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Abstract. We consider the simply typed A-calculus with primitive re-
cursion operators and types corresponding to categorical products and
coproducts.. The standard equations corresponding to extensionality and
to surjectivity of pairing and its dual are oriented as expansion rules.
Strong normalization and ground (base-type) confluence is proved for
the full calculus; full confluence is proved for the calculus omitting the
rule for strong sums. In the latter case, fixed-point constructors may be
added while retaining confluence.

1 Introduction

The systems investigated here are simply typed A-caluli whose types include
pairs, unit, sums, an empty type, and a type of natural numbers supporting
constructions by primitive recursion. In the core system the types behave as cat-
egorical product and coproducts, so the subject at hand is equivalently ([L.S86])
the equational theory of the free bicartesian closed category (generated by ob-
jects for the base types) with weak natural numbers object. Such A-calculi play
a role in modeling several aspects of programming languages, and we are fur-
ther led to investigate the consequences of adding fixed-point operators to the
systems.

An important aspect of the present treatment is that we orient certain of the
standard axioms (for example, (1)) as expansion rules. The resulting calculus
enjoys certain pleasant properties lacking in the traditional reduction systems.

We prove strong normalization for the core calculus; it is then easy to con-
clude that ground (i.e., closed, base-type) terms reduce to numerals, and from
that to derive ground confluence. The core system fails to be fully confluent.
When the equation characterizing sums as categorical coproducts is dropped,
together with the equation for the empty type, confluence is recovered. Further-
more, when fixed-point operators are added to this system, it remains confluent.
As a consequence we conclude that the equational theory involving the fixed-
points is a conservative extension of the theory with primitive recursion only. It
i1s well-known that adding fixed-point operators to the theory of coproducts is
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inconsistent [Law69]; we think the analysis here sheds some additional light on
that result (see the remarks at the end of the paper).

Normalization implies, as usual, that closed normal form terms are numerals,
abstractions, pairs, etc. (depending on their type). In retrospect, this makes the
use of expansions seem even more natural — closed terms will reduce to expanded
terms in any event, so the calculus does it explicitly.

The ground confluence result for the theory with categorical coproducts im-
plies that the reduction system can serve as an evaluator for a programming
language (with primitive recursion only) whose observational equivalences are
true in the theory. The existence of (weak) sums in ordinary programming lan-
guages provides a mechanism for building data supporting computation by cases;
the use of true coproducts allows the programmer to reason about the code by
cases.

The confluence-with-fixed-points result serves as a contrast to some work of
J. W. Klop. Klop has shown [Klo80] that adding surjective pairing to the untyped
A-calculus — with the uniqueness axiom oriented in the traditional way — spoils
confluence (although unique normal forms are retained [KV89]). The terms other
than the fixed-point combinator used in Klop’s argument can be simply-typed,
so that the argument shows that adding fixed points to the typed system with
products results in a non-confluent calculus when the pairing axiom is oriented
as a contraction.

The A-calculus with pair types was shown to be strongly normalizing (SN)
by deVrier in 1982 [deV87] adapting Tait’s method [Tai67]. The presence of a
unit type (terminal object) spoils confluence for the traditional reduction. Say
that a system has products if the types include both pairs and a terminal object.
Poigné and Voss [PV87] explored a rich calculus including products, and gave
proofs of termination and confluence, but the proofs contained errors. Curien
and Di Cosmo [CD91] showed confluence and termination for a second-order
calculus with products.

Meanwhile Mints [Min80] considered the use of expansion rules for products
and function types, and gave proofs of weak normalization and confluence for the
system. Jay [Jay91], motivated by category theory, showed strong normalization
and confluence for a calculus with products and a natural numbers object (sup-
porting iteration), assuming that all types are inhabited. Independently Cubric
[Cub92] repaired some errors in Mint’s proof and gave applications in category
theory. Akama [Aka93] has recently shown strong normalization and confluence
for the general expansion lambda calculus with products.

