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Abstract. A lambda term is k-duplicating if every occurrence of a
lambda abstractor binds at most k variable occurrences. We prove that
the problem of higher order matching where solutions are required to
be k-duplicating (but with no constraints on the problem instance it-
self) is decidable. We also show that the problem of higher order match-
ing in the affine lambda calculus (where both the problem instance and
the solutions are constrained to be 1-duplicating) is in NP, generalizing
de Groote’s result for the linear lambda calculus [4].

1 Introduction

A lambda term is called linear if every bound variable occurs in it exactly once.
In [4] de Groote defined linear higher order matching as the problem of decid-
ing if there are linear solutions of a matching problem M =" N, where both
terms M and N are also linear, and showed that this problem is NP-complete.
This relatively low complexity suggests that this is a quite restricted version of
matching. Although de Groote’s definition is well-justified by applications he is
concerned with, nevertheless it seems interesting to consider another version,
which also may be called linear, but which consists in deciding if there are lin-
ear solutions of an arbitrary rather than linear matching problem (incidentally,
Levy [5] defined this way an analogous notion of the linear second order unifi-
cation, by insisting on linearity of solutions, but allowing to use arbitrary terms
in problems). This new linearity condition is much less restrictive than that of
de Groote, since the new problem inherits the full complexity of S-reduction, and
the best known lower bound for general matching also holds for it: the problem
is non-elementary (see 1.1).

In the present paper we show decidability of this new version of matching.
In fact we show that a rather more general problem is decidable. Say that a
lambda term is k-duplicating if every bound variable occurs in it at most k times
(Definition 2). We prove that, for any fixed k, a complete set of k-duplicating
solutions of an arbitrary matching problem is always finite, and the problem of
finding such a set is decidable.

Finally we strengthen slightly de Groote’s result in the following way. Say
that a term is affine, if it is 1-duplicating (an affine function may, as linear
one, use its argument once, but it may also forget it). Using tools developed in
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the paper we are able to replace “linear” with “affine” in de Groote’s theorem
and prove that the problem of deciding if an affine matching problem has affine
solutions is in NP (thus is NP-complete).

All of our results apply to matching under S-equality as well as Sn-equality.
The k-duplicating matching is especially appealing in the A8 calculus, since it
turns out to be quite general decidable approximation of S-matching, which has
recently been shown to be undecidable [6]. On the other hand the decidability
of k-duplicating matching in #n-calculus sheds no light on the status of the full
problem in this setting, which is still open.

There have been several other attempts to define some restricted variants of
matching, for which decidability could be proved. The most successful include:
bounding the order of solutions by 3 [3], 4 [9, 10, 1], or (in special case) by 5 [12],
and restricting the signature to the first order (atomic) constants [8] (requiring
at the same time that both sides of an instance are of base type). From the other
hand a similar approach to ours has been applied to the problem of higher order
unification [11].

1.1 Lower Bounds

To put our results in perspective it may be useful to recall that all of the vari-
ants of matching thus far studied in the full lambda calculus are non-elementary,
since a straightforward reduction to the problem of checking S-convertibility [14]
can be applied to them as well. We shall briefly recall this argument here. It is
well known that the problem “given a closed pure term M of type 0> — o,
is it true that M g, Azy.x?” is non-elementary [13,7]. Since it is required
that both terms M and N in the matching problem M =" N should be in
normal form, we cannot just write the equation M =" Azxy.x. However we may
easily reduce this problem to matching in the following way: replace any re-
dex (\z;.P;)Q; in M with a term f;(Az;.P;)@; obtaining this way a term M’,
which does not contain redexes, where f; are “fresh” variables of appropriate
types. Write equations f; =" Azy.zy together with M' =" Azy.xz. If one in-
sists on having a single equation instead of a set {M; =" N;}7_,, it suffices to
transform it to Az.zMy ... M, =" Az.zN1...N,. The only solution of the set
{fi =" Azy.xzy}; is a substitution 8 = [f;/A\xy.zy];. Since M'8 =53 M, the whole
problem has a (unique) solution 6 if and only if M =3 Azy.z, which turns out
to be non-elementary. The solution € is linear. Of course M is not linear. In case
of a nonempty signature it is sometimes required that both sides of a matching
equation are of base type o. Suppose that the signature contains two constants 0
and 1 of type o. Then a reduction from the problem of checking if M =35, Azy.x
to matching proceeds as follows: write a term M 10, “hide” all S-redexes using
fresh variables f; obtaining a term M’, then write the equation M’ =" 1 together
with equations f;(Az.z)0 =' 0 and f;(Az.z)1 =" 1. Again the only solution of
the last pair of equations is the substitution [f;/Azy.zy]. Recall, that a matching
problem is atomic if all right hand sides of equations are single constants of type
o. Atomic matching is decidable [8]. Thus pure as well as atomic matching with
linear solutions is non-elementary. Hence also pure and atomic k-duplicating, for
any k > 1, as well as general matching is non-elementary.



