hiby or (iii) by = g1ay.
Proof. From the observation above we see that (a) implies (b). On the other hand, it is
easily verified that (b) implies (a). O

For g,h € IRR(S) we are also interested in those strings w € IRR(S) that satisfy the
congruence gw <5 hw. If g, h, w € IRR(5) satisfy gw <% hw, then there exist factorizations
g = g192, h = hihy, w = wowy = wawz and a,b € X U {\} such that the following conditions
are satisfied:

(i) gaw2 —% a,
(ii) hows —% b, and
(iii) grawy = hybws € IRR(S).
Based on the two factorizations of w we get the following three cases:

(1.) If |wy| = |ws|, then wy = wy and w; = ws. Hence, g1a = hib, and wy = wy €

RF(ga, a) N RF(hy, b).

(2.) If |wy| > |ws|, then wy = waws and w; = wsws for some string ws € X*. Hence,
hib = graws and hywy = howaws —% b. Thus, wy € RF(g2,a) and wy € RF(hg,b) N
RF(gz,a) - ws.

(3.) If |wy1| < |ws|, then wy = waws and w3z = wswy for some string ws € X*. Hence,
g1a = hibws and gawy = gowsws —% a. Thus, wy € RF(hy,b) and wy € RF(g2,a) N
RF(hQ, b) * Ws.

Hence, we get the following characterization.

Lemma 3.7 Lel S be a finite, monadic, and confluent string-rewriling system on X, and let
g,h € IRR(S). Then the following two stalements are equivalent:
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(a) 3w € ¥* : gw <% hw.
(b) 391,92, h1,ha,y € ¥*,Ja, b€ XU{A}: g = ¢g192 and h = hihy and

(i) g1a = hy1b and RF(g2,a) N RF(ha,b) # 0 or
(it) h1b = g1ay and R¥(gz,a) -y N RF(hy,b) # 0 or
(7i1) gra = hiby and RF(gy,a) N RF(hy,b) -y # 0.

For g, h € IRR(S), there are only |g|-|h| factorizations of the form g = ¢g192 and h = hyhs.
Thus, Lemma 3.6 and Lemma 3.7 give the following result.

Theorem 3.8 The FE-unification problem is decidable in polynomial time for each finite,
monadic, and confluent string-rewriting system.

Finally, we turn to the simultaneous E-matching and E-unification problems for finite,
monadic, and confluent string-rewriting systems. Recall from Proposition 3.1(a) that the
(non-simultaneous) E-matching problem is decidable in polynomial time for each finite,
monadic, and confluent string-rewriting system.

Theorem 3.9 The simultaneous E-matching problem is decidable for each finite, monadic,
and confluent string-rewriting system.

Proof. Let S be a finite, monadic, and confluent string-rewriting system on X, let vy,..., vg
be some variables, and let (g1,h1),..., (¢m,hm) € E* X X*. We want to check whether or
not the existential sentence

Jvi, ..., vt q1vy, ~ by and ... and g0, ~ by
has a solution for 5. Here v, ,...,v;, € {v1,..., 0%}

Since each subexpression g;v;; ~ h; contains only a single occurrence of a single variable,
we can rearrange the sentence above into a conjunction of sentences of the form

dv:giv~ hyand ... and grv ~ hy.

Thus, it suffices to deal with the special case of having a single variable only. For ¢ =
1,...,k, if w € ¥* satisfies g;w <% h;, then there exist ¢« € ¥ U {A} and factorizations
i = fif2, w = wowy, and h; = fraw; such that fyw; —% a, since we can assume without
loss of generality that ¢g; and h; are irreducible mod 5, ¢ = 1,...,k. Thus, Sol(g;, h;) :=
( U RFE(f2,a) - wy) NIRR(S) is the set of all possible solutions of the subexpression

gi=fife

aeXU{\}

hi=f1aw
giv ~ h;. Obviously, Sol(g;,h;) is a regular set, and from g¢;, h;, and S an nfa can be
constructed for Sol(g;, h;) in polynomial time. Now the existential sentence

dv:giv ~ hyand ... and gpv ~ hg

has a solution if and only if [\ Sol(g;,h;) # 0. Thus, the simultaneous E-matching
i=1,....k
problem for 5 is decidable. a
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Observe that the regular set () Sol(g;, ;) describes the set of all (irreducible) solu-
i=1,....,k
tions of the existential sentence “Jv : g1v ~ hy and ... and grv ~ hi.” Hence, the set of

(irreducible) solutions of the more general existential sentence

Jvi, ..., vt q1vyy, ~ by and ... and g0, ~ by
is given by a collection of regular sets Ry,..., Ri such that each k-tuple (wq,...,wg) €
Ry X ...X Ryj gives a solution under the assignment vy «— wy,..., v «— wg.

Unfortunately, the exact degree of complexity of the simultaneous E-matching problem
for finite, monadic, and confluent string-rewriting systems is still unknown. However, it is
unlikely that this problem is solvable in polynomial time. An indication for this is the follow-
ing completeness result for the uniform version of this problem, where the finite, monadic,
and confluent string-rewriting system considered is taken as a part of the problem instance.

Theorem 3.10 The uniform version of the simultaneous E-matching problem for finite,
monadic, and confluent string-rewriting systems is PSPACE-complete.

Proof. From the proof of Theorem 3.9 we can easily conclude that the uniform version of the
simultaneous E-matching problem for finite, monadic, and confluent string-rewriting systems
is solvable in polynomial space. Thus, in order to establish the announced completeness
result it suffices to give a polynomial-time reduction from some known PSPACE-complete
problem to the uniform version of the simultaneous E-matching problem for finite, monadic,
and confluent string-rewriting systems. Here we use the finite state automata intersection
problem, which is defined as follows:

INSTANCE : A sequence Ay, A,, ..., A, of deterministic finite state acceptors hav-
ing the same input alphabet 3.

QUESTION : Is there a string w € X* that is accepted by each of the A;, ¢ =
1,2,...,m?

It is known that this problem is PSPACE-complete (see, e.g., [GaJoT9]).
Let A=(Q,X, q, F, ) be a deterministic finite state acceptor (dfa), and let L(A) = B C
3* be the language accepted by A. From A we construct a finite monadic string-rewriting

system S(A) on the alphabet A := Q U X U{$,#} as follows:

go  — g if (g,a)=g;,
o — $ if ¢ eF.
Then S(A) is also confluent, and for all w € A*, gow H*S(A) $ if and only if gow _>*S(A) $ if
and only if w € B - {#}.
By performing this construction for m dfa’s 4; = (Qi,X,q0,, F5,6;), ¢ = 1,...,m, in
parallel, where the state sets (); are pairwise disjoint, we obtain the finite, monadic, and

confluent string-rewriting system S := J S5(A4;) on the alphabet I' :=( J @;)UXU
1<e<m 1<e<m
{#,9$}. The existential sentence “Jv : go1v ~ $ and ... and ¢p v ~ $” has a solution for S

if and only if L(Ay) -{#}N...NL(A,) -{#} # 0 if and only if L(A;)N...N L(A,,) # 0.
Thus, the uniform version of the simultaneous E-matching problem for finite, monadic, and
confluent string-rewriting systems is indeed PSPACE-complete. O

The simultaneous E-unification problem for finite, monadic, and confluent string-rewri-
ting systems seems to be even more difficult. However, we still have the following decidability
result.

Theorem 3.11 The simultaneous E-unification problem is decidable for each finite, mon-
adic, and confluent string-rewriting system.
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Proof. Let S5 be a finite, monadic, and confluent string-rewriting system on ¥, and let
(91,P1)5 5 (Gm, hm) € X* X X* be some pairs of irreducible strings. We consider the following
existential sentence:

v, ..., v g1vi, ~ hivj, and ... and g 05, ~ Apvj,,

where %1, ..., 0, J1,- -, Jm € {1,...,k}. Welook at each subexpression gyv;, ~ hsv;, in turn.
We distinguish between the two cases that v;, = v;, and that v;, # v;,.

(i) If v;, = v;,, then we see from Lemma 3.7 and its proof that the set

Sol(ge, he,vi,)=( |J  (RF(¢",a) N RF(A",b)) - ¥*
g9 h! R
a,beSU{\}
9e=9'g"
he=h'R"
g'a=h'b

U U (RF(¢",a)-yNRF(L",b))-L*U U (RF(g",a)NRF(R",b)-y)-E%)

g'.g" B Ry g',9" BBy
9e=9'g" ge=9'g"
he=h'B" he=h'B"

a,beSU{A} a,beSU{A}
h'b=g'ay g'a=h'by
NIRR(S)

is the set of all irreducible solutions of the subsentence
v, 1 gevs, ~ hyv;,.
(i) If v;, # v;,, then we see from Lemma 3.6 and its proof that the set

Sol(ge, ke, vi,,vj,) = {wH#Hzfz | (w,z) € U (RF(¢",a) x RF(R",a))
9,79/’7h/’
9e=9'g"
he=g'h"
a€XU{A}

u U RF(@"a)xRFR",A)-a)u | (RF(g",A)-bxRF(R",b))

gl7gll7hll gl7gll7hll

ge=g"g" ge=g'g"

h[:g,h” h[:glh”
a€EX bex

U U (RF(g",a) x RF(R",b) - ya) U U (RF(g",a) - yb x RE(A",b))

g',9" b "y g',9" k' Wy
ge=g'g" ge=g'g"
Ro=h'h" he=R'R"

a,beXU{N} a,beXU{N}
g'=h"by h'=g'ay
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and z € ¥* such that wz, zz € IRR(S5)}

describes all irreducible solutions {v;, < wz,v;, < zz} of the subsentence
dv;,, vj, @ gevi, ~ hevj,,
where # is an additional symbol not in .

The sets Sol(gy, ke, v;,) and Sol(ge, hu, v,,vj,) (€ = 1,...,m) are regular, and nfa’s for
them can be constructed effectively.

If wy,...,wr € IRR(S) give a solution for the existential sentence above under the substi-
tution {v; «— wy,...,v; «— wi}, then the following conditions are satisfied for £ =1,...,m:

(i) if v;, = v;, = v, then w, € Sol(ge, he,v;,), and

(ii) if v;, = v, # vs = v;,, then there exists y#z#z € Sol(gs, hu, v;,,vj,) such that w, = yz
and w, = zz hold, that is, there exist y,z,2 € ¥* and s € Sol(ge, he, v;,, v;,) such that

- s =y#z#e,
- w, = yx, and

- ws = zx.

Conversely, if wy, ..., w; € IRR(S) satisfy conditions (i) and (ii) above forall £ = 1,...,m,

then the substitution {v; — wy,..., vy < wy} is obviously a solution for the given existential
sentence.
Forall £ =1,...,m, we construct some word equations over (X U {#}) as follows:

(i) if v;, = v;, = v,, then we take the equation z, = y,, and for y, we choose the regular
set Sol(ge, he,v;,) as domain;

(ii) if v;, = v, # vs = vj,, then we take the equations z, = yz and =, = zz and s = y#z2#z,
where z, y, and z have domain ¥*, while s has domain Sol(gy, b, v;,, v;,).

Finally, for the variables z1, ..., z; we take the domain X*. Then the existential sentence
given has a solution if and only if these word equations simultaneously have a solution over
YU{#}, where each variable takes a value from its domain. Since all these domains are regular
sets, this problem is decidable by Schulz’s extension of Makanin’s result on the solvability of
word equations in free semigroups [Sch90]. Thus, simultaneous E-unification is decidable for

S. O

Actually, Schulz only considers a single word equation. However, using an additional new
letter, the finite system of word equations constructed in the proof above can be combined
into a single word equation that has exactly the same solutions as the finite system.

We close this section with a short example.

Example 3.12 Let ¥ = {a,b,c,d,e, f} and S = {ca — X, eb — A\, da® — d,df — A\}. Then
S is a finite monadic system that is confluent and interreduced. Let us consider the following
instance of the simultaneous E-unification problem for S':

(%) Jovy,v2,v3: "0y ~ e"vg and dvy ~ e"vs.