Let us say that a calculus has sums if there are types behaving as weak sums
(in the category-theoretic sense), but not necessarily an empty type (initial ob-
ject). Gandy [Gan80] proved termination for a typed lambda calculus with sums.
The present author [Dou90] and independently Okada and Scott [OS91] showed
strong normalization for a calculus with products, coproducts and primitive re-
cursion (with contracting reductions). Most recently, and independently of the
present work, Di Cosmo and Kesner [DK93b] have investigated the calculus with
products, sums, and full recursion (using fixed-point operators), orienting the re-



ductions as expansions, and proved strong normalization and confluence. It is
remarkable that so much (independent) recent work has investigated expansions;
note that the only difference between the subject of present paper and that of
Di Cosmo and Kesner is our use of true coproducts. The techniques are quite
different, however. We recommend [DK93a] for a very careful analysis of some
of the subtleties involved in these systems, with all details provided.

In the Girard/Reynolds polymorphic lambda calculus standard data types
such as pairs, sums, and lists are definable implicitly, and of course that calculus
is known to be terminating. But the “uniqueness” equations which characterize
pairs and sums as categorical are not theorems of that calculus, so those results
will not apply here.

We will assume familiarity with standard notation and results in the A-
calculus [Bar84] and rewriting [DJ91].

2 Preliminaries

Definition 2.1 Fix a set of base types, including at least the types 1, 0, and N.
The set of types is the closure of the set of base types under the constructions
(Ax B), (A+ B), and (A— B).

For each type T, fix an infinite set of explicitly typed variables and an arbi-
trary set of free constants.

The set A of terms is the closure of the variables and constants under the
following constructions (write ¢:7" to assert that ¢ is a term of type T):

I. Introduction terms

Az.b:A— Bwhen z:aand b: B
[fl fg] Z(A1 + Ag)—)B when f1 ZAl—)B and fg ZAQ—)B

0:0—- A
(a1, as) : Ay x Ay when a: Ay and b: A,
.1
o;d: Ay + Ay when d: 4;, i€ {1,2}
0:N

succn: N when n: N
II. Elimination terms
fa:B when f:A—> Band a: A
mip: A; when p: Ay x Ag, i€ {1,2}
rec fan: Awhen f: N—>A—A a:A andn: N

The rec constructor builds primitive recursive functions.

We have abused notation here by not decorating the constructors with type
information. For example, the type of ¢;d cannot be inferred from the type of d
with our notation, but this should never cause confusion.

Introduction terms (so designated because they correspond to logical intro-
duction rules under the Curry-Howard isomorphism) will be referred to as I-
terms . A numeral is either 0 or (succn) where n is a numeral. The size of a type
or term is the number of operations used in constructing it. The substitution of
term a for variable z in b is denoted b[z := a].



In the concrete syntax parentheses will suppressed whenever possible (under
the usual conventions that the function-space constructor associates right and
term application associates left), terms will be considered identical if they differ
only by renaming of bound variables, and type information will be omitted if it
can be easily inferred.

When h i1s a function with domain A; + A, we will often have occasion
to consider its respective “summands” with domains A;. We intend to expand
abstractions h:(A; + A2) = B to an explicit sum of their summands. To avoid
creating loops, we define the following notions.

Let h: (A1 + As)— B. For i € {1,2} we define h-o;: A;— B by:

1. if h= [hy h3] then h-o; = hy,
2. if h = Az.b then h-0; = Az bz := (0525)],
3. else h-o; = Az;i.h(o25)].

For function f and argument a we define fla by:

1. If f = Az.b then fla = bz := a],
2. otherwise fla = (fa).

Definition 2.2 The relation E is generated by the substitution instances of the
following axioms and rules of inference. An equation is, by definition, given by
a pair of terms of the same type.