2 Preliminaries

Let T be the set of simple types built over one base type o and given by the
following grammar: T ::= o | T — T. We assume that — associates to the right,
and omit parentheses whenever possible. Small Greek letters o, 7, p, etc., denote
arbitrary types. The notions of size and order of types are defined as usual:

o] =1
o = 7| =1+ |o| + |7

order(o) =1
order(c — 7) = max(order(o) + 1, order(7))

Let (X, type(+)) be a set of variables together with a function type : X — T,
which assigns a unique type to each variable z € X. We assume that there are
infinitely many variables of each type. Similarly let (X, type(+)) be a collection
of constants. The set X' is sometimes called a signature. This set may be empty,
finite or infinite (we say, that the lambda calculus is pure, if X' = (), and atomic,
if type(c) = o for all ¢ € X). We use small Latin letters z, y, z, etc., to denote
arbitrary variables, and a, ¢, f, etc., to denote arbitrary constants.

Let X, = {z € X | type(z) = o} and X, = {c € ¥ | type(c) = o} be
sets of respectively variables and constants of type o. For all types o € T we
simultaneously define sets A" of lambda terms of type o to be the smallest sets
satisfying the following conditions:

1. X, C A,
2. ¥, CA,
3.iffze€X, and M € A, then \a.M € A, _,

4. if M € A, and N € A, then MN € A .
We use capital letters M, N, P, @, etc., to denote arbitrary terms. If M € A,

we sometimes write type(M) = o or M : o. The size of a term is defined induc-
tively: 2| = 1
e[ =1
IMN| =14 |M|+ |N]|
Ao M| =1+ |M]|

An address is a sequence p € {0,1}*. Empty sequence is denoted by e. A
subterm MY, of a term M at address p is defined as follows:

MI, =M
()\.’L‘M) rOp = pr
(MyM>)lop = Mil,

(MyMy) 1y, = Mal,

We say that an address p is valid in a term M, if M|, is well defined. Note that

(M fp)[q = M],,, where pq is the concatenation of sequences p and gq. We say



that a term N is a subterm of M, and write N C M, if there exists an address p,
such that M, = N. The result of the substitution of a term N at address p in
a term M, providing that p is valid in M and type(M[,) = type(V), is a term
MIp[N] obtained by replacing a subterm at address p in M with N. Similarly
we define a simultaneous substitution M [p;[N;]¥_, providing there are no two
addresses p; and p;, such that p; is a prefix of p;. The set Occ(x, M) of free
occurrences of a variable z in a term M is the set of all addresses in M at which
Z occurs as a free variable. The set FV (M) of free variables of a term M is the
set of those variables, which have at least one free occurrence in M. A term M
is closed, if FV(M) = 0. The substitution M[z/N] of a term N for variable x
in a term M, providing that type(z) = type(NN), is the result of substitution
of a term N at all free occurrences of variable  in M. Similarly we define the
simultaneous substitution M [z;/N;]™ ;.
As usual we consider - and n-reduction rules:

(Az.M)N > M[z/N] Ay My >, M

for any variables z,y and terms M, N, such that y ¢ FV(M). A binary relation
Ron A is monotonic, if for every every terms M, N, P, ), and variable z, such
that M RN and PRQ, there is (M P)R(NQ) and (Az.P)R(Az.Q)). The one step
B-reduction — 3 is the monotonic closure of >3, the one step n-reduction —, is
the monotonic closure of [>,, the (many step) S-reduction *+4 is the monotonic,
reflexive and transitive closure of [>g, and the (many step) An-reduction g, is
the monotonic, reflexive and transitive closure of >g U >;. The two relations
-3 and %, lead to two slightly different lambda calculi.