Then
Sol(c”, €™, v1,v2) = {a"#b"#w | w e IRR(S)}
U{a" ' #b" ' #w | w € IRR(S),w g a-X*,1€{1,...,n}}
U{a"e'#b" ' #w | w € IRR(S),w g b-X* ic{l,...,n}}
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and
Sol(d,e™, vy,v3) = {a¥ f#0"#w | w € IRR(S), j > 0}
U{adiftbrdsin | w e IRR(S), w ¢ {a2, [} 3%, j > 0}
U{a® fe'#b" " #w | w € IRR(S),w g b-X*,j >0, i € {1,...,n}}.

From (x) we obtain the following word equations and domains:

Jzq, 29,23 € X, 3z, y,2,2', ¢, 2" € ¥*, sy € Sol(c”, ", v1,v,), 82 € Sol(d, €™, vy, v3) :

s1 = a#y#az,
sy = a'H#y'#,
Ty = w2z,

T2 = Yz,

ry = 2’2,

3 = gy'2.

For example, s1 = a?#b"c"2# and sy = a*#b"d# give ©1 = a?, x9 = b"c" 2 and z3 = b"d,
which yields a solution for (x).
The finite system of word equations is finally combined into a single word equation over

the enlarged alphabet A = X U {#,$}:
5195982182082, 803 = afty#Sa #y' #2/8228y282"2"'$y' 2.

The regular constraints for the variables s, 89, 21,29, 23,2,Y,2,2',y', 2" remain the same as
before. |

Note that even though wunifiability is decidable, complete sets of unifiers may be infinite.
In fact, there are convergent monadic systems whose unification is of type nullary, that is,
minimal, complete sets of unifiers may not exist in some cases. A simple example is the
string-rewriting system {ab — a,ac — a,ad — a,bd — X, cd — A} and the terms az and ay,
that is, a(z) and a(y) when viewed as terms over unary function symbols.

4 Equational unification and word matching
Theorem 3.11 and Proposition 3.1(c) yield the following separation result.

Corollary 4.1 There exists a finite, monadic, and confluent string-rewriting system S such
that

(a) the simultaneous E-unification problem for S is decidable, while

(b) the word matching problem for S is undecidable.

For future reference, in particular in Section 5, we now restate in short the construction
of a finite, monadic, and confluent string-rewriting system that has the properties stated in
Corollary 4.1.

As described in [NaOt90] there exists a finite set P := {(y;,2) | ¢ = 2,...,k} of pairs
of non-empty strings y;,z; € {a,b}* (i = 2,...,k) such that the following version of the
modified Post Correspondence Problem (MPCP) is undecidable:

INSTANCE : Two strings y1,21 € {a,b}™T.
QUESTION : Is there a sequence of integers iy,...,%, € {2,...,k} such
that y1yi, ... %, = 2125, .- %]

m
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If such a sequence of integers exists, then it is called a solution of the instance {(y1,21)}UP
of the MPCP. We say that MPCP(y1, 21) has a solution to express the fact that such a solution
exists.

From the above finite set P we now construct a string-rewriting system 7,(P) on the
alphabet ¥ = {a,b,cq,...,ck, ¢, 8, #}. This system consists of the following monadic rules:

yi$ci — $ .
sidei — ¢}z_2,...,k.

It is easily verified that T,,,(P) has the following properties.

Lemma 4.2

(a) The string-rewriting system T,,(P) is finite, monadic, confluent, and interreduced.
(b) For all y1,z € {a,b}™, the following two statements are equivalent:

(i) MPCP(y,21) has a solution.
(ii) There are strings g,h € ¥* such that gSh#g¢h ST (P) 1 $#2¢.

Proof.
(a) obvious.

(b) If 41,...,%m € {2,...,k} is a solution for MPCP(yy,21), then take ¢ = y1y; ... ¥,
(= z12i, ...2i,) and h = ¢;,, ...¢;,. Conversely, if g,h € ¥* satisfy gSh#g¢h H}m(P)
Y194 21 ¢, then gSh#tgdh =T (P) 19421 ¢, since y1$# 21 ¢ is irreducible, and T, (P) is
confluent. From the form of the rules of 7},,( P) it then follows that ¢ = 1y, ...;,, and
h = ¢, ...c; for some indices i1,...,%, € {2,...,k}, and that also ¢ = 212, ...2,,.
Thus, #1,..., %y is a solution for MPCP(yy, z1). O

From the choice of the set P and from Theorem 3.11 we thus see that the system 75, (P)

has the properties stated in Corollary 4.1. We will also need the following technical property
of the system 7,,,(P).
Since T,,(P) is monadic, we know that, for all w,u,z € IRR(T}.(P)), if wu _%n(P)

z, then w, wu, and z can be factored as w = wywg, u = uguy, and z = widuy, where
waty =7 py L and ({ — d) € T),(P). The particular form of the rules of 7,,(P) shows
that d = § or d = ¢, and that wouy = ¥, ... Yiy 3¢i, ... €i,, O Wouy = 2, ... 2, ¢Ciy .. . Ci,
for some m > 1 and some indices %y,...,%, € {2,...,k}. Since w and w are irreducible,

we see that y; ...y, (or z;,, ...z,) is a proper prefix of wy, and that ¢;, ...¢;, is a suffix
of ug, that is, we = i, ... ¥, ¥ (2, ... 2,2") for some nonempty prefix y’ of y;, (2 of z;,)
and uy = y"%¢;, ... ¢, (2"¢ei, .. c,,), where y; = y'y" (2, = 2'2"), or wy = y;,, .. .Y, $
(2, -+ -2i, ¢) and uy = ¢ ...¢;,. Since the strings ya,...,yr and z2,...,2; are nonempty,
this means that w has only finitely many suffixes of this particular form. Thus, there are
only finitely many different choices for the string uy. This observation is expressed by the
following lemma.

Lemma 4.3 For each irreducible string w € ¥*, a finite set RM(w) of irreducible strings
exists such that the following conditions are satisfied:

(1.) For each string u € RM(w) there exist a factorizalion w = wywy and some d € XU {\}
such thal wu = wywyu —7 P) wid, and wid is irreducible.

*
m
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(2.) Whenever y,z € IRR(T,,(P)) satisfy wy —T.(p) % there exist an element u € RM(w)
and a string y' € ¥* such that y = uy' and z = widy’, where w = wywy and d € LU{A}
correspond to u € RM(w) according to (1.).

From the discussion above it is easily seen that the finite set RM(w) can be determined
effectively from w.

Obviously, the word matching problem is a special case of the word unification problem.
The following result shows that in general the latter is more difficult than the former.

Theorem 4.4 There exists a finite, length-reducing, and confluent string-rewriting system
for which the word matching problem is decidable, while the word unification problem is un-

decidable.

Proof. As above let P = {(y;,2) |t =2,...,k} C {a,b}T x {a,b}T be chosen such that the
problem MPCP(yy,21) (y1,21 € {a,b}") is undecidable. Let X = {a,b,eq,...,€x,¢,d,$,§},
let n = maz{|y,|z||i=2,...,k} + 1, and let T.(P) denote the following string-rewriting
system on

cel = gic bi=2, .k
de? — zd

c$ — 3

d — §

Then T,(P) is length-reducing, and since it has no nontrivial critical pairs, it is also confluent.

Claim 1. For all 1,2, € {a,b}T, the following two statements are equivalent:
(i) MPCP(y1, 21) has a solution.
(ii) The sentence “Jv : yycv ~ z1dv” has a solution mod T.(P).

Proof. If 4y,...,1, € {2,...,k} is a solution for MPCP(y;,21), then v = €l ...e? § sat-
isfies y1cv = y1ce;, ...e?m$ _ﬁ“c(P) Yiliy - Yin 8§ = 2124 -+ 20,8 H}C(P) zlde?l .. .e?m$ =
z1dv. Conversely, if v € X* satisfies ycv H}C(P) z1dv, then we see from the form of
the rules of T.(P) that v = el ...e! $v; for some #1,...,1, € {2,...,k} and v; € X~
Here we assume that v is irreducible. Then yicv = yrce, ...e?m$vl _%FC(P) Y1Yiy - - Vi, S01

— n ko3 * . . . . .
and z;dv = zldeil ...eim$v1 —T.(P) #1%0 ...z, 8v1. Since T.(P) is confluent, and since
the strings y1y;, ...¥:,,8v1 and z12;, ...%, 8v; are irreducible, they must coincide, and so,
NYiy - Y = 2125, -+ - 2y - o

Since the problem MPCP(y1,21) (y1,21 € {a,b}") is undecidable in general, this means
that the E-unification problem, and in particular, the word unification problem is undecidable
for the system T.(P).

Claim 2. The word matching problem for 7.(P) is decidable.

Proof. Consider the existential sentence

dv1, ..., 0% 1 G0V G1 - Vi, G ~ D,
where go,91,...,9m,h € ¥* are irreducible, and v;,,...,v;,, € {v1,...,vx}. If this sentence
has a solution {v; — w; |1 =1,...,k}, then gow;, ¢1...w;,,gm _>§“C(P) h. Let I denote the

subalphabet I' = {a, b, §} of ¥. From the form of the rules of T.(P) we see that u —1,(p) w
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implies that |u|lr < |w|p, where |u|p denotes the I'-length of u, that is, the number of
occurrences of symbols from I' in u. Hence, the set of ancestors {u € ¥* | _>§“C(P) h} of h
mod T.(P) is finite. Thus, we can decide whether or not the existential sentence above has
a solution mod T.(P). oo

The proof of Theorem 4.4 also shows the following.

Corollary 4.5 There exists a finite, length-reducing, and confluent string-rewriting system
for which the word maltching problem is decidable, while the F-unification problem is unde-

cidable.

5 The 2"%-order E-matching problem

We finally turn to the 2°d-order equational matching problem. Let S be a string-rewriting
system on X; as before we will interpret S as embodying an equational theory of unary
functions, and will consider unification and matching problems modulo S. The sense in
which the problems in this section are “higher-order” is this: substitutions may replace
function variables by any term definable in the lambda-calculus, using only unary second-
order variables; and there is an additional, “built-in” notion of equality between terms, that
is generated by the familiar (5) and (7) axioms. However, we will adopt a notation in which,
as explained below, (#7) equality can be handled implicitly.

An observation on notation: in the logic literature systems with one-place functions and
predicates are called “monadic.” Since this has nothing to do with the notion of “monadic
string-rewriting system,” we will avoid confusion and consistently use the term “unary” to
delimit function-arity.

In order to incorporate the intuitions and technical results on string-rewriting systems,
it will be convenient to use a concrete syntax for terms and substitutions which does not
use explicit abstraction. Indeed, the notation we use is essentially that of Goldfarb [Gol81]
and Farmer [Far88]. We wish to emphasize that the difference between our presentation and
currently standard presentations of second-order logic are purely superficial, and so we detail
the correspondence below.

So assume as before that we have a set 3 of symbols, whose elements will be treated as
(unary) function constants, and a set V' of (unary) function variables. From the point of view
of lambda-calculus, these are the atoms of functional type ¢ — ¢, where ¢ is the base type. In
order to build terms of base type ¢, we need to have some atoms of base type, so we assume
our language includes a non-empty set A of individual constants and a set X of individual
variables. We may now build lambda-terms by closing the atoms under application f(¢) and
abstraction over a variable Az.t (here ¢ is any term, and we use the capital A here to avoid
confusion with the earlier use of A to denote the empty string). It is easy to check that (under
the constraints imposed by the “unary” character of the atoms) the terms of base type which
are in normal form under gn-reduction are precisely those of the form (aq(az---(a.(c)---))),
where the a; are atoms from ¥ UV and ¢ is an atom from AU X. (It is well-known that any
term in our calculus is reducible to one in normal form).

Hence, the 2°d-order terms of base type in T5(F%,V, X ) are in 1-to-1 correspondence with
the strings in the language (X U V)* - (A U X). For the remainder of this paper we will
interpret such strings as lambda-terms, without additional comment.