I. Computational axioms:

(B) (Az.bya = bz := a]

()  [fi fol(oia) = fila, i€{1,2}
(m) mi{ty, to) =t;, 1€{1,2}
(rec) rec fa0 = a,

rec fa(succ s) = fs(rec fas)
I1. Uniqueness axioms:

n) f = Az.fz (z not free in f)
+!) h = [h-o1 h-og]
) (prlp, prap)
|
)

(
(
(x) p=
1Y u
(o) f

The equations provable in this theory are precisely those obtained by omitting
the first three uniqueness axioms and adding the following rules of inference to
the primary axioms:

— From (fz) = (gz) infer f = g, when z is not free in f or A.
— From g(o121) = h(o1z1) and g(oaz2) = h(oaza) infer g = h.
— From mp = m1q and map = maq infer p = q.



The rule for the sum ensures that the meaning of a term g of type (A1 + A2) =
B is determined by its action on terms from A and from B. This is the sense
in which the sum type i1s “categorical”; a similar remark applies to for product

type.

Definition 2.3 The reduction relation R® is obtained by orienting each equa-
tion in Definition 2.2 from left to right.
Write a = b to indicate that a reduces to b under R®.

Certainly R® generates E, in the sense that E is the least equivalence relation
containing R*. But R® is clearly not strongly normalizing. For example, the
“expanding” reductions corresponding to the uniqueness axioms can be applied
indefinitely, the the terms fa and (Az.fz)a reduce to each other, and (n) and
(4!) can alternate to produce an infinite reduction sequence. The reduction we
will be most interested in is obtained by imposing the obvious (local) restrictions
to prohibit these chains and loops:

Definition 2.4 The reduction relation R is obtained by orienting each equation
in Definition 2.2 from left to right and adding the following constraints:
in (n): f is neither of the form Ay.b nor of the form [f; f2] and
the reduced occurrence of f is not applied to an argument,
in (+!): A is an abstraction,
in (x!): p is not of the form (p1, p2) and
the reduced occurrence of p is not the subject of a projection,
in (11): ¢ is not *,
in (01): f is not O.

Write a — b to indicate that a reduces to & under R. We abuse notation
by using the same notation to refer to an equation and to the R-rule which it
induces.

Proposition 2.5 The relation R generates E.

Proof. It suffices to show that if a == b while a — b fails then a —» b, by
induction on the size of a.

If the reduction is one of (x!), (1!), (0!), or an (n) whose redex isnot a [f1 fa]-
term, the argument is easy. Suppose a = C[[f1 f2]]| = C[Az.[fr f]z] = b.
Then b reduces to C[[Az1.filz1 Aza.fo'xs]], and it is easy to check that each
Az;.f;i'z; «— f;, possibly using the induction hypothesis at term f;.

Finally suppose that b is obtained by (n)-expanding a non-abstraction h.
If h is an explicit sum of functions, a = b, so consider a = C[h] reducing to
b= C[[Az1.h(o121) Azs.h(o2z9)]]. Then C[Az.hz] 4 a by induction the hy-
pothesis, and C[Az.hz] reduces to b directly. o

The restrictions on the expansion rules have the unfortunate consequence

that the reduction is not closed under substitution. We will have to be careful
about this in certain places below.



Lawvere [Law69] has pointed that one can do propositional logic in a bicartesian
closed category and so cannot postulate fixed points for all maps. It will be useful
to sketch the argument here. Fix any type A; the type B = A + A will play the
role of a boolean type, in which elements of the form o4 and o5v play the roles
of “true” and “false” values, respectively. For any T' define

not : B— B = [Aza.(0222) Azy.(0221)]

and
if :B>T—T—T = Azzy. [Ke Ky z,

where K abbreviates Auv.u. Then
not oyu —> ogu, notoyu—oqu, if (oru)zy —» z, and if (oav)zy —> y.
A weak form of equality-testing is provided by the term
tst : B> B—=>T—>T—>T = Auvey.if u(if vey)(if vyz).
Then
tst (oya)(oib)zy —» x and tst (0;a)(0;b)ry —» y when 1 # j.

None of the above constructions relied on the uniqueness equations for the
sum. But in the presence of +! the following holds of the function tst :

tst zzzy = x and tst z(not z)zy = y.