A term M is a B-redex if it is of the form (A\x.M7)Ms; a term is in S-normal
form if it contains no S-redex. A term M is in 7j-normal form (called also 7-
long form), if for every address p in M, such that MT, is not an abstraction,
and type(M[,) # o, there is p = ¢0, and M|, is an application. f7-normal
forms are unique modulo f7-conversion and are closed under substitutions and
B-reduction.

A B-reduction sequence is a sequence of terms (M), such that M; —g
M;yq1 for i = 0,...,n — 1. We say that this reduction sequence starts at My,
leads to M,, and has length n.

We say that a term M is an instance of N, and write M > N (or say, that N
is a generalization of M, and write N < M), if there exists a substitution 6, such
that M = N@. The relation < is a partial preorder on terms (i.e., is reflexive
and transitive). Even though < is not an order (is not weakly asymmetric),
the notions of the smallest and greatest elements, lower and upper bounds, and
suprema and infima of sets of terms with respect to < are well defined. Unlike
for order relations, these elements are usually not unique (but they are unique
modulo renaming of free variables).

Lemma 1 (basic properties of the instance relation).

1. Every nonempty set P C A of terms has an infimum, inf P. In particular,
the set of the smallest elements in A, coincides with the set of variables X,.



2. If o nonempty set P possesses an upper bound, then it has a supremum,
sup P.

3. If My < Ms and p is a valid address in My, then p is a valid address in M,
and My [, < Mal,.

4. If there exists a substitution 0, such that M0 = Ms, and N10 = N», and p
is a valid address in My, then p is a valid address in My, and M;[p|N1] <
Ms[p[N>].

5. If there exists a substitution 0, such that M160 = My, N10 = Ny, and x ¢
Dom(#), then M1 Ny < M3Ns, and Ax. My < Az.M,.

6. If My < Ms (with additional proviso that there exists substitution 0, such

that M16 = My and every x € Dom(#) occurs at most once in My ), and p is

a valid address in My but not in My, then My < Ms[p|N] for any term N.

IfFV(M) =0 and M < N, then M = N.

If M <N, and MY, is a B-redez, then N|

If M < N, then |M| < |N]|.

If M = sup{N;}r_,, where for each i there exists a substitution 0; such

that N;6; = M and every x € Dom(6;) occurs at most once in N;, then

M| <1—k+ 35, N

p 15 a B-redex.

S © ™=

We define a similar instance relation for substitutions: we say that a substitution
01 is at least as general as 02, and write 61 < 65, if there exists a substitution p,
such that 62 = 61p (i.e., if 6; < x6, for every variable x € X).

2.1 Higher-order matching

Higher-order n- (resp. 5-) matching is the following problem: “Given two terms
M and N of the same type, in 37- (resp. 3-) normal form, where N is closed,
usually written in the form of equation M =" N. Is there any substitution 8
for free variables in M, where all terms z6 for x € FV(M) are in 87- (resp. 5-)
normal form, such that M0 =3 N?” We say, that 8 is a solution of the instance
M =" N. There is a subtle difference between those two variants of matching [6].
In particular it is known that S-matching is undecidable, while decidability of
Bn-matching is still open. The results of the present paper apply to both variants.
A set S of substitutions is a complete set of solutions of a matching problem
M =" N, if for every § € S and every §' > 6, the substitution 8’ is a solution of
M =" N, and for every solution ' of M =* N there exists a substitution 6 € S,
such that 6 < 6'.

It is not the case that if a matching problem M =" N has a solution then
it has a closed solution, since, depending on the signature X', the types of some
of the free variables of M may not be inhabited. This motivates the following
definition and lemma.

Definition 1. A term is almost-closed if its free variables (if any) are all of base
type. A substitution 0 is almost-closed if each 0(x) is an almost-closed term.

Lemma 2. If a matching problem has a solution then it has an almost-closed
solution.



Proof. If 0 is a solution to M =" N and 6(z) has a variable v : 7 free then we
may choose some base-type variable z and replace v by the term Ay; ...yn.2 : 7;
since v does not occur in NV this is obviously still a solution.