Now return to the string-rewriting system 5 on ¥. We have seen that S can be considered
as a term-rewriting system on the 15%-order terms T'(Fy;, X ), and we extend S to be a rewriting
system on the second-order terms simply by treating the function variables V' as free function
symbols. Thus, for s, € (XUV)*-(AUX) we have s —g tif and only if 3g,h € (XUV)*,3d €
XUA, Il —7r)e S :s=glh(d)and t = grh(d).
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The problems of higher-order matching and unification differ from their 15*-order counter-
parts in the complexity of the substitutions allowed. A substitution may replace a function
variable by any term of function-type; for example, if u,v € V, a,b € X, and z € X,
one might replace u by the term Az.a(v(a(b(z)))), which simply designates the function-
composition more readily denoted by the string avab. In fact, it is easy to see that when
A is empty, any closed term of type ¢+ — ¢ is of the form Az.ai(as(...(ay(z))...)), where
a,...,a, € XUV and # € X. These are (once substituted into a term and f-reduced) just
the strings from (X U V)*. Hence, if A is empty, then word matching is essentially the same
as second-order matching, and similarly for unification.

However, when A is non-empty, we have the second-order constant functions, that is,
terms of the form Az.aq(az(...(an(c))...)), whereay,...,a, € UV and ¢ € A. For example,
the function-term Az.a(a(b(c))) denotes the constant function f(z) = a(a(b(c))), and this
function cannot be described as a composition of functions from ¥ U V. The assumption
that A is non-empty is the usual one in studies of the lambda-calculus. In this case, the
difference between word matching and 2"d-order matching is dramatic: this is demonstrated
by Theorem 5.1. In Section 6 we will see that the situation is similar, but more delicate, for
unification.

Note that after applying a substitution to a base-type term, no matter what form the sub-
stitution takes, the resulting term will be A-free. But in order to manipulate the substitutions
themselves we must have an extended notation.

To this end, let O be an additional symbol that will be used as a “place holder.” By
interpreting O as an additional individual constant we can form the set T5(Fy U {O},V, X)
of extended 2°d-order terms, which corresponds to the language (XU V)*- (AU{O}U X). A
28d_order substitution is a mapping ¢: VU X — (YU V)*-(AU{O}UX)U V that satisfies
the following three conditions:

(1) dom(¢) ={z € VUX | ¢(z) # z} is finite,
(2) o(z) e (XUV)* - (AUX)forall z € X, and
(3) o(v) e (XUV) - (AU{O}UX) for all v € dom(¢) N V.

The intended interpretation is that for v € V, ¢(v) € (XU V)* - (AU X ) means that the
1-place function variable v is to be replaced by a constant function (and ¢(v) denotes the
value obtained for any argument), while ¢(v) = w(O) means that v will be replaced by the
function of arity 1 that is defined by w.

Observe that the above definition is based on our assumption that function variables have
arity 1. The theory can be developed along the same lines when admitting also function vari-
ables of arity larger than 1, but as shown in the appendix the same results regarding 2"d-order
equational matching and unification are obtained for string-rewriting systems. Therefore, we
restrict our attention here to the (notationally less complicated) case of admitting only func-
tion variables of arity 1.

With this in mind we may extend a 2"d-order substitution ¢ to a mapping

¢ (BUVY - (AUX)—= (ZUV) - (AUX)

as follows:
— 1fg € A, then Cbe(g) =9,

if g € X, then ¢.(9) = ¢(g),

— if g = agy for some a € X, then ¢.(g) := a(¢:(g1)),

— if ¢ = vgy for some v € V such that v € dom(¢), then ¢.(g) = v(¢e(91)),
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— if ¢ = vgy for some v € VNdom(¢) such that ¢(v) € (XUV)*-(AUX), then ¢.(g) = ¢(v),
and

— if ¢ = vgy for some v € V Ndom(¢) such that ¢(v) = w(O) for some w € (X UV)*, then
¢e(9) := w(¢e(g1))-

To simplify the notation we will denote the extension ¢. of ¢ simply by ¢.

We may now consider second-order matching and unification modulo a string-rewriting
system S. More precisely (in this paper) we are reasoning modulo an equational theory which
has equations only between second-order terms with no individual constants. For example
we may express that f is idempotent by: ff = f. To say that f is a left-inverse for g we
would write: fg = A.

The 229-order E-matching problem for S is now defined as follows:

INSTANCE : Two strings g,h € (XUV)*- (AUX).
QUESTION : Is therea 20d_grder substitution ¢ such that o(g) <5 h?

2nd

Accordingly, the -order E-unification problem for 5 is defined as:

INSTANCE : Two strings g,h e (XUV)*-(AUX).
QUESTION : Is there a 2"d-order substitution ¢ such that ¢(g) <% ¢(h)?

The way the function variables are used here is similar to the way the string variables are
used in the word matching and word unification problems. However, there are two differences.
First of all, function variables may be replaced by terms (strings) that still contain variables.
More importantly, when dealing with substitutions in the framework of the word matching
and word unification problems, then a (string) variable is simply replaced by its value, that
is, a string. In the framework of 2"d-order substitutions, the situation is more complicated:
if p(v) = w(0O), then ¢(vg) = w(o(g)), but if p(v) = w e (XUV)*-(AUX), then ¢(vg) = w.
This has some surprising consequences as we will see.

Although 2™d-order unification is undecidable in general, even for the empty theory
[Gol81], it is decidable [Far88] whether two terms s,¢ in our “unary” language are 2"4-order
unifiable (in the empty equational theory).

Recall from Section 4 that there exists a finite, monadic, and confluent string-rewriting
system for which the word matching problem is undecidable, while, on the other hand, the
simultaneous E-matching and E-unification problems are decidable for each string-rewriting
system of this form (Theorems 3.9 and 3.11). Such a situation cannot occur for the 2°d-order
E-matching problem, since the following result holds.

Theorem 5.1 The 24 -order E-malching problem for a string-rewriling system S on Y is
effectively reducible to the (15°-order) E-matching problem for S, where S is considered as a
string-rewriting system on L U V.

Proof. Let g,h € (X UV)*-(AUX). If |[gly = 0, then g = g1b for some ¢g; € ¥* and
be (AUX). If b e X, then we actually have an instance of the E-matching problem for the
string-rewriting system S on X U V. If b € A, then there exists a substitution ¢ satisfying
¢(g) <& h if and only if h = hyb for some hy € ¥* and g; <% hy holds. Exploiting the fact
that the function variables in V' are interpreted as free symbols for <%, this is equivalent to
saying that h = hib for some hy € X* and the existential sentence “Jv : gyuv ~ hqu” has
a solution mod 5, where u is an arbitrary element of V' (cf. the proof of Theorem 3.4). If
lglv > 0, then g = fugy for some string f € X* and some function variable v € V. Let
hy € (XUV)* and b € (AU X) such that h = hyb.
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Claim. There exists a 2°d-order substitution ¢ satisfying ¢(g) <% h if and only if there is
a string w € (X U V)* such that fw <% hq, that is, if and only if the existential sentence
“Jv: fv ~ hy” has a solution mod S.

Proof. First, assume that ¢ is a 2°dorder substitution that satisfies é(g) <% h. Since
g = fugi, we see that ¢(g) = fé(ugr). Let wy := ¢(ugy) € (XUV)*-(AUX). Then wy can be
factored as wq = wd with w € (YUV)* and d € AUX. Since fwd = fwy = ¢(g) <% h = kb,
we conclude that b = d and fw <% hy.

Conversely, assume that w € (X UV )* satisfies fw <% hy. Define a 2"%-order substitution

¢ through ¢(u) := wb and ¢(u') := ' for all v’ € (V ~ {u})U X. Then ¢(g) = ¢(fugr) =

2nd

folugr) = fo(u) = fwb <5 hab = h. O
Thus, we have a reduction from the 2°d-order E-matching problem for S (on ¥) to the
(1**-order) E-matching problem for S (on X U V). O

Because of Proposition 3.1(a) this yields the following immediate consequence.

Corollary 5.2 For finite, monadic, and confluent string-rewriting systems the 2*4-order E-
matching problem is decidable in polynomial time.

Thus, for the finite, monadic, and confluent string-rewriting system 7,,(P) of Section 4
we have the following situation:

(i) the simultaneous E-matching and E-unification problems are decidable,
(ii) the word matching and unification problems are undecidable, and
(iii) the 2°d-order E-matching problem is decidable.

Also Theorem 3.2 yields the following.

Corollary 5.3 There exists a finite, length-reducing, and confluent string-rewriting system
S1 such that

(a) the 2°d-order E-matching problem for Sy is decidable, but

(b) the E-unification problem for S is undecidable.

One consequence of Theorem 5.1 is the observation that in order to obtain equational
theories (rewriting systems) for which the 2"d_order E-matching problem is strictly more
difficult than the (1%%-order) E-matching and E-unification problems, we must at least consider
the simultaneous versions of these problems. We may achieve the same effect by adding a
free binary function constant to the signature. Indeed, we return to one of the theories
investigated in Section 4.

Let T,,(P) be the finite, monadic, and confluent string-rewriting system on the alphabet
Y =Aa,b,eo, ..., ck, ¢35, #} from Section 4. From X we obtain a set of function symbols
F = X U{c, f}, where each letter from ¥ is interpreted as a unary function symbol, ¢ is a new
constant, and f is a new binary function symbol. By T} we denote the set of 15t-order terms
T(F,X), and by T, we denote the set of 2°%-order terms T5(F,V, X). (The modification to
the definition needed to incorporate binary function constants should be obvious.) In the
following the string-rewriting system 7,,,(P) is interpreted as a term-rewriting system on 71}
as well as on T5. In the latter case the function variables v € V are treated as free unary
function symbols with respect to the reduction relation induced by 7, (P). The congruence
that 7,,,(P) induced on Ty and on T3 will be written as <*.
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Theorem 5.4 The 2"4-order E-matching problem is undecidable for T,,(P), when the system
T,.(P) is considered as a lerm-rewriting system on T5.

Proof. In Lemma 4.2 we have seen that the following restricted version of the word matching
problem is undecidable for the string-rewriting system 7,,,(P):

INSTANCE : Two strings y1,21 € {a,b}™T.
QUESTION : Do there exist strings g, h € X* such that g$Sh#g¢h H*Tm(P) nS#Hz¢
holds?

27d_order E-matching problem for the term-

Here we will reduce this problem to the
rewriting system 7, (P) on 1.

Let y1, 21 € {a,b}T. We form the terms s := f(v$(z),vdz)) and ¢ := f(11$(c), z14¢)),
where z € X and v € V. Here y;3(c¢) denotes the term that is built from the string y;$ by
interpreting each letter as a unary function symbol, and accordingly for z; ¢(¢). We consider
the instance (s,t) of the 2"d-order E-matching problem for 7,,(P), that is, we ask whether
there exists a 2°d-order substitution ¢ : {v,2} — To(F U {0O},V, X) satisfying ¢(s) <* .
Here <> denotes the congruence relation on 75 that is induced by the term-rewriting system
T:n(P). Observe that t € Ty, and hence, t' € T} holds for all ¢’ € T, satisfying ¢t <* t'. Thus,
if a 2°d-order substitution ¢ is to satisfy ¢(s) &~ ¢, then ¢(z) € Ty and ¢(v) € T(FU{O}, X)
must hold necessarily.

Claim. The following two statements are equivalent:

(i) There exists a 2"-order substitution ¢ such that ¢(s) &> ¢.
(ii) There exist strings g, h € X* such that g$h#g¢h Héfm(P) nS#z1 ¢

Proof of claim. (ii) = (i): Let g,h € X* such that g$h#g¢h ST (P) nS#z1¢. We
define a 2"d-order substitution ¢ through ¢(z) := h(c) and ¢(v) := g(0O). Then ¢(s) =
¢(f(v3(z), vhx))) = fg$h(c),gdh(c)) &~ f(y13(c), 216(c)) = 1.
(i) = (ii): Let ¢ : {v,z} — To(FuU{O},V, X)be a 2°d-order substitution such that ¢(s) <* t.
As observed above this means that ¢(z) € Ty and ¢(v) € T(F U {0}, X).