To prove this observe that Az.tst zzzxy and Kz have a common reduct, as do
Az.tst z(not z)zy and Ky.

If we now postulate the existence of fixed-point operators, so that every term
has a fixed point, let w be a fixed point of not. Then for any x and y,

tst wwzy = ¢ = tst w(not w)zy = y

and the theory is inconsistent.
The technique developed in section 4 will shed some additional light on this
situation.

3 Strong Normalization

In this section we show that every sequence of R-reductions terminates.

An individual term ¢ will be said to be strongly normalizing (in any of the re-
duction systems we consider) if every sequence of reductions out of ¢ terminates.
If a term is not strongly normalizing, we will say it is infinite.

Some preliminary observations will be helpful. It is not obvious even that
simple variables are SN, since non-base-type variables can undergo expansions.
On the other hand, if ¢ is an I-term other than an abstraction whose immedi-
ate subterms are SN, then ¢ is SN — it is straightforward to prove this using
the fact that root expansions never apply to such terms. The situation with
A-abstractions is more delicate, since they can undergo (+!)-reductions.

To handle abstractions we require the following notion.



Definition 3.1 Given a type T, the pseudo-variables PV(T) of T are the vari-
ables of type T, together with, in case T'= T1 + T4, the set
{O'Z'pi |pi € PV(TZ'), 1€ {1,2}}.

Lemma 3.2 Let U be a type such that PV(U) C SN. Then Ax.b:U—V is SN
provided {b[z :=p] | p € PV(U)} C SN.

Proof. Easy (use induction on U). o

Definition 3.3 The set of computable terms of type T is defined by induction
on 7. The term ¢ : T'is computable if ¢ is strongly normalizing, and if furthermore

. if t —» Az.b then for all computable a, b[z := a] is computable,
. ift —» [f1 f2] then each f; is computable,

. if t —>» (t1, t2) then t; and ¢y are each computable, and

. if t —» 0;a then A is computable.

[

Let CT denote the computable terms of type T, and set C to be |J{CT |
T a type.}

Tait [Tai67] originated the strategy of using an inductively defined predicate
such as computability to prove termination in the A-calculus. Prawitz [Pra70]
pointed out the possibility of basing a notion of computability, there termed
validity, based on I-terms rather than on E-terms (as Tait’s method is), having
observed that the latter approach breaks down when sum types are involved.
He proves termination of a certain calculus by a method based on I-terms but
slightly different from the definition above. The reductions in that calculus in-
clude “commuting reductions” for sum terms, inspired directly by proof the-
ory rather than computation, and do not include reductions corresponding to
“uniqueness” equations.

We will use the following observations about computability below. A term
of base type is in C precisely when it is SN. A non-abstraction I-term is in C if
all of its immediate subterms are in C — this submits to same sort of argument
as the corresponding remark about SN. The set C is closed under reduction, so
(since every computable term is SN) we will be justified in proofs by induction
over maximal-reduction-length for terms in C.

When t is SN, define ft to be the maximum length of a reduction path out
of t.

Notation 3.4 Let us call the rules arising from the uniqueness axioms ezpansion
rules. (Note that an “expansion” is still a reduction, as a rule in the calculus).
A root reduction of a is a reduction whose redex is a itself; a proper reduction
is one which is not a root expansion.

The following lemma establishes the key facts we need for the termination
proof. The importance of the second assertion in the lemma was highlighted by
Girard in his proof of termination for the A-calculus with polymorphic types.
The crucial point here is the restriction to proper reductions.



Lemma 3.5 For each T':

1. Az.b:T is computable if for all computable a, the term blxz := a] is com-
putable,

2. ift:T 1s not an I-term and if each proper one-step reduct of t 1s computable,
then t 1s computable,

3. PV(T) CC,

4. mip: T 1s computable if p i1s computable, and

5. if f : T is computable then for all computable a, (fa) is computable.

Proof.

The proof is by induction on 7', and it importanmt that we prove the clauses
in the order stated.