3 Decidability of k-Duplicating Matching

Definition 2. A lambda term is k-duplicating if for every subterm N C M,
such that N = M\x.P, there are at most k free occurrences of ¢ in P, i.e.,
| Oce(z, P)| < k.

In this section we show the decidability of k-duplicating matching, that is,
matching with no restriction on the problem instance but with the constraint
that solutions must be k-duplicating. It will suffice to show that we can, given
a matching problem, effectively generate a finite set of terms which includes all
the potential k-duplicating solutions to the problem.

The essential insight is that for each k there are in fact only finitely many
pure k-duplicating normal forms at each type (independently of the matching
problem). When the given matching problem contains constants there is a slight
complication since we must allow for the fact that these constants may occur in
solutions. But Lemma 3 below shows that we can bound the number of occur-
rences of constants in potential solutions by inspecting the problem.

Definition 3. Let N be a normal-form term over the signature X and let c € X.
Then #(c, N) is the number of occurrences of ¢ in N.

Lemma 3. Let M =" N be a matching problem and let ¢ be some constant. For
both - and Bn-matching: if the matching problem has a solution it has an almost-
closed solution in which each solution term X satisfies #(c, X) < #(c, N).

Proof. For simplicity of notation suppose there is only one free variable z in M.
Let X be a solution, so that M[z/X] = N. By Lemma 2 we may assume that
X is almost closed.

Let us define the notion of a c-occurrence in X being relevant to the solution,
as follows. For each occurrence of ¢ inside of X choose some fresh constant of
the same type as c: let us call these new ones c!,...,c™. Build X' by replacing
the given occurrences of ¢ by the ¢! in X, and let N’ be the normal form of
M][z/X']. Obviously N' will differ from NV just in that some of the ¢ occurrences
in NV will now be certain c!. The original ¢ occurrences in X whose corresponding
¢t appear in N’ are declared to be the relevant ones.

Now: obviously no more than #(c, N) such ¢! will occur in N', so there are
at most this many relevant occurrences in X. If in X we replace the non-relevant
c-occurrences by an arbitrary term of the right type then we still have a solution.
If we replace each non-relevant occurrence by an almost closed term, say Ay.z
where z is some base-type variable, the lemma, follows.

Definition 4. Let o < 7 mean that order(c) is less than order(r) Let <* be the
multiset extension of <.



Definition 5. Given
M = Az1..Az,.B,

let || M|| be the multiset of types formed by including type T with multiplicity m
if T is not a base type and in B there are m occurrences of free variables or
constants of type 7.

Then write M<*N if |M|<*|N]|.

Note that in computing ||M|| we consider, in B, constants and the z; as well
as variables which are not among the z;. There should be no ambiguity in using
<* to refer to both the relation on type-multisets and the relation on terms. The
relations <* are well-founded [2].

Lemma 4. Let M = \x1 ... \xpn.h My - -- M, (where the atom h is either a con-
stant, one of the z;, or a free variable). Then M;<*M for all j.

Proof. Let the type M be 01 = -+ — 0, — o; let the type of M; be u;, for
1 <¢ < p;so that the typeof hispuy=p; = -+ = py, = 0.

Of course if h has base type then p = 0 and the lemma is vacuously true. To
verify the claim in the non-trivial case: let u; be §; = --- =+ dq = o.

In comparing ||M;|| with ||M]| we have lost one occurrence of y, the type of
h, and possibly added occurrences of the types d1,...,d4, due to the fact that
M; may have bound variables of these types (free in the matrix of M; but not
free in M). But each dy, is of lower order than p. This establishes the lemma.

The preceding is a general fact about all terms, k-duplicating or not. But the
hypothesis of k-duplication and bounds on the occurrences of constants permit
us to bound ||M||.

Proposition 1. Let w be a function assigning to each constant ¢ in X a non-
negative integer w(c). For each o and k we can effectively write down finitely
many terms M comprising all of the almost-closed B-normal forms of type o
which are k-duplicating and satisfy #(c, M) < w(c).

