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This paper is part of a general programme of treating explicit substitutions as the
primary A-calculi from the point of view of foundations as well as applications. We work
in a composition-free calculus of explicit substitutions and an augmented calculus
obtained by adding explicit garbage-collection, and explore the relationship between
intersection-types and reduction.

We show that the terms which normalize by leftmost reduction and the terms which
normalize by head reduction can each be characterized as the terms typable in a certain
system. The relationship between typability and strong normalization is subtly different
from the classical case: we show that typable terms are strongly normalizing but give a
counterexample to the converse. Our notions of leftmost- and head-reduction are
non-deterministic, and our normalization theorems apply to any computations obeying
these strategies. In this way we refine and strengthen the classical normalization
theorems. The proofs require some new techniques in the presence of reductions involving
explicit substitutions. Indeed, in our proofs we do not rely on results from classical
A-calculus, which in our view is subordinate to the calculus of explicit substitution.

1. Introduction

The A-calculus plays a key role in the foundations of logic and of programming lan-
guage design, and in the implementation of logics and languages as well. The foundation
of A-calculus itself is S-conversion, which relates abstraction to application in terms of
substitution. Classical A-calculus treats substitution as an atomic operation, but in the
presence of variable-binding substitution is a complex operation to define and to imple-
ment. So a more careful analysis is required if one is to reason about the correctness of
compilers, theorem provers, or proof-checkers. Furthermore the actual cost of performing
substitutions should be considered when reasoning about complexity of implementations.

T A preliminary abstract of this paper was presented at the Fifth International Conference on Typed

Lambda Calculi and Applications (TLCA ’2001)
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Abadi, Cardelli, Curien, and Lévy (Abadi, Cardelli, Curien & Lévy 1991) defined a
calculus of explicit substitutions to serve as a more faithful model of implementations of
the A-calculus. Since then a variety of explicit substitutions calculi have been defined.

The original motivation for the Abadi-Cardelli-Curien-Lévy calculus was pragmatic,
but there is another point of view one may take on such a calculus, namely that making
substitution explicit permits a more refined analysis of substitution than does classical
A-calculus. As historical context we note that Curry and Feys insist in their book (Curry
& Feys 1958) on the importance of substitution in logic in general and especially in the
framework of A-calculus. They write [page 6] that the synthetic theory of combinators
“gives the ultimate analysis of substitutions in terms of a system of extreme simplicity.
The theory of lambda-conversion is intermediate in character between synthetic theories
and ordinary logics. Although its analysis is in some ways less profound—many of the
complexities in regard to variables are still unanalyzed there—yet it is none the less
significant; and it has the advantage of departing less radically from our intuition.”

From this point of view one can see an explicit substitution calculus as an improvement
on both the system of combinators and the classical A-calculus, since it is a system
whose mechanics are first-order and as simple as those of combinatory logic yet which
retains the same intensional character as traditional A-calculus. In particular we may view
explicit substitution calculi as primary and see the classical A-calculus as a subsystem
of these systems, defined by the strategy of “eagerly” applying the substitution induced
by contracting a f-redex. In this way the study of explicit substitutions represents a
deeper examination of the relationship between abstraction and application. This setting
invites the programme of refining the results of the classical A-calculus by finding proofs
of their explicit-substitutions analogues in the explicit substitutions system itself. One
can reasonably expect in this way to gain insight into the original A-calculus. As a case
study, in this paper we present a systematic study of the relation between normalization
and types.

In many calculi of explicit substitutions, including the original Abadi, Cardelli, Curien,
Lévy system, substitutions are first-class citizens and there is an algebraic/computational
structure on the substitutions themselves, reflecting the fact that composition is a nat-
ural operation on substitutions. Melliés (Melliés 1995) made the somewhat surprising
discovery that the presence of substitution-composition leads to the failure of strong nor-
malization even for simply-typed terms. This suggests that it is useful to analyze the
effect of making substitution explicit independently of studying composition of substitu-
tions. Composition-free calculi of explicit substitutions have been studied in (Lescanne
1994, Bloo & Rose 1995, Kamareddine & Rios 1997, Bloo & Geuvers 1999, Benaissa,
Briaud, Lescanne & Rouyer-Degli 1996) among others.