Clause 1. Write T' = U =V, so that z:U and b:V. First note that Az.b is
SN by Lemma 3.2, using (3) at type U.

Next, suppose U = Uy + Uy and Az.b —» [Az1.b1 Azs.bs]; we want to show
that each Az;.b; is computable at type U; — V. Without loss of generality
the reduction must have begun with a (4+!)-reduction, and so, since C is closed
under reduction it suffices to consider the case where each b; is b[z := o;2;]. By
induction, it suffices to show that for each d € CY:, b;[z; := d] is computable;
but this is simply b[z := 0;d], computable by assumption on b.

Finally, we wish to show that if Az.b —» Az.c then for any computable a,
¢[z := a] is computable.

Let us introduce the notation CY for the set of terms ¢ such that ¢[z := a] €
CY whenever a € CY (remember that z:U).

Now suppose we can show that for a € CY, (Az.b)a € CV. Then we can
simply observe that (Az.b)a —» (Az.c)a —> c[z := a]. We concentrate, then, on
showing (Az.b)a € CV.

We may use (2) at type V, and be content with showing that all proper
reducts are computable. Furthermore b and a are SN, and so we may argue
by induction over $b + fa, provided we know that CY is closed under reduction.
The reducts are of the form (Az.b')a, (Az.b)a’, or bz := a]; the first two are
computable by induction hypothesis, the latter by assumption on b. But it is not
clear that €Y is in fact closed under reduction. The remainder of the argument
is devoted to verifying this.

Consider a reduction b = Clu] — C[u’] = ¢ in which u is the redex. To
argue that ¢ € €Y, choose a computable term a to replace = in ¢; we want
c[z :=a] € CV. Now b[z := a] € CV, and if b[z := a] — c[z := a] we can simply
use the fact that C is closed under reduction. Of course, b[z := a] — c[z := a] will
not hold if one of the expansion-restrictions is violated. So we restrict attention
to this situation.

Now (since b = Clu] — C[u] = ¢) the way in which b[z := a] — ¢[z := 4]
can fail is for a restriction as to the form of the redex to be violated . Indeed,
it must be the case that u is in fact the variable z, the original b — ¢ was
an expansion of z, and the term a was either x, O, (a1, as2), Ay.d, or [f1 fa],
according to the expansion rule.



We claim that the expansions a’ of a are themselves computable and that
a’' —» a. If so, then b[z := d'] is computable by assumption on b, and c[z := q]
is either b[z := a'] or (in case there are occurrences of z other than as the redex
in b) obtained by reduction from b[z := a’]. Then we are done.

Actually, in case a = %, a = O, or a = [f1 f2] we have a = a’ and there is
nothing to prove.

Taking the other cases in turn (note that a has type U and so we may
invoke the current Lemma there): if a = (a1, a2) the corresponding expansion
is (m (a1, a2y, m2{a1, az)).But thisis computable by part (4) and the remarks
following Definition 3.3. If a = Ay.d the corresponding expansion is Az.(Ay.d)z,
and this is computable by (1) and then (5). The fact that o’ —» a is easily
verified.

Clause 2. Since t is neutral, it is clear that if every one-step reduction of ¢
were computable, then ¢ would be computable. So it suffices here to show that
each 1-step root expansion of ¢ is computable. When T' is either a base type or
a sum, there is then nothing to prove.

When T'= T x Ty we consider the term (mit, mat) . It suffices to show that
each m;t is computable. By the induction hypothesis it suffices to show that an
arbitrary proper reduct of m;t is computable. Since ¢ is not an I-term such a
reduction is of the form m;t/, where t — ¢’ via a proper reduction by the context
restriction on expansions. Thus ¢’ is computable by hypothesis on t. Part (4) at
type T; then tells us m;t’ is computable, as desired.

When T'= U — V we consider Az.tz. By (1) it suffices to see that for a € €Y,
ta € CV. By (2) at type V we may examine the proper reducts and induct over
fa. But since t is neutral the argument is easy.