Proof. Let M : 01 — --- = 0, — o satisfy the hypotheses. Recall that base-
type variables do not figure in computing ||M||. Since M is almost-closed we
may observe that ||M]| is bounded by the multiset consisting of

— k copies of each ¢;, and
— for each constant ¢ of non-base type 7, #(c, M) copies of 7.

Together with the fact that <* is well-founded this means that we may effectively
bound the depth of all the M satisfying the hypotheses. This establishes the
proposition.

So we can solve the general k-duplicating matching problem by an exhaustive
search:

Theorem 1. The problems of k-duplicating B-matching and pn-matching are
each decidable.



Proof. Let problem M =" N be given. For each free variable z : 0 of M we may,
by Lemma 1, compute the set of almost-closed k-duplicating S-normal forms
X of type o satisfying #(c, X) < #(c, N) for each c. If we are considering 8n
matching we filter out those terms which are not in 7-normal form. By Lemma 3
this is a complete search procedure for candidates for a solution.

4 Complexity of Matching in the Affine Lambda Calculus

Definition 6. A lambda term is linear (resp. affine, a AI-term), if for every
subterm N C M, such that N = \x.P, there is exactly one (resp. at most one, at
least one) free occurrence of z in P, i.e., | Occ(z, P)| =1 (resp. | Oce(z, P)| < 1,
| Oce(z, P)| > 1).

Note, that the notion of affinity coincides with 1-linearity from our previous
investigations, and that a term is linear exactly when it is an affine A\I-term.
As opposed to AI-terms, arbitrary terms are sometimes called AK-terms. The
sets of linear, affine and AI-terms are closed under B-reduction (as opposed to
k-duplicating terms, for k£ > 2, which are not). Thus it is possible to investi-
gate theories of lambda conversion for such terms, and to consider the ordinary
problem of higher order matching in these calculi, instead of modifying the for-
mulation of the problem itself. Such variants of matching are less general than
the variant considered above, since we put restrictions not only on the form
of solutions, but also on the instances of the problem. One might expect, that
the complexity of such problems should be lower than that of the k-duplicating
matching. Indeed, de Groote [4] showed, that matching in the linear lambda
calculus is NP-complete. In this section we generalize his proof to the case of
affine lambda calculus.

Consider the following potential function:

S(M)= > |type(Az.Ny)|.
NCM
N=(Az.N1)N>

Lemma 5 (de Groote). If M is affine, and M —5 N, then $(M) > (N).

Proof. Suppose that M is reduced to N at address p, that is M, = (\x.P)@Q
and N = M[p[P[z/Q]]. In a reduction step (Az.P)Q >g Plz/Q)] all redexes
occurring in P and @) are left intact, and since x occurs in P at most once,
there may be created at most one new redex inside P as a result of substitution.
This new redex will be created if 2 occurs at active position (as an operator in
an application) in a subterm of the form zP’ and @ is a lambda abstraction.
Moreover the reduct P[z/()] may also occur in active position and if it turns
out to be a lambda abstraction, it will be a part of another new redex. Let
type(Az.P) = 0 — 7. Closing the redex (Az.P)(@ decreases the potential by
| type(Az.P)|, and adds to it at most |type(z)| = |o| plus |type(P[z/Q])| = |7|-
Thus B(N) < $(M) —| type(Az.P)| +| type(a)| + | type(P[r/Q]) = (M) — |0 —
7|+ |o| + || = (M) — 1.



Definition 7. We say that a (B-reduction sequence (M;)™, is variable-only-
forgetting, if for every i =0,...,m —1 and p € {0,1}*, if M;[, = (\2.P)Q >p
Mit1l,, and x € FV(P), then Q is a variable.

Since if z ¢ FV(P), then |(Az.P)y| = 3 + |P| = 3+ |P[z/y]|, and if x € FV(P)
and z occurs n > 0 times in P, then |P[z/Q]| = |P|+n(|Q|—-1) > |P|+|Q| -1,
so |(Az.P)Q| = |P| +|Q| +2 < [Plz/Q]] + 3, we have:

Lemma 6. If (M;), is variable-only-forgetting, then |My,| — |Mo| < 3m.

The next two lemmas state that every S-reduction sequence containing only
affine terms can be replaced with an equivalent (in some sense) variable-only-
forgetting sequence. The key idea is to replace any subterm that is forgotten
during reduction with a fresh free variable (which is allowed to be forgotten).