First assume that ¢(v) = ¢; € Ty. Then ¢(s) = o(f(v$(z),vdx))) = f(t1,t1) <F
t = f(y13(c), z1/(c)), which implies that y$(c) & 11 ©* 21 ¢(c), since no rule of T,,(P)
contains an occurrence of the function symbol f. This in turn means that y;$ H}m(P) 21 ¢,
which contradicts the fact that 7,(P) is confluent, since 1% and z; ¢ are both irreducible
mod T,,,(P). Thus, ¢(v) ¢ T1, that is, ¢(v) contains some occurrences of the special “place
holder” O. Since |s|f = 1 = |t|4, and since f is a free function symbol for T),(P), |p(v)|s
must be 0, that is, ¢(v) = ¢g(O) for some g € ¥*. Let ¢(z) := hy € T7. Again it follows that
|h1|f = 0, that is, by = h(d) for some h € ¥* and d € X U {c}. Hence, f(y15(c),z1¢(c)) =
t<* ¢(s) = f(gSh(d),géh(d)), and so g$h(d) <* y19(c) and g¢h(d) * z ¢(c). Thus d = ¢,
g$h H%m(P) 9, and g¢h H?Fm(P) z1¢. O

From the choice of the system 7),,(P) we conclude that the 2°d-order E-matching problem
for 1,,(P) is undecidable, when 7}, (P) is considered as a term-rewriting system on 73. O

In contrast to this undecidability result we now prove that the simultaneous E-unification
problem is decidable for the term-rewriting system 7,,,(P) on 1. Actually, this result can be
obtained as a consequence of Baader’s and Schulz’s result that general unification (where un-
interpreted function symbols are allowed) is decidable for a theory £ if elementary unification
with linear constant restrictions (over free constants) is decidable for £ [BaSc96]. However, in
order to make this paper self-contained, we provide an elementary proof for the decidability
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of the simultaneous E-unification problem for 7T,,(P). For doing so we first have to establish
some simple results on the congruence relation <* on T5.

Since for the reduction process mod 7),(P) the function variables from V are treated as
free function symbols, we can restrict our attention to the 1%-order terms in 77 = T(F, X).
Hence, in what follows we consider 7,,,(P) as a term-rewriting system on 7.

Lemma 5.5 Let g = go(f(g1,92)) and h = ho(f(h1, h2)) be terms from Ty such that go, ho €
3*. Then g <* h if and only if go H}m(P) ho and g; <* h; fori=1,2.

Proof. “<«<=": obvious.

“=”: Assume that go(f(¢1,92)) = g ©* h = ho(f(h1,hs)). Since no rule of T,,(P)
contains any occurrences of the binary function symbol f, we see that, whenever a rule
({ — r) € T,,(P) is applied to g, then ( is either a factor of gg, or it is a subterm of ¢; or
g2. Thus, g = go(f(g1,92)) =" wo( f(w1,wz)) for some irreducible term wo( f(wy,ws)), and
h = ho(f(h1,hs)) =" wo( f(wy,wy)) as well, since also as a term-rewriting system on 73, the
system T,,,(P) is noetherian and confluent. Here wy € ¥* satisfying go _>§Fm(P) wo %}m(P) ho,
and g; =* w; <* h; for ¢ = 1,2. This completes the proof of the lemma.

Lemma 5.6 If g = go(f(91,92)) and h = ho(x) are unifiable mod T,,(P), where gg, hg € £*
and © € X, then the variable x does not occur in g, and gg H}M(P) howg for some string

wo € X*, that is, the mapping © — wo( f(g1,92)) is a match from h onto g for T,.(P).

Proof. Assume first that the variable & does occur in g, that is, |g|, > 0. For each substi-
tution  this gives (k)]s = [6(@)s < 1+ [9(2)l5 < l9o(F((g1). b(92)ly = lé(g)ls. On
the other hand, if ¥(h) * ¥(g), then |¢(h)|s = |¢(g)|s. Thus, if the variable z occurs in g,
then the terms g and h are not unifiable mod T,,,(P).

Let ¢ be a unifier of ¢ and A mod T,,(P), that is, ©(g) = go(f(©(g1),¢(g2))) <*
ho(e(z)) = @(h). Since |p(g)lf > 0 and hg € X*, we see that |p(z)|; > 0, that is,

p(z) = wo( f(wy,ws)) for some string wo € X*. Now go(f(¢(g1),¥(92))) = ¢(g) &* ¢(h) =

howo( f(w1, wz)) implies that go H}M(P) howg and ¢(g;) <~ w;, i = 1,2, by Lemma 5.5. Thus,
the mapping ¢o : @ — wo(f(g1,92)) satisfies wo(h) = howo(f(g1,92)) &~ go([(91,92)) = g-
O

Based on these two technical lemmas we now derive the announced decidability result.
Theorem 5.7 The F-unification problem is decidable for the term-rewriting system T,,(P).

Proof. We prove this decidability result by reducing the E-unification problem for the term-
rewriting system 7,,(P) to the simultaneous E-unification problem for the string-rewriting
system Ty, (P), which is decidable by Theorem 3.11. Actually, we will consider the simul-
taneous version of the E-unification problem for the term-rewriting system 7,,(F), which,
however, is equivalent to the nonsimultaneous variant because of the free binary function
symbol f. So we will actually prove that the following problem is decidable:

INSTANCE : A finite sequence (g1,h1),...,(gm, hm) € T1 X T7.

QUESTION : Does this sequence have a solution mod 7,,(P), that is, does there
exist a substitution ¢ such that ¢(g;) < ¢(h;) holds simultaneously
foralle=1,...,m?

The proof will be done by noetherian induction. To this end we define a partial ordering
> on the set of all finite sequences from 77 x T; as the transitive closure of the following
relation:

((glv hl)v T (gma hm)) > ((giv hll)v T (g;u h;z)) if and Only if
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(i) the sequence (g1,h1),...,(gm,hn) contains strictly more different variables than the
m

sequence (g1,h}),...,(g,,hl), that is, U (Var(g;) U Var(h;)) 2 'Ol(Var(gé) U Var(h;)),
]:

J=1

or

(ii) there exist an index 7 € {1,...,m} and a finite subset J C {1,...,n} such that {(g1,}),
e (G B} = (g5 h5) | 5 = yoyms G # 13U A(g H5) | 7 € 7} and, for each j € .
g§- is a proper subterm of g;, and h; is a proper subterm of h;, that is, the sequence
(91, h%),...,(g,,h.) is obtained from the sequence (g1,h1),...,(gm,m) by replacing a
pair (gi, h;) by finitely many pairs (g3, h’) consisting of proper subterms of g; and h;,
respectively.

It is easily verified that the partial ordering > is well-founded. Hence, we can use this partial
ordering for the intended noetherian induction.

If the terms in the sequence (g1, h1),...,(¢gm,hm) do not contain any occurrences of the
binary function symbol f, then it is essentially an instance of the simultaneous E-unification
problem for the string-rewriting system 7,,,(P), and hence, it is decidable by Theorem 3.11
whether this sequence has a solution. Observe that, if (g1,571),...,(gm, ~m) has a solution at
all, then it has a solution ¢ that does not introduce any occurrences of the function symbol
J by Lemma 5.5. Also the additional constant ¢ does not cause any difficulties here as can
easily be seen from the proofs of Theorems 3.9 and 3.11.

Assume next that (g1,h1),...,(gm,hm) contains a pair, say (g1, h1), such that [g]f >
0 and |hq|f > 0, that is, g1 = wi(f(g1,97)) and hy = wa(f(A],RY)) for some wy,wy €

¥*. Then (¢1,h1),...,(gm,hm) has a solution if and only if wq H}m(P) wy holds, and if
(92,h2), -y (Gm, hm), (91, RY), (g7, hY) has a solution. If wy “l(P) W2 then we are done,

otherwise, we have to consider the sequence (g2, h2),...,(gm,bm), (g1, k1), (g7, h7) which is
smaller than the original sequence (g1,h1),...,(gm, ~m) Wwith respect to the ordering >.

Finally, assume that |g;|y = 0 or |h;|; = 0 for each index ¢ = 1,...,m, and that there is
a pair, say (g1, h1) such that |gi|; > 0. Then g3 = wi(f(w2,w3)) for some string w; € ¥*,
and hy = uy(z) for a string u; € ¥* and a variable z € X or hy = uy(c) for a string uq € X*.
If hy = wi(c), then the pair (g1, hq) is obviously not unifiable mod 7,(P), and hence, the
whole sequence does not have a solution. So we may assume that hy = u;(z) for some variable
x € X. If this variable does occur in g, then the pair (g1, k1) is not unifiable mod 7., (P),
either, because of Lemma 5.6. So assume that 2 ¢ Var(gy). Since 1,(P) is monadic and
confluent, we can decide whether there exists some string uy € %* such that wy H*Tm(P) U Ug.
If no such string exists, then again by Lemma 5.6, (g1, k1) is not unifiable mod 7, ( P).

So assume that such a string uy, does exist. We may assume without loss of generality
that the strings w; and wuy are irreducible mod 7,,,(P). From Lemma 4.3 we obtain a finite
set of irreducible strings RM(uy) such that, whenever wujus _%Fm(P) wy, then wy = p1pl,
ug = php2 for some p,, € RM(uy), and w; = pydp, for some d € ¥ U {A}. Since w; has only
finitely many suffixes, we conclude that there are only finitely many irreducible strings wus
satisfying wujug _>§Fm(P) w1, and these strings can be determined effectively from w; and ws.
Let Mul(wq,uq) denote the set consisting of these strings.

Let # be a unifier for (g1, k1) mod T,,(P), that is, ¢¥(g1) = wi(f(¢¥(we),P(w3))) <
wr(¢¥(z)) = ¥(h1). Then ¢(z) = ua( f(h},hY)) for some string uy, where wy S (p) U1t
P(wq) <* Y, and ¥(w3) <* Y. Thus, uy belongs to the finite set Mul(wy, uq).

If, in addition, % is a solution for the sequence (g1,h1),...,(gm, m), then 9 is also a
solution for the sequence (g5, h%),..., (g, hl,), where ¢! (h%) is obtained from g; (h;) by
replacing each occurrence of the variable z by the term wuy( f(wgz,ws)). This sequence is
smaller than the original sequence (g1, k1), .. ., (gm, hm) With respect to the ordering >, since
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it does not contain any occurrences of the variable z, and it contains no variables that do not
occur in the sequence (g1,h1), ..., (gm, hm ), either. Thus, the question of whether the original
sequence has a solution is equivalent to the question whether one of the resulting sequences
has a solution, where the variable z is replaced by a term wuq( f(wsz,ws)) (ug € Mul(wy, u1)).
This completes the proof of Theorem 5.7. ad

Combining the results on the term-rewriting system 7., (P) we obtain the following.

Corollary 5.8 The finite, depth-reducing, and confluent term-rewriting system T,,(P) has a
decidable (simultaneous) E-unification problem, while the 2" _order E-matching problem for
T, (P) is undecidable.

Observe that the term-rewriting system 75, (F) is linear and variable-preserving. To the
best of our knowledge it yields the first known example of a non-collapsing theory with an
undecidable 2"d-order E-matching problem.

We can also interpret the system 7,,(P) as a term-rewriting system on the signature
Y UA{c}, that is, we can delete the binary function symbol f and consider 7,(P) as a string-
rewriting system on the alphabet 3. Theorem 3.11 and the proof of Theorem 5.4 show the
following.

Corollary 5.9 The finite, length-reducing, and confluent string-rewriting system 1, (P) has
a decidable simultaneous E-unification problem, while the simultaneous 2°-order E-matching
problem for T,,(P) is undecidable.

Since 1,,,(P) also has a decidable simultaneous E-matching problem (Theorem 3.9), it
follows that Theorem 5.1 does not carry over to the simultaneous E-matching problem.

6 The 2"-order E-unification problem
Now we turn to the 2"d-order E-unification problem for finite string-rewriting systems. For
a string-rewriting system S on X, the 2"d-order E-matching problem is reducible to the (15t
order) E-matching problem in polynomial time, where for the latter S is considered as a
string-rewriting system on ¥ UV (Theorem 5.1). Since the (15%-order) E-matching problem is
decidable in polynomial time for each finite, monadic, and confluent string-rewriting system,
this means that the 2"d-order E-matching problem is also decidable in polynomial time for
each finite, monadic, and confluent string-rewriting system. However, this is not true for
the 2"order E-unification problem. This will be an immediate consequence of the following
reducibility result.

Theorem 6.1 The word matching problem for a string-rewriling system S on Y. is effectively
reducible to the 2" -order E-unification problem for S, where ¥ is extended by an additional
free letter #.

Proof. Let g € (XU V)* and A € ¥* be an instance of the word matching problem for a
string-rewriting system S on Y. Let I' := ¥ U {#}, where # is an additional letter, and
let ¢ € A be a constant. We consider the instance (g#h#g(c), h#g#h(c)) of the 2°d-order
E-unification problem for S on T3(f1,V, X).