Clause 3. When T is a base type, use (2) together with the fact that there
are no improper reductions out of a base-type variable. Otherwise use the fact
that the pseudo-variables are generated by the o; contexts, which preserve com-
putability.

Clause 4. Induct on fp. By (2) it suffices to show that each proper reduct
of m;p 1s in C. There are two forms such a reduction can take. One is a proper
reduction p — p’ inside of p, which yields m;p’, in C by the induction hypothesis.
The other is a root reduction, in case p = (p1, pa2), yielding p;, which is in C
since p was.

Clause 5. Induct on §f + fa. Invoking (2), we examine the proper reducts
of fa; non-root reductions submit to the induction hypothesis. There are two
possible root reductions, in the cases f = (Az.b) and f = [f1 f2]. In each case
the result is computable by hypothesis on f.

Corollary 3.6 If f, a, and n are each computable then rec fan is computable.

Proof. It suffices to show that all proper reducts are computable; we show this by
induction on {f +fa+fn, with a secondary induction on the length of the normal
form of n. The only interesting reduction is rec fa(succ n) — fn(rec fan). The



last argument is computable since the normal form of n is smaller than the
normal form of suce n, now use (5) of the previous Lemma. o

Theorem 3.7 R s SN.

Proof. It suffices to show that each term is computable. Using the standard
trick, define CV%"* to be the set of all substitutions # such that for every z,
fz € C; and let C* be the set of terms ¢ such that for all # € V"¢ 6t € C. We
show that all terms ¢ are in C* by induction on ¢. This suffices since variables
are computable and thus the identity substitution is in V%%,

Choose 6 € CV%"*. When t is a variable 6t € C by definition of C*; when t is
a constant #¢ =¢, and so is in C by Lemma 3.5 (2).

When t = Az.b then (since we may assume that z is not in the domain
of §) 6t = Az.fb, and by Lemma 3.5 it suffices to show that for any a € C,
bz := a] € C. But b[z := a] is 6'b where ¢/ = 6 U {x — a}, and this is a
substitution in CV%"*. So by the induction hypothesis for b, b[z := a] € C as
desired.

In every other case, the substitution # filters down to the immediate subterms
of ¢ and the result can be seen to be computable by invoking the induction
hypothesis and applying Lemma 3.5 or the remarks following Definition 3.3. o

Corollary 3.8 When there are no constants other than 0, every closed term
reduces to an I-term.

Proof. By induction on terms; by strong normalization it suffices to show that
no closed non-I term is irreducible. The argument is straightforward. o

4 Confluence

Proposition 4.1 When there are no constants other than 0, R is confluent on
closed terms of base type.

Proof. It suffices to show that closed base-type normal forms are equal only
if they are identical. But the terms in question are the numerals, and the full
set-theoretic type hierarchy generated by the standard natural numbers provides
a model for the equality theory, so distinct numerals can never be proved equal.

o

Remark 4.2 R is not confluent.
Proof. Let z: A+ A and observe that
r = [Az1.(o121) Aza.(o2z2)]

is provable in E, but each term is irreducible (if A is not a sum).
Abstracting over x gives a closed example. A similar example shows that the
presence of rule (0!) also blocks confluence. o



We are led to consider the theory of sums, obtained by deleting equations
(4+!) and (0!). The natural step in constructing a corresponding reduction system
is to use R without (+!) and (0!) rules. We can further and relax the restriction
on (n) by allowing the redex to be be an explict sum of functions.

In fact, rule (+!) was used in demonstrating that

[fi fo] =Xz [fi fo]=

was admissible in the theory generated by R, so we must relax the restriction on

().

Definition 4.3 The equational theory E™ is generated by the axioms of Defi-
nition 2.2 with (4!) and (0!) omitted.

The reduction relation R” is obtained by orienting each equation in E™ from
left to right. Write @ = b for this relation.

The reduction relation R™ is generated by the rules of Definition 2.4 with
(4+!) and (0!) omitted, and with the first restriction on rule () revised to read

simply “f is not of the form Ay.b”. Write a — b for this relation.