Lemma 7. For any B-reduction sequence (M;)™, containing only affine terms
and any term N' < M, (with additional proviso that there exists substitution
0, such that N'6 = M,, and every variable from Dom(8) occurs at most once in
N'), there exists a variable-only-forgetting reduction sequence (N;)7_, leading to
N', where Ng < My, and n < m.

Proof. In the whole proof when stating that M < N we will tacitly assume,
that there exists a substitution 6, such that M6 = N and every variable from
Dom(#) occurs in M at most once. The proof is by induction on the length m of
the reduction sequence (M;)™,. For m = 0 the conclusion is obvious. Suppose
that such a sequence (NV;)7_; exists for an arbitrary sequence (M;);Z; of length
m (for convenience we shifted indexes 7 and j by one), and consider a sequence
(M;), of length m + 1. Since My —p M, suppose that My is reduced to
M, at address p, that is Mo[, = (Az.P)Q >p Plz/Q] = Mi[,. By induction
assumption N; < Mj. If p is not a valid address in Ny, then Ny < My, by
Lemma 1.6. Thus (NN;)7_, is the desired reduction sequence. Otherwise we need
to find a new term Ny as shown in the following diagram:

MO —)g M1 i)ﬁ Mm
v v v
NO —)g N1 L)B Nn

in such a way, that the reduction step Ny —g N; is variable-only-forgetting. Fix
a fresh free variable y (which does not occur anywhere else in considered terms).
Since Ny < M, then by Lemma 1.3 we have

Nil, < Mif, = Plz/Q]. (1)

The term Mj is affine, so | Occ(z, P)| < 1. If | Oce(z, P)| = 0, i.e., z € FV(P),
then Plz/Q] = P, thus Ni[, = P. Hence, by Lemma 1.5 we have P' =
(Az.(N11p))y < (Az.P)Q, where y is fresh. Let No = Ny[p[P']. By Lemma 1.4
we get No < Mi[p[(Az.P)Q] = Mq. Since Ny [, does not contain free occurrences
of z, then P’ >g N1[,, thus No —5 N1. Moreover (N;)7_, is a desired variable-
only-forgetting sequence leading to M,, and not longer than (M;)i~,. Now sup-
pose that | Occ(z, P)| = 1, and let Occ(z, P) = {q}. If ¢ is not a valid address



in N[, then, by Lemma 1.6, we have N[, < (Mi],)[g[z] = P. From (1) and
Lemma 1.5 we have P' = (Az.(N11,,))y < (Az.P)Q, where y is fresh. So let, as
before, Ng = Ny[p|P’]. By Lemma 1.4 we get Ny < M;[p](Az.P)Q] = My. Since
Ny, does not contain free occurrences of z, then P' > Ni [, thus No =5 Nj.
Moreover (NJ-);’:0 is a desired variable-only-forgetting sequence leading to M,,
and not longer than (M;)™,. The last case to be considered is when ¢ is a valid
address in Ni[,. From (1) and Lemma 1.3 we have Ni[,, < (P[z/Q])I, = Q.
By Lemma 1.4 we get (N1[,)[¢lz] < (Plz/Q])[¢lz] = P, so by Lemma 1.5 we
have P' = (Az.((N1[,)[g[=]))(Nil,,) < (Az.P)Q. Let No = Ni[p[P']. Since
N; < My, then by Lemma 1.4 we have Ny < M;[p[(Az.P)Q] = Myp. More-
over P' >g (NiI,)[gINil,,] = Nil,, thus Ng =5 Ni. The reduction sequence
(Nj)7—o is not longer than (M;)/Z, and, since x occurs in (N1[,)[g[z], it is also
variable-only-forgetting.

Lemma 8. If M g M' and FV(M') =0, then N -3 M' for every N > M.