Claim 1. If there is a morphism ¢ : {v € V | |g|, > 0} — X* such that ¢(g) <% h, then
there also exists a 2"d-order substitution ¢ satisfying O(g#h#gce) <% o(h#tg#hce).

Proof. For all v € V, for which |g|, > 0, define ¢(v) through ¢(v) := ¢(v)(0). Then
Pg#thitge) = p(9)#hit (g)e <% hite(g)sthe = d(hitg#the). 0
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Claim 2. If there is a 2°d-order substitution ¢ satisfying ¢(g#h#gc) <% ¢(h#g#hc), then
there also exists a morphism ¢ : {v € V | |g|, > 0} — X* such that ¢(g) <% h.

Proof. Let ¢ be a 2"dorder substitution satisfying O(g#h#ge) <% ¢(h#g#hc). Assume
first that there is a variable » such that |g|, > 0 and ¢(v) = wd for some w € (I' U V)* and
d € (AUX). Choose v in such a way that g = g1vg,, and for all variables v’ occurring in g1,
¢(v') ends in the place holder O. Then ¢(g) = ¢(g1)wd, and so ¢(g#h#gc) = ¢(g1)wd, while
¢(htg#he) = h#¢(gr)wd. Thus, |p(g#h#gc)|4 < |p(h#tg#hc)|4. Since # is a free symbol
for 5, this contradicts the assumption that ¢(g#h#gc) <% ¢(h#g#hc) holds. Thus, we see
that ¢(v) € (I'UV)*-{0O} for all v € V occurring in g. Further, since # is a free symbol for 5,
|¢(v)|# = 0 for all these variables v € V. Also, if |¢(v)|y > 0 for some v € V occuring in g,
then [¢(g)lv > 0. But ¢(g#hftgc) = ¢(g)#h#d(g)c =% h#td(g)#he = ¢(h#g#hc) implies
that ¢(g) <% h, where ¢ : {v € V| |g|, > 0} — (X U V)* is defined through ¢(v) := w if
¢(v) := w(O). However, |h|y = 0, and hence, p(v) € ¥*, that is, p : {v € V | |g|, > 0} — X*
is a morphism satisfying ¢(g) <% h. O

These two claims show that the given instance (g, k) of the word matching problem for §
has a solution if and only if the instance (g#h#gc, h#g#hc) of the 27d_order E-unification
problem for S has a solution. This completes the proof of Theorem 6.1. ad

In Section 4 we have seen that the finite, monadic, and confluent string-rewriting system
T,.,(P) has an undecidable word matching problem. Thus, we obtain the following conse-
quence.

Corollary 6.2 The finite, monadic, and confluent string-rewriting system T,,(P) has an
undecidable 2" -order E-unification problem, when considered as a string-rewriling system on
an alphabet containing at least one free symbol.

In fact, using the recent result by Narendran and Otto [NaOt96] that there exists a finite,
special, and confluent string-rewriting system with undecidable word matching problem, we
even obtain the following stronger result.

Corollary 6.3 There exists a finite, special, and confluent string-rewriting system for which
the 2°-order E-unification problem is undecidable.

Thus, the 2°dorder E-unification problem is in general much more difficult than the
27d_order E-matching problem.

Next using an idea of Farmer [Far88] we show that the 2"%-order E-unification problem for
a string-rewriting system S reduces effectively to the word unification problem for 5. Thus,
the former cannot be more difficult than the latter.

A 2°dorder substitution ¢ : VU X — (S UV)*-(AU{O0}U X)UV is called closed if
¢(v) € ¥* - (Au{0}) for all v € V Ndom(¢) and ¢(z) € X* - A for all z € X N dom(¢).
Recall that we assume that the set A of individual constants is non-empty. For a string
we(XUV)* (AU X), Vary(w) :={v € V | |lw|], > 0}, and Varx(w) := {z € X | |w|, > 0}.

2nd

Lemma 6.4 Let S be a string-rewriting system on ¥, and let g,h € (XU V)*- (AU X). If
there exists a 2" -order substitution ¢ satisfying o(g) <% ¢(h), then there is also a closed
284 order substitution ¥ satisfying ¥(g) <% W(h), where Vary(g), Vary(h), Varx(g) and
Varx (h) are contained in dom(¥).

Proof. Let ¢ = gic and h = hyd, where g1,hy € (XU V)* and ¢,d € AU X, and let ¢ be
a 2°0order substitution unifying ¢ and A modulo S. If ¢ € A and ¢(g) = #(g1¢) = é(g1)c,
then let @ := ¢; if d € A and ¢(h) = ¢(h1d) = ¢(hq1)d, then let a := d, and otherwise, let
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a denote some letter chosen from A. Observe that if the first two cases occur at the same
time, then ¢(g) <% ¢(h) implies that ¢ = d, that is, the element « is uniquely defined by
this definition. We now define another 2°d-order substitution ¥ as follows, where dom(¥) :=
Vary(g) U Vary(h) U Varx(g) U Varx (h):

if ¢ € X, then we take ¥(c) := { Il(¢(c))-a il € dom(

),
a if ¢ ¢ dom(¢)

?

x(¢(d))-a  if d € dom

(¢
a if d ¢ dom(¢

if d € X, then we take ¥(d) := { gv

9

and for all v € dom(¥) NV, we take

x(¢(v))-0  if v € dom(¢) and ¢(v) € (XU V)*- 0O,
U(v):=< lx(¢(v))-a if v € dom(¢) and ¢(v) € (ZUV)*-(
O if v ¢ dom(¢).

U X).

Here Iy : (X UV UA U X U{0O})* — X* denotes the projection onto X*.

Obviously, ¥ is a closed 2"d-order substitution. It remains to verify that ¥(g) <% W(h)
holds. If ¢(v) € (XU V)*-{0O} for all v € Vary(g) N dom(¢), then ¢(g) = ¢(g1) - w - e, where
¢lc) =w-e, we (XUV) and e € (AU X). Analogously, if ¢(v) € (X U V)*-{O} for
all v € Vary(h) N dom(¢), then ¢(h) = ¢(hy) - z- f, where ¢(d) = z- f, z € (U V)" and
f € (AUX). Since ¢(g) <% ¢(h), we can conclude that e = f. From the definition of ¥ we
obtain ¥(g) = lIx(¢(g1) - w) - @ and ¥(h) = lIx(¢(hy) - 2) - a. Since the symbols from V are
interpreted as free symbols for 5, we see that ¢(g1)we = ¢(g) <5 ¢(h) = ¢(hy)zf implies
that ¥(g) = lx(¢(g1)w) - a =% Mx(P(h1)z) - a = ¥(h) holds.

If p(v) ¢ (XU V)*-{0O} for some v € Vary(h)N dom(¢), then let hy = hyvhs be chosen
in such a way that ¢(v) = vy f for some v; € (XU V)* and f € (AU X) and the prefix hy
is of minimal length. Then ¢(h) = ¢(h2)vi f <% &(g) = ¢(g1)we, which again implies that
e = f. Hence, ¥(g) = lx(¢(g1)w) - a <% s(P(he)v1) - a = VU(h).

If ¢(v) ¢ (XUV)*-{0O} for some v € Vary(g)Ndom(¢), the proof is completely analogous.

a

Thus, for checking 2"d-order E-unifiability modulo S, we can restrict our attention to
closed 2"-order substitutions containing all the variables of the strings considered in their
domain.

Theorem 6.5 Letl S be a finile string-rewriting system on X. Then the 2" -order E-unifica-
tion problem for S reduces effectively to the word unification problem for S.

Proof. Let ¢ = ¢gy¢ and h = hid be an instance of the 2"d-order E-unification problem for
S, where ¢g1,hy € (XU V)* and ¢,d € (AU X). According to Lemma 6.4 there exists a
274 order substitution ¢ satisfying ¢(g) <% ¢(h) if and only if there exists a closed 2"d-order
substitution ¥ satisfying ¥(g) <% V(h), where dom(¥) = Vary(g) U Vary(h) U Varx(g) U
Varyx(h). Let V' denote the set of variables v € V' that actually have an occurrence in g; or
in hy, and for each subset U C V', let gy and hy denote the minimal prefix of g; and hq,
respectively, that contains an occurrence of a variable v € U. Thus, if Vary(g)NU # 0, then
gu is the shortest prefix of ¢g; that ends in a variable v € U, that is, g1 = govgs for some
g2 € (XU (V'\U))* and v € U, and if Vary(g) N U = (), then gy = g1, and similar for hy.
In particular, gy = g1 and hy = h;. Depending on ¢ and d, we now distinguish between four
cases.

Case 1: ¢ € X and d € X: For each subset U C V', if Vary(g)NU = ), then replace gy = g1
by g := g1c = g, and if Vary(h) N U = 0, then replace hyy = hy by hy := hid = h. Let
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I(g, h) denote the set of pairs I(g,h) := {(gu, hv) | U C V'}. This is a finite set that is easily
obtained from g and k. Each of the pairs (gu, htr) € 1(g, ) is now considered as an instance
of the word unification problem for S, where the elements of V' U {¢,d} are interpreted as
(string) variables.

Claim 1.1. If there is a pair (gu, hu) € I(g, k) such that the equation gy ~ hy has a solution
modulo 5, then there exists a closed 2°%-order substitution ¥ satisfying ¥(g) <% ¥(h).

Proof. Let U C V', and let ¢ : U’ — X* be a morphism such that ¢(gr) <% ¢(hy), where
U= {v eV u{ed}| |guls + |huls > 0}. Since ¢,d € X, we see that gy = gav1 and
hy = hgvy for some variables v1,v9 € U’, and ¢ = gpgs and h = hyhs for some strings g3
and hs, respectively. We define a 2°d-order substitution ¥ by taking

o SO(IU) - O ifve U'~ {v17 v2}7
\IJ(U) T { k)‘g(/v) -a ifve {Ulan}v

where @ is a constant from A. Then ¥ is a closed 2°d-order substitution, and ¥(g) =
U(g20193) = ¢(g2) - p(v1)-a = p(gu)-a =5 @(hu)-a = @(hs) - p(v2) -a = V(hgvshs) = V(h).
O

Claim 1.2. If there exists a closed 2"d-order substitution ¥ satisfying ¥(g) <% ¥(h), then
there is a pair (g7, h) € I(g, h) such that the equation g7 ~ hy has a solution modulo S.

Proof. Let ¥ be a closed 2"d-order substitution satisfying ¥(g) <% ¥(k). From the proof
of Lemma 6.4 we see that we can assume without loss of generality that all the variables
occurring in ¢ and in h are contained in the domain of ¥. Hence, ¥(g) = uje and ¥(h) = uge
for some uy,uy € ¥* and e € A.

Let U := {v € V' | ¥(v) € ¥* - A}. Then (gu,hv) € I(g,h). We define a morphism
w:V'U{e,d} — ¥* as follows:

w  ifveV’ and ¥(v)=w-0O,
p(v):=¢ w ifvelU, and ¥(v)=w:aforsomea € A,
w  ifve{c,d}, and ¥(v) = w - a for some a € A.

Since gy = gov1 and hy = hyvy for some variables vy, v, € U U {c,d}, we see that uje =
U(g) = VU(gav1) = Y(g2) - ¥(v1) and uge = ¥(h) = ¥(havz) = V(hz) - ¥(vy). Since e € A
is a free constant, ¥(g) <% ¥(h) implies that p(gr) = w(g2v1) = ¥(g2)wy <% ¥Y(hg)wy =
p(havy) = @(hy), where ¥(vy) = wy - e and ¥(vy) = wy -e. ]

Thus, there exists a closed 2°%-order substitution ¥ satisfying ¥(g) <% ¥(h) if and only
if at least one of the pairs (gu,hu) € I(g,h) is a positive instance of the word unification
problem for 5. This completes Case 1.

Case 2: One of ¢ and d is a variable from X, while the other is a constant from A. By
symmetry we may assume that ¢ € X and d € A. For each subset U C V', if Vary(¢g)NU = 0,
then we replace gy = ¢1 by gu := gic = g. Let I(g,h) denote the set of pairs I(g,h) :=
{(gu,hv) | U C V'}. Again this is a finite set that is easily obtained from g and k. Each of
the pairs (gu, hv) € 1(g, h) is now considered as an instance of the word unification problem
for S, where the elements of V/ U {c} are interpreted as (string) variables.