Here we work in the composition-free calculus Ax (which uses names rather than de
Bruijn indices) and the calculus Ax,. obtained by adding explicit garbage-collection to Ax.

Summary of results

Our main results concern the set of terms typable in various intersection-types disciplines.
We show that in each of Ax and Axy. the terms which normalize by leftmost reduction
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and the terms which normalize by head reduction can each be characterized as the set of
terms typable in a certain system. Our notions of leftmost- and head-reduction are non-
deterministic, and our normalization theorems apply to any computations obeying these
strategies. In this way we refine and strengthen these classical normalization theorems.
See (Melliés 1997) where a similar issue is discussed.

Surprisingly, the situation for the strongly normalizing terms diverges from the classical
A-calculus. For the natural generalization of the classical type system we prove that
typable terms are strongly normalizing. But the converse fails, as we will see.

In addition to their theoretical and methodological interest our results have conse-
quences for the study of the implementation of functional programming languages. Recall
that the theoretical foundation for the correctness of the standard evaluation strategy
for functional languages is the classical theorem that leftmost reduction is normalizing;:
see for example Prop. 2.4.12 in (Mitchell 1996). When explicit substitutions are offered
as a basis for an implementation one should define and analyze a corresponding notion of
“leftmost” reduction. To our knowledge this analysis has not been previously done. The
natural notion of leftmost reduction we define here is related to, but a refinement of, the
classical notion; the non-determinism in leftmost reduction here corresponds to a choice
between certain standard implementation strategies ((Benaissa, Lescanne & Rose 1996)).

The proofs we present here readily yield the results that a term is strong-, leftmost-,
or head-normalizing if and only if it is so in the calculus extended by garbage-collection.
Our results support the claim that garbage-collection is a very natural addition to the
system, even from a purely theoretical point of view, since the resulting calculus has
more convenient closure properties than the simple calculus (Lemma 3.2 is an example).

The intersection type systems we study are natural generalizations of the corresponding
classical systems, and in fact the global structure of the proofs follow a standard paradigm
(as in (Barendregt 1992)). But the explicit reductions involving substitutions lead to
combinatorial complications not arising in the traditional treatments and the proofs
require some new techniques (see especially Section 3).

The first result on strong normalization of calculi of explicit substitution was the so-
called preservation of strong normalization: a pure (substitution-free) term is strongly
normalizing under reduction in the presence of explicit substitutions if and only if it
is strongly normalizing under [-reduction. We stress that, in keeping with our aim of
treating the explicit substitutions calculus as logically prior to the traditional A-calculus,
we develop the machinery needed for direct proofs which do not depend on results from
the theory of S-reduction.

Related work

The system of intersection types is due to Coppo and Dezani (Coppo & Dezani-Ciancaglini
1978) and Sallé (Sallé 1978). The fact that the strongly normalizing terms are precisely
the typable terms seems to have been first proved in (Pottinger 1980). Other notable
works in this area include (Leivant 1986, van Bakel 1992, Ghilezan 1996), and the books
(Krivine 1993) and (Amadio & Curien 1998).

The first proof — actually a sketch of a proof — of preservation of strong normalization,
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or PSN, appears in (Lescanne & Rouyer-Degli 1994) for Av ((Benaissa, Briaud, Lescanne
& Rouyer-Degli 1996) has the complete proof) and at almost the same time Bloo and
Rose (Bloo & Rose 1995) proposed a proof of PSN for Ax (see also (Bloo 1997, Bloo &
Geuvers 1999, Rose 1996)). Kamareddine and Rios (Kamareddine & Rios 1995, Kamared-
dine & Rios 1997) gave proofs of PSN for another calculus of explicit substitutions called
As. The proof of Di-Cosmo and Kesner (Di Cosmo & Kesner 1997) relies on properties of
Girard’s proof nets for linear logic. Ritter (Ritter 1999) sketches a generic proof of PSN
for a general family of systems of explicit substitutions. Bonelli (Bonelli 2001) proposes
a proof of strong normalization for Ax,. inspired by the proof of (Benaissa, Briaud, Les-
canne & Rouyer-Degli 1996) and adapted to a calculus with names. His proof features a
delicate combinatorial argument exploring the connection between the notion of minimal
counter-example and the notion of perpetual reduction (van Raamsdonk, Severi, Sgrensen
& Xi 1999) and he characterizes SN-terms inductively. From this, he deduces a proof of
SN for the terms typable in a system of polymorphic types. Herbelin (Herbelin 2001)
explores reduction and strategies and like us, he uses reducibility. As mentioned above,
Melliés (Melliés 1995) showed that Ao does not have PSN; Guillaume (Guillaume 2000)
did the same for As,.