Proof. Tt is sufficient to show that if (M;)™, is a reduction sequence such that
FV(M,,) = 0, then for any Ny there exists a reduction sequence (N;)!,, such
that N,, = M,,. Proof is by induction on m. For m = 0 we have Ng > My, so by
Lemma 1.7 we get No = Mo, and (N;)9_, is the desired sequence. Now suppose
that for any sequence (M;)!, and any N; > M; such a sequence (N;)2, exists
(for convenience, as in previous lemma, we shifted the index ¢ by one), and
consider a sequence (M;)™, and a term Ny > M,. We need to find a term Ny,
as shown in the following diagram:

Mo =g M1 =5 My,
INA IN
NO —)5 N1

o

Since Mo —p M, there exists an address p, such that Mo[, >g Mi[,. Since
No > My, then by Lemma 1.8 the subterm N[, is a S-redex. Suppose Nol, =
(Az.P)Q. Let Ny be the term obtained by contracting a redex at address p, i.e.,
N1 = No[pIP[z/Q]]. By Lemma 1.3 we have (Az.P)Q > My[,. Thus P[z/Q] >
M1, so N1 > M. By induction hypothesis there exists a reduction sequence
(N;)™, leading to M,,. Then (IV;)™, is the desired reduction sequence leading
to M,, and starting from Nj.

Using Lemmas 7 and 8 we are able to prove the following;:
Proposition 2. For any matching problem M =" N in the affine lambda cal-
culus there always exists a finite complete set of solutions S, such that if
[/Ngloervim) € S,

then
IN| < [N|+3 ) [type(z)| - | Occ(z, M), (2)
z€FV(M)

for any x € FV(M). (In particular S may be empty, if M =" N has no solution.)



Proof. Let 6 be an arbitrary solution of M =" N. It may be too big to satisfy (2),
since it may contain huge terms that are forgotten during reduction of M6 to N.
Suppose (M;)™, is a reduction sequence starting from M@ and leading to N.
By Lemma 7 there exists a variable-only-forgetting sequence (IV;)7_,, such that
Ny < My, N, = M,;, = N, and n < m. Now Ny contains only necessary frag-

ments of M8, so let
Ny =sup({Nol, | p € Occ(z, M) and p valid in No} U {z}).

Since Ng < M6, then No[, < (MO)[, = z0 by Lemma 1.3, for any p €
Occ(z, M). Thus the above set possesses an upper bound z6, and by Lemma 1.2
there exists its supremum, so N, is well-defined. Let ' = [z/N;],crv(a)-
We have immediately 8’ < 6. Moreover for any substitution 6" > ', since
M@" > M@ > Ny and N is closed, then by Lemma 8 there exists a reduction
sequence starting from M6 and leading to N. Thus 6" is a solution of M =" N.
From the other hand, by Lemma 6 we have |[Ng| — |N| < 3n, while by Lemma 5
we have n < #(Ny) — ®(N). Note that (N) = 0, since N is in normal form.
Comparing the last two inequalities we get

|No| < [N[+ 3n < [N|+ 3&(No).

By Lemmas 1.9 and 1.10 we have |N;| < |Ng|. From the other hand it is easy
to see, that since Ny < M6, then &(Ny) < H(M6). Moreover, since M and
N, are in normal form, then all redexes in M@ are those of the form N,P’,
created as a result of substitution of terms N, for variables from FV(M). Since
|type(Na)| = | type(a)], we get (2).

We have shown that for any solution 6 of M =" N there exists a substitution
0" < 6 satistying (2), such that any 6" > ¢' is a solution of M =" N. Let S be
the set of such substitutions &' for all solutions 6 of M =" N. The set S is finite,
since the size of ' is bounded.

Theorem 2. The problem of checking if an instance of a matching problem in
the affine lambda calculus has a solution is NP-complete.

Proof. The inequality (2) gives an upper bound on the size of solution, which
depends only on terms M and N, and is a polynomial function of the length
of any reasonable encoding of the problem M =" N as a word over a finite
alphabet. Thus it suffices to guess terms N, and check if 0 = [2/N;],erv(nr) is
a solution. Since a normal form of a linear term may be found in a polynomial
number of steps, the problem of checking if an instance M =" N has a solution
is in NP.

From the other hand the simplest proof of NP-hardness of the second order
matching [1] works also in the affine case. Also de Groote’s proof of NP-hardness
of matching in the linear lambda calculus can be applied here.

Again, as in the proof of Theorem 1, if the fn-matching is considered, then,
when guessing a solution we omit terms, which are not in 7-normal form, so the
theorem is valid for 8- as well as gn-lambda calculus.
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