Claim 2.1. If there is a pair (gu, h) € 1(g, k) such that the equation gy ~ hy has a solution
modulo S, then there exists a closed 2°d-order substitution ¥ satisfying ¥(g) <% ¥(h).

Proof. Let U C V' let U' := {v e V'U{c} | |lgulv + |hr]s > 0}, and let ¢ : U' — X* be a
morphism such that ¢(gy) <% ¢(hy). Then gy = gavy for some vy € U’, and hy = hyv; for
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some vy € U or hy = hy, if Vary(h)NU = (). We define a 2nd_order substitution ¥ by taking

) e)-o i e U N {ur, 0},
Y(v) := { o(v)-d if v € {v1,v2}.

If hyy = hgv,, then V(g) <% V(h) follows as in the proof of Claim 1.1, and if hy = hq,
then p(gu) = @(gav1) <5 (k1) implies that W(g) = ¥(g201) = (g2v1) - d <5 (1) -d =
V(hyd) = ¥(h). O
Claim 2.2. If there exists a closed 2°d-order substitution ¥ satisfying ¥(g) <% ¥(h), then
there is a pair (g, hv) € I(g, h) such that the equation gy ~ hy has a solution modulo S.

Proof. Let U := {v € V' | ¥(v) € ¥* - A}. Then (gu,hv) € I(g,h), and it is easily checked
that the following morphism ¢ : V' U {c} — X* satisfies the congruence ¢(gr) <5 ¢(hv):
(v) = w  ifveV’ and ¥(v)=w-0O,
AUTY w ifveUu {c}, and ¥(v) = w - a for some a € A.

This completes Case 2.

Case 3: ¢,d € A, and ¢ = d. In this situation we let I(g,h) denote the set I(g,h) =
{(gu,hy) | U C V'}. As in Case 1 it can be shown that there exists a closed 2°%-order
substitution ¥ satisfying ¥(g) <% ¥(h) if and only if there is a pair (gu, hy) € I(g,h) such
that the equation gy ~ hy has a solution modulo 5.

Case 4: ¢,d € A, but ¢ # d. In this situation we let I(g,h) denote the set I(g,h) =
{(g9u,hv) | U C V',U # 0}. For each (gu,hu) € I(g,h), at least one of gy and hy ends
with a variable v € U. Observe that whenever ¥ is a closed 2°d-order substitution satisfying
U(g) <% Y(h), then U(v) € ¥*- A is satisfied for at least one variable v € V', since otherwise
U(g) = wic and ¥(h) = wqd could not be congruent modulo 5. As in the other cases before,
such a closed 2"-order substitution exists if and only if for some pair (gu,hv) € I(g,h), the
equation gy ~ hy has a solution modulo S.

Hence, in each of the four cases we have reduced the given instance of the 2"d-order E-
unification problem for S to a finite number of instances of the word unification problem for
5. This completes the proof of Theorem 6.5. a

As we will see in the following the converse of Theorem 6.5 does not hold in general, that
is, in general the word unification problem for a string-rewriting system S does not reduce
to the 2"-order E-unification problem for §. We prove this result by presenting a particular
example system S such that the 2°d-order E-unification problem for S is decidable, while the
word unification problem for 5 is undecidable.

Let P = {(yi,2i) | i = 2,...,k} C {a,b}* x {a,b}" be chosen in such a way that the
modified Post Correspondence Problem MPCP(y1,21) (y1,21 € {a,b}T) is undecidable, let
Y= {a,beq,...,e1,¢,d, 8,8 2}, let n = max{|y;|,|z| | + = 2,...,k} + 1, and let Ty(P)
denote the following string-rewriting system on 3:

To(P) :={elc— cp(yi),efd — dp(z) | i =2,...,k}U{$c— §,8d = §}U{aZ — Z |z € 1}.

Here p : ¥* — X* denotes the function reversal. We claim that 7,(P) has the following
properties.
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Theorem 6.6 The string-rewriting system Ty(P) defined above is finite, length-reducing,
and confluent. The 2°-order E-unification problem for Ty(P) is decidable, while the word
unification problem for T,(P) is undecidable.

Proof. It is easily checked that 7y(P) is a finite length-reducing system that is confluent.

Claim 1. For all 41,2 € {a,b}T the following two statements are equivalent:

(a) MPCP(y1, 21) has a solution.

(b) There exists a string w € ¥* such that wep(y) < To(P) wdp(z1).

Proof. (a) = (b): Let i1,...,%,, € {2,...,k} such that yly“ e Yiy, = 21%i - - - %, . Choose
W= Se...eh. Then wep(yn) = Seb, ...elcp(ys) —F $cp(y2m> o)~
§p(y1y21 ylm) = §p(212i1 Zlm) HTg(]j) $dp(22m)p(221)p( ) $ elldp("l)
wdp(z).

(b) = (a): Let w € X~ satisfying wep(y1) <7, py wdp(z1). We may assume without
loss of generality that w is irreducible mod 7y(P), and hence, either w € (¥~ {Z})* or
w = Zw; for some wy € (¥~ {Z})". Since R is confluent, wecp(y) “Ty(P) wdp(z1) implies
that wep(yr) _>*Tz(P) U %}Z(P) wdp(z1). If w= Zwq, then we see from the form of the rules
of Ty(P), that u = Zuy, where wicp(y1) _>*TZ(P) Uy H?K(P) wydp(z1). It is now easily seen
that w, respectively wy, must end in $e? ...e!" such that y1y;, ...9, = 212 ... 2;,. This
completes the proof of Claim 1. a

From the choice of the set P and Claim 1 we immediately obtain the following undecid-
ability result.

Claim 2. The word unification problem is undecidable for T;(P).

It remains to show that the 2"d-order E-unification problem is decidable for Ty(P). As a
first step towards this goal we turn to the word matching problem for Ty(P). So consider an
existential sentence of the form

dv1,. ., 000 Goviy 91 - Vi G ~ P

where go, 91,...,9m,h € ¥* are irreducible, and v; ,...,v;,, € {v1,...,v0}. Hwy,...,wp €
¥* is a solution for this sentence mod T;(P), then gow; g1...w;, gm _ﬁﬂz(P) h. Now we
distinguish between several cases.

(i) If |h|z = 0 and |g;|z > 0 for some ¢ € {0, 1,...,m}, then the existential sentence above
cannot have a solution mod 7(P).

(ii)) If |h|z = 0 and |g;|z = 0 for all ¢ € {0,1,...,m}, then the existential sentence
above has a solution wq,...,wy € X* if and only if it has a solution wy,...,w; €
(X~ {Z})*. Hence, the rules involving the letter Z are not used in the reduction
GoWi, g1 - - - Wi, G _>*T4(P) h. Let T' denote the subalphabet I' := {a,b,§} of X. Then
we see that |gow;, g1 ... w;, ¢m|r < |h|r, and that each reduction step in the above re-
duction sequence strictly increases the I'-length. Hence, there are only finitely many
candidates for wq, ..., wy.

(i) If h = Zhqy and j := max{i | |¢g;|z > 0}, then the existential sentence above has
a solution mod 7y(P) if and only if one of the following existential sentences has a
solution mod Ty(P) that is Z-free:

G501 Vi G ~ B (where g; = Zg}),
Vijon itk - - Vi Gm ™ hi (k2> 1, Vijin ¢ {Ui]+k+1 s Vig })-
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(iv) If h = Zhy and |g;|z = 0 for all ¢ € {0,1,...,m}, then the existential sentence above
has a solution mod 7(P) if and only if one of the following existential sentences has a
Z-free solution mod Ty( P):

Vi G Vi Gm ~h1 (321, v {05,500, 1))

We see from case (ii) that cases (ili) and (iv) are solvable. Thus, we have the following
decidability result.

Claim 3. The word matching problem is decidable for T;(P).

Finally, consider an instance g,h € (X U V)* - (AU X) of the 2"d-order E-unification
problem for T,(P). If |h|x = 0 and |h|y = 0, then this is actually an instance of the 2nd-
order E-matching problem for 7y( P), which is decidable by Claim 3 and by Theorem 5.1, since
the 15t-order E-matching problem is clearly a special case of the word matching problem. The
same is true if |g|x = 0 = |g|v. Finally, if g as well as h both contain variables, then g and A
are always 2°d-order unifiable mod T;(P). Just take the 2°d-order substitution ¢ that maps
v — Zc for each v € V occurring in g or in h and z — Z¢ for each & € X occurring in ¢ or
in h, where ¢ € AU X is a fixed, but arbitrarily chosen individual constant or variable. Then
¢(g) and ¢(h) both end in the suffix Z¢, and hence ¢(g) =Ty £¢ TP ¢(h). Thus, we
have the following decidability result.

Claim 4. The 2"d-order E-unification problem is decidable for T,(P).
This completes the proof of Theorem 6.6. ad

Contrasting Theorem 6.5 and Theorem 6.6 we see that even for finite, length-reducing,
and confluent string-rewriting systems, the word unification problem is strictly more difficult
than the 2"d-order E-unification problem.

However, we can at least establish a weak converse of Theorem 6.5, which says that from
a finite string-rewriting system S on X, we can construct an extended system S’ := 5 U Sq
on some extended alphabet I' 2 ¥ such that the word unification problem for S reduces to
the 2"d-order E-unification problem for S’. In the remaining part of this section we describe
this construction and verify that it has the desired property.

Let S be a finite string-rewriting system on 3, let Z and # be two additional symbols,
and let I' denote the alphabet I' := X U {Z,#}. Let Sy denote the string-rewriting system
So:={Za— Z,aZ — Z | a € X}, and let S be the system S’ := S U Sy. Then 5’ is a finite
string-rewriting system on I' that is easily obtained from 5. Obviously, for all u,v € X*,
uw <% v if and only if u <% v, that is, restricted to X*, 5’ is equivalent to S.

Theorem 6.7 The word unification problem for S reduces effectively to the 2" -order E-
unification problem for S’.

Proof. Let g,h € (¥ U V)* be an instance of the word unification problem for S. From g
27d_order E-unification problem for §7 as follows.

Let V' := {v1,...,v,} be the set of variables that actually occur in g or in h. Define two
2nd order terms y,z € (TUV)*- (AU X) as follows:

and h, we now construct an instance of the

Yy = wnZHvIl#.. . Ho,LH#Hv L. Fo,LH#g-a and
zZ = Ln#HLvgH . HLv,HFLH . HLHE - a,

where a is some constant from A, and where |y|x = |z|# = 2n. Obviously, the terms y and
z are easily constructed from ¢ and h.
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Claim 1. If there is a morphism ¢ : V/ — X* satisfying ¢(g) <% ¢(h), then there exists a
28d_order substitution ¢ such that ¢(y) <% ¢(2).

Proof. Fori=1,...,n,let ¢(v;) := ¢(v;) - O. Then

¢(y) P(v1)Z# .. Ao ZH#e(v1) 24 . . Fp(vn) ZH#e(g) - a

=% ZHIH# .. HZH#He(g)-a
=S ZH#ZH . HZ#p(h)-a
=% Ze(v)# .. #Zo(v,)#ZH# .. #ZH#0(h) - a

o(z2). o

Claim 2. If there is a 2°dorder substitution ¢ such that ¢(y) <% &(z), then there exists a
morphism ¢ : V' — X* satisfying ¢(g) <5 ¢(h).

Proof. Without loss of generality we can assume that ¢ is a closed 2"d-order substitution

such that V/ C dom(¢). Hence, ¢(v;) € I'* - (Au{O}) forall e =1,...,n.

Since # is a free function symbol for S/, ¢(y) <% ¢(z) implies that ¢(v1Z) <% ¢(Zvy).
If ¢(v1) = wy - b for some wy € I'"* and b € A, then ¢(v17) = wy - b and ¢(Zv1) = Zwy - b.
Hence, |¢(v1Z)|z < |¢(Zv1)|z contradicting the congruence ¢(v1Z) <% ¢(Zvy). Thus,
¢(v1) = wy - O for some wy € I'*. Analogously, ¢(v;) = w; - O for some w; € I'*, 1 = 2,...,n,
which yields

My) = wiZ#wZ# .. o LHFw ZH#FwZH . Fw, ZHP(ga) and
O(z) = Zun#Zwrt .. . HZw,#2# .. . #7Z#d(ha).