It is not hard to see that R™ generates E~. The main results of this section
are that R™ is confluent and furthermore remains confluent when fixed-point
operators are added.

The technique makes use of the strong normalization of R™, but this does
not follow from the results of the previous section since R™ is not a sub-system
of R. The proof is a slight modification of the arguments of the last section, so
we will just give an outline:

Theorem 4.4 R~ is SN.

Proof (outline). The analogue of Lemma 3.2 is the easy observation that Az.b
is SN if b is — abstractions undergo no expansions in the present system. The
definition of computable terms is precisely the same as in Definition 3.3, and most
of the remarks about the computability of I-terms still hold, with the exception
that it is no longer clear that [f; f2] is computable when the f; are (such terms
may now enjoy root (1) expansions).

So we add this as a final assertion in the main Lemma. Clearly [fi fo] is
SN. The argument will reduce to showing (since [fi fa] — Az.[f1 fo] z) that
for computable a, [f1 f2]a is computable. A routine application of (2) suffices.

o

The system R™ has better substitutivity properties than R.

Proposition 4.5 1. If a=>b then either a—b or b—» a.
2. Ifa—a’ then for allt t[x = a] and t[z := a'] have a common —» -reduct.
3. Ift —1' then for all a, either

(a) tlx .= a]—t'[x ;== a] or

(b) t'[z = al —» t[z := a].



Proof. Part (1) is an easy examination of cases. For (2) first note that if a — o’
then a = a’. Since there are no restrictions on R™ it is easy to see that [z :=
a] = t[z := a'], by rewriting the various occurrences of a to a’. Now use (1),

but note that the direction of the — -reductions may be different for different
occurrences of z. Part (3) is similar, and easier.

Theorem 4.6 R~ is confluent.

Proof. It suffices to establish local confluence. Since R~ must obey context
constraints we cannot, a priori, restrict attention to finding common reducts for
the critical pairs. We proceed by induction on terms ¢ to show that

If t — u and t — v then there exists w such that u —» w and v — w.

First consider the case in which t —u is a root expansion. If { —u is
t — Az.tx then, writing ¢’ for v, note that ' — Az.#'z and that Az.tz —= Az.t'x.
Proposition 4.5 yields the desired w. The case of a (x!)-expansion is similar.

We may assume then that neither t — u nor ¢ — v is a root expansion. If
t 1s an I-term it is easy to construct a common reduct of u and v. The other
cases are straightforward unless t = fa, u is f’a and v is fa’. Here consider the

term f’a’. We can be sure that f'a — f’a’ since there are no context restric-

tion on rewriting an argument; the fact that fa’ = f'a’ and an application of
Proposition 4.5 yield our w.

We are left with the case in which u is obtained by a root non-expansion from
fa. We discuss only the case fa = (Az.b)a — b[z := a] = u. The two possibilities
for v are (Az.b')a and (Az.b)a’; these reduce, respectively, to b'[z := a] and
b[z := a']. A final application of Proposition 4.5 completes the proof. o

We conclude that the unrestricted system is confluent as well:
Corollary 4.7 R” is confluent.

Proof. R and R™ generate the same equational theory, and R™ is a subsytem

of R™. o

Motivated by the interpretation of A-calculi as theories of programming lan-
guages, we next consider the consequences of adding fixed-point operators to A.
As described in section 2, adding fixed-point operators to E yields an inconsis-
tent theory, so we certainly cannot expect confluence there. We again turn to
E™.

It is easy to see that adding fixed-point operators to E™ yields a consistent
theory — indeed the familiar category of complete partial orders (with either
separated or coalesced sums) is cartesian closed (but not bicartesian closed) and
so provides models. But a confluence result gives more information, of course.
As described in the introduction, the traditional system for products and fixed
point fails to be confluent. We show now in contrast that R~ with fixed points
added remains confluent.