A subtle point of difference between the direct proofs in this paper and preservation
of strong normalization results is that our results apply to all terms of the calculus, not
just the pure substitution-free terms.

Our notation is consistent with that of (Barendregt 1992), to which we refer the reader
for background on the classical A-calculus.

2. Terms and reduction strategies

In this section, we describe the terms of the calculi Ax and Ax,. of explicit substitutions
with explicit names and specify strategies of reduction toward normal forms, namely
unrestricted reduction, head reduction, and leftmost reduction.

Actually the same set of terms can be described in different ways which we call taz-
onomies.

Definition 2.1 (The basic taxonomy). The set Ax of terms with explicit substitutions
is the set of terms M defined as follows:

M,N u= z|Xx.M|MN | M{(x=N)

The set of free variables of a term is defined just as for classical A-calculus, with an
additional clause ensuring that the free variables of M (xz = N) are the same as the free
variables of (Az.M)N. In particular, z is bound in M (x = N). The set of free variables
of a term M is written FV(M).

In writing terms we assume that closure-formation has higher precedence than appli-
cation and abstraction. So UV {(z = A) is an application term and A\y.B{z = A) is an
abstraction.

We assume Barendregt’s convention (Barendregt 1984), namely that a variable does
not occur free and bound in the same term. For instance, we assume that x does not occur
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free in N in the term M{z = N). The rules we define further assume this convention
and the reader should keep this fact in mind when reading them and certain forthcoming
lemmas.

To describe the second taxonomy nicely it will be very convenient to have a notation
to describe a term M to which is applied a sequence of closures then a sequence of
applications of terms. Such a term M (z; = S1)...(zm = Sm)T1...T,, will be abbreviated
as M(z=S)T.

Lemma 2.2 (The head form taxonomy). Every term is of precisely one of the
following forms:

Az.B (M\y.B)(z = A){z=8)T
Ty ---T, with n>0 UV)(z=A)z=8T
(Az.B)AT; ---T,, with n >0 z{x = A{z=8)T

ylx = A (z= 8T with z #y

Proof. Clearly those terms are well-formed according to Definition 2.1. We see that
each term M has this form by induction on the size of M. The cases when M is an
abstraction or a variable are clearly covered by the first two forms above. If M is an
application, M is of the form NT where N is either a variable or an abstraction or a
closure. The first two cases are covered by the second and third forms; when N is a closure
it is, by induction, of one of the forms in the right-hand column with T' empty; so we
obtain M by taking T to be T I Misa closure, we may write M as P{x = A){(z=S)T
where P is either a variable, an abstraction, or an application, just as prescribed in the
right-hand column. [

Following (Barendregt 1984) we distinguish between a set of rules defining a notion of
reduction and a reduction relation induced by closing a notion of reduction under certain
contexts. Sometimes the latter are called strategies and play a main role in evaluation of
functional programming languages (Benaissa, Lescanne & Rose 1996). Some reductions
are deterministic, which means that the structural rules determine a unique redex to be
reduced. Others are non deterministic.

The following notion of reduction is due to R. Bloo and K. Rose (Bloo & Rose 1995,
Rose 1996, Bloo 1997). The rules Varl and VarK, called respectively xv and xvgc by Rose,
have been renamed here to recall the distinction between the classical A\; and Mg calculi.

Definition 2.3. The notions of reduction Ax and Ax,. are subsets of the rules in Table 1:
the notion of reduction Ax is obtained by deleting the rule gc, and the notion of reduction
Ax, is obtained by deleting the rule VarK.