Without loss of generality we can assume that wy, ..., w, are irreducible with respect to
So. Since ¢(y) <& ¢(z) implies that w;Z <% Zw;, 1 =1,...,n, and since the Z-length and
the #-length are not changed by applications of rules from ', we see that 7(w;2) = 7(Zw;),
i =1,...,n, where 7 : I'" — {Z,#}* is the corresponding projection. Hence, m(w;Z) €
{Z}T, that is, w; = u;04uin 4 ... Zu;, for some u; ; € ¥*, which in turn means that either
w; = Zk for some k; > 1, or w; € X*. However, since none of the strings w; contains an
occurrence of the symbol #, ¢(y) <% ¢(z) also implies that w;Z <%, Z, which in turn
yields that |w;|z = 0. Thus, for i = 1,...,n, ¢(v;) = w; - O for some w; € ¥*. This finally
means that ¢(ga) = ¢(g) - a, where ¢ : {v1,...,v,} — ¥* is defined by taking ¢(v;) := w;,
¢ =1,...,n. Analogously, ¢(ha) = ¢(h) - a, and since a is a free constant, ¢(y) <% ¢(2)

yields ¢(g) <% @(h), and hence, ¢(g) <35 ¢(h). O
Claims 1 and 2 show that the above construction is indeed a reduction from the word
unification problem for ' to the 2"d-order E-unification problem for S’ a

If the string-rewriting system S is monadic, then so is the system S’, and if S is noetherian
and confluent, then again, so is S’. Thus, we see that for various classes of finite string-
rewriting systems, the uniform versions of the word unification problem and the 2"d-order
E-unification problem are recursively equivalent. By uniform version we mean the decision
problem that is obtained by providing the string-rewriting system as a part of the problem

instance.

7 Conclusion

In the present paper we have considered various forms of equational matching and unifi-
cation problems for string-rewriting systems, and we have compared them with respect to
decidability. The results obtained can be summarized as shown in Diagram 1.
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15 -order E-word
E-matching matching

1%t -order E-unification

2nd_order 2nd_order E-word
E-matching E-unification unification

«—— means “strictly weaker”
——  means “equivalent” with respect to recursive reductions
«—— means “incomparable”

Diagram 1

In addition, we have presented some new decidability results for the (1%*-order) simultane-
ous E-matching and E-unification problems for finite, monadic, confluent string-rewriting sys-
tems in Section 3. In particular, we have considered 2"d-order E-matching and E-unification
problems for string-rewriting systems in Section 5 and Section 6.

We have seen that the 2"d-order E-matching problem reduces to the 1%-order E-matching
problem. In contrast to this reducibility result the simultaneous version of the 2*d-order E-
matching problem for a string-rewriting system does not reduce to the simultaneous version
of the 15t-order E-matching problem (see Corollary 5.9).

Using a technique of Farmer [Far88] we have shown in Section 6 that the 2°d-order E-
unification problem for a string-rewriting system S reduces to the word unification problem
for S. On the other hand, the word unification problem for S reduces to the 2*d-order E-
unification problem for an extended system S’ := S U Sy that is easily constructed from S.
Thus, for various classes of finite string-rewriting systems, the uniform versions of the word
unification problem and the 2"d-order E-unification problem are recursively equivalent.

In all these investigations the 2"d-order terms considered are built from the unary function
constants that correspond to the letters of a finite alphabet ¥, some additional free individual
constants A, the individual variables X, and the function variables V of arity 1. Thus, the
27d_order terms in T2(XUA,V, X )arein 1-to-1 correspondence to the elements of the language
(XUV)* (AU X). One of the referees for [OND95] asked whether the results on 2°d-order
E-matching and 2"9-order E-unification would remain the same, if function variables of arity
larger than one were also taken into account. In the appendix we will answer this question
in the affirmative.

For the 2"-order E-matching problem we prove that it still reduces to the 15%-order E-
matching problem, even if function variables of arity larger than one are used in forming
2°dorder terms (Theorem 8.1). Then, using another idea of Farmer [Far88] it is shown that,
for a string-rewriting system S, the 2"d-order E-unification problem on the set of 2"d-order
terms T5(X U A, J V;, X)) reduces to finitely many instances of the same problem restricted

>

K3

to the set of 2"d-order terms T5(¥ U A, Vy, X). Here, for each ¢ > 1, V; denotes the set
of function variables of arity i. Thus, the 2°%-order E-matching problem and the 2"d-order
E-unification problem for string-rewriting systems do not get more difficult when function
variables of arity larger than one are admitted.
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8 Appendix

In Sections 5 and 6 we have considered the 2"d-order E-matching and E-unification problems
for string-rewriting systems, where we only admitted function variables of arity 1. Here we
discuss the situation of also having function variables of arity larger than 1. As we will see
the results of Sections 5 and 6 essentially carry over to this more general case. This justifies
the restriction to unary function variables adopted in the main body of the paper.

Let S be a finite string-rewriting system on some finite alphabet X. In order to discuss
27d_order terms we extend this alphabet by adding a non-empty set A of individual constants,
a countably infinite set X of individual variables, and for each n > 1, a countably infinite
set V,, of function variables of arity n. By interpreting each letter @ € ¥ as a unary function
constant, we can form the set of 2°d-order terms T5(X UA,V, X ), where V denotes the union
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V := | V,. Thus, the 2*d-order terms correspond to trees the leaves of which are labelled
n>1

with individual constants or individual variables, and the inner nodes of which are labelled
with function constants or function variables. Observe that the only nodes that have two or
more sons are labelled with function variables.

With respect to the string-rewriting system S5, the constants in A are treated as free
constants, and the function variables in V are treated as free function symbols. Thus, 5
induces a reduction relation =% on 15(¥ U A, V, X)), which is the reflexive and transitive
closure of the following single-step reduction relation =—>g:

s=gt iff d3peO(s),Il—r)e 5, JuecTH(XUA,V,X):

slp = €(u) and t = s[r(u)],.

By =5 we denote the congruence relation <=% on T5(X U A, V, X)) that is generated by the
relation —-g.

In order to discuss the notion of 2°d-order substitutions we have to extend the 2"d-order
terms appropriately. Let W := {W; | ¢ > 1} be a set of additional individual variables. Then
T2(XUA,V, XUW) denotes the set of extended 20d_order terms. For ¢ € TH(XUAV, XU
W), the rank of ¢ is the largest index m such that W, actually occurs in ¢. Observe that
the rank of ¢ is zero if and only if t € TH(X UA,V, X).

A 28d_order substitution is a mapping ¢ : VUX — T2(XUA,V, XUW)UV satisfying
the following conditions:

(1) dom(¢):={z € VUX | ¢(x) # x} is finite,
(2) ¢(z) e TH(XUA,V,X)for all z € X, and
(3) ¢(v) is a term of rank at most n for all v € V,, N dom(¢).

The substitution ¢ can be extended to a mapping ¢, : T2(XUA,V, X) = T32(XUA,V, X)
as follows:

ifg € A, then Qbe(g) =9,
— if g € X, then ¢.(g) = ¢(9),

— if g = agy for some a € X, then ¢.(¢) = a(¢.(g1)),

—if g = v(¢1,...,9,) for some v € V,, such that v ¢ dom(¢), then ¢.(g) = v(Pe(¢1),- - -,
Pe(9n)), and

—if g = v(g1,...,9,) for some v € V,, N dom(¢), then ¢c(g) = ¢(v)[W1 — ¢e(g1),- .-,
W, — ¢c(gn)], that is, each occurrence of (the place holder) W; in the term ¢(v) is
replaced by the term ¢.(g;), i =1,...,n.

To simplify the notation the extension ¢, will simply be denoted by ¢.

We want to establish the fact that the 2"d-order E-matching problem and the 2"d-order
E-unification problem for S on T3(X U A, V, X) are recursively reducible to the ond_order E-
matching problem, respectively the 2"d-order E-unification problem, for S on T5(XUA, Vy, X),
that is, the presence of the function variables of arity larger than one does not make these
decision problems more difficult. We begin by considering the matching problem.

Theorem 8.1 The 2" -order E-malching problem for a string-rewriting system S on Y is
effectively reducible to the 1%t -order E-matching problem for S, where S is considered as a
string-rewriting system on % U V.
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Proof. Let g, h € To(XUA, V, X) constitute an instance of the 2°d-order E-matching problem
for S. First we consider the case that Vary(h) = 0, that is, h = hqd for some hy; € ¥* and
de XUA. If Vary(g) = 0 as well, then g = g1¢ for some g; € ¥* and c € X UA. If c € A,
then there exists a 2"d-order substitution ¢ satisfying ¢(g) <% hif and only if ¢ = d and
g1 <% hy. This is the word problem for S, which is reducible to the 15%-order E-matching
problem for S in the presence of the free letters in Vi (cf. the proof of Theorem 5.1). If
¢ € X, then there exists a 2"d-order substitution ¢ satisfying ¢(g) =% h if and only if there
exists a mapping ¢ : {c¢} — X* such that ¢(g) = g1 - ¢(¢) ——% hq, that is, if and only if the
existential sentence “Jv : g1v ~ hy” has a solution mod 5. If ¢ = gov(¢1,...,¢g.) for some
go € X* and v € V,,, then consider the existential sentence “Jv : ggv ~ hq”. If there exists a
string w € N* such that gow «—% hy, then the 2°%order substitution ¢ : v — w(d) satisfies
#(g) = gop(v) = gowd <=% hid = h. Conversely, if there exists a 2°d-order substitution
¢ such that ¢(g) <=5 h, then we have h = hid <% é(g9) = good(v(g1,...,9,)). Since
Vary (h) = 0, we see that ¢(v(g1,...,9,)) € X* - {d}, that is, ¢(v(g1,...,9,)) = wd for some
w € X*. Thus, the substitution ¢ : v — w gives a solution for the existential sentence above.

Finally, consider the case that o = hov(hy,...,hy) for some hy € ¥* and v € V,,. If
Vary(g) = Varx(g) = @, then obviously, there is no 2"4-order match from g onto h. Other-
wise, g can be written as ¢ = gou(g1,...,9m) for some gg € ¥* and u € V,,, or g = goz for
some gp € X* and z € X.

Claim. There exists a 2"-order match from ¢ onto h if and only if the existential sentence
“Jov : gov ~ hg” has a solution mod 5.

Proof. If w € ¥* satisfies gow «—7% hg, then we take the 2nd_order substitution ¢ defined by
w — wov(hy,..., hy,), respectively, © — wov(hy,...,h,). Then ¢(g) = gowv(ha,..., hy) <%
hov(hi,...,h,) = h. Conversely, if ¢ is a 2"d-order substitution satisfying ¢(g) =% h, then

we see that goo(u(g1,...,9m)) = ¢(9) <=5 h = hov(h,...,h,). Hence, ¢(u(g1,...,9m)) =
wo(wy,. .., w,) for some w € ¥* and wy,...,w, € To(X U A,V, X) such that gow <% hog,

and w; <=% h;, t = 1,...,n. Thus, the mapping v — w gives a solution for the existential
sentence above. |
This completes the proof of Theorem 8.1. a

Comparing Theorem 8.1 to Theorem 5.1 we conclude that the 2"d-order E-matching
problem for string-rewriting systems does not get more difficult when function variables of
arity larger than one are admitted.

Now we turn to the unification problem. Let (g,%) be an instance of the 2"d-order E-
unification problem for S. Let V' denote the set of function variables of arity larger than one

that actually have occurrences in g or in h. To simplify the notation let V' = {vy,..., v},
where v; € V;, (4i > 2,i=1,...,m). Let v,...,v], € V; be unary function variables that do
not occur in g orin h, and let K = Ky x...x K,,, where K; = {1,2,...,5;} (¢ =1,...,m). For

each m-tuple £ = (&1,...,&,) € K we define a 2nd_order substitution o¢ with dom(o¢) = V'
as follows:

oe(v;) = vj(We,) (i=1,...,m).