Definition 4.8 Assume that for each type T other than 0 there is a distin-
guished constant ¢p : (T'— T) — T. The reduction system R¥ is obtained from
R™ by adding the following rules:

(¢) erf-5 Flerf).

For emphasis, when fixed-point constants have been distiguished we designate
the set of terms by A¥. We will henceforth supress the type subscript on the @r.

We will analyze the behavior of this new calculus by simulating the fixed-
point operators by operators providing bounded recursion. This technique ap-
parently originates with Lévy, and was used by Poigné and Voss [PV87] (I am
indebted to Roberto Di Cosmo and Delia Kesner for this reference).

Definition 4.9 Assume that for each type T other than 0 and each natural
number n there is a distinguished constant ¢%.: (T'— T) = T. The reduction
system R¥ is obtained from R~ by adding the following rules (omitting, as
usual, type tags):

n n # n
(") " ("))
In this setting we will designate the set of terms by A#.

Lemma 4.10 R¥ is SN and confluent.

Proof. We can code the " as terms 7 in the ordinary R™ system by letting ©0
be an arbitrary free constant and ¢”*! be Af.f(¢” f). Then a reduction in R#
induces a corresponding reduction in R™, hence is finite. Note that there were
no restrictions on the set of free constants in the SN proof.

For confluence, it suffices to check local confluence (observe that a naive
argument based on the coding above will not suffice). The argument is just
as for the proof of Theorem 4.6; the additional cases due to the ¢” cause no
difficulty. o

We now show how to lift the previous result to obtain CR for the pure R?
system.

Definition 4.11 Given t from A# the erasure |t| of ¢ is obtained by replacing
each occurrence of a ¢” by ¢.

It is easy to prove an “erasing lemma” showing that if ¢ —#4 5 then t] =<5 |s].

The following “lifting” lemma shows that any computation can be simulated
by the bounded recursors. Say that the index of a term in A# is the least n such
that some ¢" occurs in the term (or 0, if no ¢" appear).

Lemma 4.12 Lett € A# have index k and suppose that

[t| <<% u in no more than k steps.

Then there exists s € A such that t —2» s and |s| = u.



Proof. It suffices to consider a 1-step reduction under the hypothesis that & is
at least 1, provided we show that in this case the index of the resulting s is at
least k — 1.

But s can be determined by applying the same reduction (in the obvious
sense) out of ¢ as the given reduction out of |t|. Specifically, (and assuming for
the sake of ease of notation that the given reduction is at the root of ¢) the
relevant fact is that if [¢| is of the form 6l where [ <% r is one of the rules of R?,
then ¢t will be of the form ¢!’ where the erasures of I’ and ¢’ (pointwise) are !
and 6. The term s will then be #’r. It is clear that the index is either unchanged
or diminished by one.

It is just here that we use the fact that all of our reduction rules are left-linear.
For example, if the rule for surjective pairing were oriented as {(m1p, map) —p
then the left-hand side could arise as the erasure of a term ¢ without ¢ being a
redex. o

Theorem 4.13 R¥ is confluent.

Proof. Suppose a AN by and a 2y bs; we seek ¢ such that by s cand b “Zye.
Let n be the maximum of the lengths of the given reductions, and construct
a# € A# from a by replacing each occurrence of ¢ by ¢".

By the lifting lemma there are b-f& and bf such that a# 3 b-f and a# bf
and |b¥| = b;.

By the confluence of R¥ there is a ¢# such that for each i, bft Fy ot Apply
the erasing lemma to produce |c#| as the desired c. o

Corollary 4.14 Adding fized-point operators yields a conservative extension of

E™.

[m]

As a final note we reconsider the original theory E. The construction above
strengthens Remark 4.2 by showing that no ground confluent left-linear reduc-
tion system can be constructed for a functionally complete theory of coproducts,
without some restriction on the free constants allowed. If such a system existed,
we could build in the bounded recursors, show preservation of confluence in the
presence of true fixed-point operators, and derive the above Corollary for the
full theory. But the argument in section 2 shows that this is a contradiction.
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