The rule gc is called “garbage collection”, as it removes useless substitutions.

Of course in the presence of rule gc we do not need rule VarK. It is not the case
that gc can be directly simulated by the other rules: consider the garbage-collection
z{x = y){(v = w) — z(x = y). Rule gc has a different character from the other rules
in the sense that it represents a more complex transformation than those of the other,
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(B) (Az.B) A - B{z = A)

(App) (MN)@@=4) -  M(a=A)N(z=A)
(Abs) (Ay.M){z = N) — Ay.MM{z = N)
(Varl) z(x = N) — N

(VarK) y{z = N) - Yy

(gc) Mz = A) — M ifz g FV(M)

Table 1. The reduction rules.

atomic, substitution operations. On the other hand with an appropriate data structure for
maintaining (the free variables in) terms gc can be efficiently implemented and provides
a tool to prevent memory leaks. And as Bloo and Rose have demonstrated it is quite
convenient when reasoning about the formal properties of the calculus (a prime example
is Lemma 3.2 below).

Notation. In the main technical development of this paper we will work exclusively with
the full system Axg.. So unless explicitly stated otherwise “reduction” refers to reduction
in system Axg.. At the end of the paper (Section 8) we will be able to show that the
results for the system not including garbage collection follow readily from the results
for Axge.

As usual, a normal form is a term to which no reduction may be applied. These are
the terms with no B-redexes and no occurrence of a substitution. A head normal form
is a term of the form Azi..x;.zA:...A, where z is a free variable or one of the z; and
A; € Ax.

The head and leftmost redexes from the classical A-calculus appear in Ax,. as head or
leftmost B-redexes. But the general notions of head or leftmost redex in Ax,4. must take
into account the rules for applying substitutions. In fact the correct definitions of head
and leftmost reduction are more subtle than in the classical calculus. Essentially this is
because Axy. has a critical pair, namely:

(Az.M)N)(y = L)

(Az.M)(y = L) Ny = L) M{z = N){y = L)

Most of the difficulty in working with the system is due to this critical pair; this will be
amply demonstrated in the sequel.

Definition 2.4 (Unrestricted reduction). Unrestricted reduction (or Axy.-reduction)
allows a reduction rule to be applied in any context.

A term M is strongly normalizing if there is no infinite Axy.-reduction starting from
M. The set of strongly normalizing terms is denoted SN.

Definition 2.5 (Head reduction). Head reduction is the closure of Ax,. under the
structural rules of Table 2.
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A term M is head normalizing if there is no infinite head-reduction starting from M.
The set of head normalizing terms is denoted HN .

(LN 5 U not an abstraction B s B
vv L vy Az.B -5 Az.B'
M Ly M not an abstraction

Mz = A) - M'(z = A)

Table 2. Head reduction

Definition 2.6 (Leftmost reduction). Leftmost reduction is the closure of Axy. under
the structural rules in Table 3.

A term M is leftmost normalizing if there is no infinite leftmost reduction starting
from M. The set of leftmost-normalizing terms is denoted LN .

v-H v U not an abstraction B L B
vv L oty Az.B -5 Az.B/
M L M M not an abstraction A; N Al A; leftmost non-normal
Mz = A) -5 M'(z = A) TA1.Aj Ay —5 TALLLALLA,

Table 3. Leftmost reduction

Remark. Observe that in contrast to the classical notions both head reduction and
leftmost reduction are nondeterministic strategies. Indeed both reductions out of the
critical pair noted earlier count as head reductions.

For example, let T be ((Az.M)N)(y = L). Then T can rewrite by leftmost reduction
either to P = M{(x = N)(y = L), or (in two steps) to Q = ((Az.M(y = L)) N(y = L)).
Then since Az.M(y = L) is an abstraction @ leftmost-rewrites via rule B leading to
Q'=My=L)x= Nly=L).

3. Two fundamental Lemmas

We have pointed out that the combinatorics of reduction in Ax,. is more complex than
that of classical A-calculus. In this section we isolate two key lemmas to handle these
complications. In that sense this section is the technical heart of the paper. The two
lemmas aim at proving the following two facts (where A stands for SN, LN, or HN).