By J we denote the set of pairs of 28d-order terms J := {(0¢(g),0¢(h)) | £ € K}. Observe
that, for each £ € K, 0¢(g),0¢(h) € T5(X U A, Vq, X), that is, each pair (o¢(g), 0¢(h)) can be
interpreted as an instance of the 2"d-order E-unification problem for S on the set of 2"d-order
terms T5(X U A, Vy, X).

We will see that this set J gives the intended reduction from the instance (g, h) of the
2°dorder E-unification problem for § on T5(XUA, V, X) to finitely many instances of the 27
order E-unification problem for S on 73(X U A, Vi, X). The following two lemmata describe
the correspondence between the solutions for (g, h) and those for the pairs in J.
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Lemma 8.2 If there exists an m-tuple £ € K and a 2°-order substilution ¥ : V; U X —
To(X U AV, X U{Wi}) U Vy such that ¥(o¢(g)) =s Y(oe(h)), then there is a 2°d-order
substitution ¢ satisfying ¢p(g) =s ¢(h).

Proof. Let £ = (&1,...,6,) € K,and let ¥ : VU X — To(B U A, Vi, X U{W1})U V; be
a 2"d-order substitution satisfying ¥(o¢(g)) =s ¥(o¢(h)). Define a 2°d-order substitution ¢
through ¢ := ¥ o 0¢, that is,

b(v) = Y(v) if ve XorveVyn(Vary(g)U Vary(h)),
| Y)W = W] fv=v eV,

where U(v!)[W; «— W¢,| denotes the term that is obtained from the term ¥(v!) by replacing
the variable Wy by the variable We,.

Claim. ¢(g) =5 ¥(o¢(g)).

Proof by induction on g¢:
—g=ceA:¢(g)=c=V(oe(g)).

g=1u€X:9(g)=o(x) =V(x) = Y(oe(g))-

—g=ua-gyforsomea € X :¢(g9)=a-¢(g1) =5 a-¥(oe(g1)) (by the induction hypothesis)
= V(og(agr)) = ¥(oe(g))-

— g =wv-¢ for some v € Vi : ¢(¢9) = ¢(v-¢1). If U(v) € T5(X U A, V1, X), then
O(v-g1) = d(v) = V(v) = U(v-0e(g1)) = U(oe(v-91)). I ¥(v) = w-Wy, then ¢(v-g1) =
w-¢(g1) =s w-¥(o¢(g1)) (by the induction hypothesis) = V(v-0¢(g1)) = Y(oe(v-g1)).
Finally, if v ¢ dom(W¥), then v ¢ dom(¢), either, and ¢(v - g1) =5 ¥(o¢(v - g1)) follows

analogously.

— ¢ =vi(g1,...,9n), where v; € V' and n = j; > 2. Then o¢(g) = vio¢(ge,), and hence,
8g) = B()Wr — Blge,)] =5 B()[Ws — W(og(ge,))] (by the induction hypothesis)
= W(v} - 0e(ge,) = Y(oe(vi(g1, .- -, 9n))) = ¥(oe(g))- O

Analogously, ¢(h) =g ¥(o¢(h)). Thus, we see that ¢(g) =5 ¥(oe(g)) =s ¥(oe(h)) =5
#(h) holds, that is, ¢ is indeed a 2°%-order substitution unifying the terms g and A mod S.
O

It remains to establish the converse of Lemma 8.2.

Lemma 8.3 If there is a 2°-order substitution ¢ satisfying ¢(g) =s ¢(h), then there exists
an m-tuple £ € K and a 2°-order substitution ¥ : V; U X — T(XBUA Vi, XU{Wi}HHuW
such that ¥(o¢(g)) =5 ¥(oe(h)) holds.

Proof. Let ¢ be a 2"d.order substitution such that ¢(g) =s #(h). We define an m-tuple
£:=¢&(g,h):=(&,...,&n) € K and a 27d_order substitution ¥ : Vi UX — TH(XUA,V, XU
{W1}) UV} inductively. First we choose a constant ¢ € A:

o { d if ¢(g) = wod for some wg € X* and d € A,

some arbitrary element from A, otherwise.

Observe that ¢(g) = wod implies that ¢(h) = wjd for some wj € ¥*. We now construct
£(g) € K and a 2"d-order substitution V, inductively as follows:
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—if g = f € A, then choose £(g) :=(1,...,1), and ¥, := id, the identity mapping;

—if g = 2 € X, then choose £(g) := (1,...,1), and ¥y(z) := wec if ¢(z) = woy or if
¢(x) = wov(wi, ..., wy) for some wo € ¥* and y € AUX or v € Vi (k> 1);

— if g = agy for some a € ¥, then choose £(g) := £(g1), and ¥, := ¥, ;

— if g = vgy for some v € Vq, and ¢(v) = weW; for some wy € X*, then choose £(g) :=
£(g1) and ¥ (v) := ¢(v);

— if g = vgy for some v € V1, and ¢(v) ¢ X* - Wy, then choose £(¢) :==(1,...,1), and
U, (v) 1= woe, where ¢(v) = wod for some wg € ¥* and d € AU X, or ¢(v) =
wou(wy, ..., wy) for some wg € ¥* and uw € Vi, (k > 1);

—if ¢ = v(¢1,...,9%), where v; € V' NV}, and ¢(v;) = weW; for some wy € ¥* and
J €{1,...,k}, then choose ¥ (v!) := woW; and &(g) := &(g;)|¢;=;, that is,

£(9) = (&(gi)1s--»€(95)i=1,5:€(95)i415 - > E(g5)m);

— if ¢ = vi(g1,...,9%), where v; € V' N Vg, but ¢(v;) & ¥* - {Wr,..., Wy}, then choose
£(g) == (1,...,1), and VY, (v}) := wpc, where ¢(v;) = wod for some wy € X* and
de AUX, or ¢(v;) = wou(wy, ..., wy) for some wy € ¥* and uw € Vy (£ > 1).

In this way we have constructed an m-tuple {(¢) € K and a 27d_order substitution V,. By
analyzing h in the same way this m-tuple {(g) and this substitution ¥, are transformed into
an m-tuple £ := £(g,h) € K and a 27d_order substitution ¥. Since ¢ is a 2"d-order unifier
mod S of g and h, the changes made to {(g¢) and to ¥, in this second part of the construction
do not introduce inconsistencies with respect to the first part of the construction. Certainly,
(0¢(g),0¢(h)) is one of the instances of the 2°d-order E-unification problem for S on the set
of terms T5(X U A, Vq, X)) that are constructed from the pair (g, ). It remains to verify that
U(o¢(g)) =5 ¥(oe(h)) holds. We distinguish between two cases.

Claim 1. If ¢(g) = w-d for some w € ¥* and d € A, then ¥(o¢(g)) = ¢(g), and VY(o¢(h)) =
w'd for some w' € ¥* satisfying w «—% w'.

Proof. If ¢(g) = w-d for some w € ¥* and d € A, then ¢(g) =g ¢(h) implies that ¢(h) = w'-d
for some w’ € ¥* satisfying w «——% w’. Thus, it suffices to verify that ¥(o¢(g)) = w-c holds,
since then the corresponding statement for i follows in the same way.

We proceed by induction on g:

—ifg=/[€A, then ¢(g) = f = ¥(oe(g));
—ifg=z¢€ X, then ¢(g)=¢(z)=w-d=w-c=VY(z)=V(oe(g));

— if g = agy for some a € X, then ¥(o¢(g)) = a - ¥Y(oe(g1)) = awrd = a - ¢$(g1) = ¢(agr)
by the induction hypothesis;

— if g = vgy for some v € Vi, then either ¢(v) = w - d or ¢(v) = wy - Wy for some prefix

wy of w, that is, w = wiw, for some wy € ¥*, and ¢(g1) = wad. Then ¥(oe(g)) =
) w-d ifp(v)=w-d | _ B )
V(voe(g1)) = { wy - ¥(og(g1)) otherwise I._H.wd = l9);

—if g = vi(g1,...,9x) for some v; € V' NV, then either ¢(v;) = w - d or ¢(v;) = wy - Wj,
where w = wyw;y and ¢(g;) = wed. In the former case ¥(o¢(g)) = ¥(vioe(g;)) = wd =
#(g), and in the latter we have V(o¢(g)) = ¥(vjoe(g;)) = w1¥(oe(g;)) = wi1P(g;) =
wywad = ¢(g). o O
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Claim 2. If ¢(g) = w -z for some w € ¥* and =z € X, then ¥(o¢(g)) = w - ¢, and
U(oe(h)) = w' - ¢ for some w' € ¥* satisfying w «——% w'.

Proof. If ¢(g) = w-x for some w € ¥*, then ¢(g) =g ¢(h) implies that ¢(h) = w'-z for some
w' € ¥* satisfying w «——% w'. Thus, it suffices to verify that ¥(o¢(g)) = w - ¢ holds, since
then the corresponding statement for h follows analogously. However, this proof is simply
done by induction on g as in the proof of Claim 1. ad

Claim 3. If ¢(g) = wov(ws,...,wy) for some wg € ¥* and © € V, then ¥(o¢(g)) = wo - ¢,
and U(og¢(h)) = wy - ¢ for some wj € ¥* satisfying wg «——7% wy.

Proof. wov(wy,...,w;) = ¢(g) =s ¢(h) implies that ¢(h) = wiv(wi,...,w}) for some
w( € ¥* satisfying wg «—% w(, and hence, it suffices to verify that ¥(o¢(g)) = wo - ¢ holds.
We proceed by induction on g:

— if g=d € A, then ¢(g) = d contradicting the hypothesis of Claim 3;

—if g =2 € X, then ¢(g9) = ¢(z) = wov(wy,...,w) implies that U(oe(g)) = ¥(z) =
wo - ¢

— if g = agy for some a € X, then wov(wy,...,wx) = ¢(g) = ¢(ag1) = ap(g1) implies that
wy = awp and ¢(g1) = wev(ws, ..., wg) hold. Hence, ¥(o¢(g)) = a-V(0¢(g1)) = a- woc
(by the induction hypothesis) = wy - ¢;

— if ¢ = vgy for some v € Vi, then either ¢(v) = wov(wy, ..., wy) implying that U(o¢(g)) =
U(voe(g1)) = ¥(v) = wg-c, or $(v) = wiW; for some prefix w, of wy, that is, wy = whw]
for some w{ € X*. In the latter case wov(wy,...,wi) = ¢(g) = d(vg1) = who(g1)
implies that ¢(g1) = wyv(wy, ..., ws), and hence, we obtain ¥(o¢(g1)) = ¥U(voe(g1)) =
wh-Woe(gy) = - o = wg -

—if ¢ = v(g1,...,9¢) for some v; € V' N Vy, then either ¢(v;) = w{W; for some j €
{1,...,£} and w{ € ¥* satisfying wg = wjwg, or ¢(v;) = wev(w},...,w}). In the former
case £(g); = j and ¥(o¢(g)) = V(vioe(g;)) = wi¥(oe(y;)) = whwy - ¢ = wog - ¢, since
wot(w1, ., 0k) = H(oilgr,- - 90)) = who(g;) implies that G(g;) = wlp(wr, .., we)
holds. In the latter case ¥(o¢(g)) = ¥(v}) = wo - c. O

Claims 1 to 3 yield ¥(o¢(g)) =s V(oe(h)). Actually, we have shown that ¥ can es-

sentially be chosen to be a closed substitution, that is, for each variable y € (X U V)N
dom(¥), Varx(¥(y)) = 0 = Vary (¥(y)). O

Lemma 8.2 and Lemma 8.3 together give the following result.

Theorem 8.4 Let (g,h) be an instance of the 2°%-order E-unification problem for S. From
(g,h) we can effectively determine a finite collection of instances J = {(g¢, he) | £ € K} of
the 2" -order E-unification problem of S on the set of 2°d-order terms T2(XUA, Vi, X) such
that there erists a 2°-order substitution ¢ satisfying ¢(g) =s ¢(h) if and only if, for some
€ € K, there exists a (closed) 2°-order substitution ¥ such that U(g¢) =5 W(h).

Thus, the 2"d-order E-unification problem for a string-rewriting system S does not get
more complicated, if function variables of arity larger than one are added. Hence, as far
as the decidability /undecidability of this problem is concerned, it suffices to admit function

variables of arity one. This justifies the restriction placed on the 2°d-order terms in Sections
5 and 6.
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