M{z=NYy=L)eN if M{y=L){xz=N{y=L)eN,
and
Miz=A)eN if MeN and z¢FV(M),
where in the case that N is SN'we require A € SN as well.
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Remark (on the classical Substitution Lemma). The Substitution Lemma of the
classical A-calculus (Barendregt 1984) states a fundamental property of (implicit) sub-
stitutions, namely that, when z is not free in L

Mz := N]ly:==L] = Mly:= L][z := N[y := L]]

The two terms are syntactically identical above. When generalized to an explicit substi-
tutions calculus the analogous statement is weakened to provable equality:

Mz =N)y=L) = M{y=L){(x=N(y=L))

It is not hard to see that the two terms immediately above can have quite different
reduction behaviors. In particular it is possible for the left-hand side to be SA/ while
the right-hand side admits an infinite reduction. For instance, take M = z, N = yy and
L = \u.uu.

We will show next that if the right-hand side is SN then so is the left-hand side. So
there is a fundamental asymmetry in this situation.

3.1. A lemma on composition
Let us consider the following rule
M(z=N){y=1L) - M{y=L){z=N(y=L))

which we call composition. It abstracts the composition one finds in systems like Ao (Abadi
et al. 1991, Curien, Hardin & Lévy 1996) (namely the rule called Map) or in the extension
Ax||c of Ax (Bloo 1997, Bloo & Geuvers 1999, Kamareddine & Rios 2000, Kamareddine &
Nederpelt 1993) (namely the rule — of (Bloo 1997), see also (Rose 1996) page 75).

We want to prove that the converse of the composition rule preserves (strong, head, or
leftmost) normalization. A natural first attempt would be to try to show that instances
of this rule can be permuted with the rules of Axg.. Unfortunately this rule does not
commute in a nice way with reduction, essentially due to the duplication of substitutions
in the App rule.

The following relation is a “bottom-up parallel extension” of the composition rule,
which propagates and duplicates the applications of this rule inside terms. In particu-
lar, rule Cpabs pushes a substitution through an abstraction, Cpapp pushes through an
application, and Cpclo pushes through a closure. The other rules make it a congruence.

Definition 3.1. The relation = is given by the inductive definition indicated in Table 4.

Lemma 3.2. Let —— stand for either unrestricted reduction, leftmost reduction, or
head reduction. If M —— M" and M = M’ then there is an M* with M" = M* and

M' —— M*. Furthermore, if M —— M" is a B-step then in fact M’ LY Y



Reductions, intersection types, and explicit substitutions 9

[Creff] M=M
B= B By = Bt
[Cabs] _z7 [Cpabs] b= =
Az.B = A\z.B’ (Az.B){y = Q) = Az.Bt
U=U' V=V Uly=Q)=>Ut Viy=Q)=> VvVt
[Capp] [Cpapp]
uv = u'v! (UV)y=Q) = (UTVT)
B=B A=A My=Q)=M" Ply=Q)=P*
[Cclo] [Cpclo]
B{z = A) => B'{(z = A') M{z = P){y = Q) => MT(x = PT)

Table 4. The rules for =

with at least one B-step.

M _ M’
|
l |
¥
M” s> M*

Proof. Let us start with some easy facts about this relation. Suppose M = M'. Then
— FV(M') C FV(M).
— If M is a variable then M' = M.
— If M is M1 M, then M' is of the form MM} with (each) M; = M].
— If M is Az.B then M’ is of the form Az.B’' with B = B'.

Each of these is readily proved by induction over the definition of =.
Now the proof of the Lemma is by induction over the definition of M = M'. We look at
each case of the definition in turn; in each instance there are several sub-cases depending

on the nature of the reduction M —— M" (we suppose first that it is a plain reduction
and we add comments on what happens if it is a head or leftmost reduction).

M = M’ is Cref:
Trivial.

M = M’ is Cabs:
We have

A.B ——= \z.B'

l

Az.B"
(note that M' must be of this form) with

BﬁBI

|

BII



Dan Dougherty and Pierre Lescanne 10

The induction hypothesis yields a B* closing this diagram and we have

Az.B ——= \z.B’
|
l |
¥

as desired. Clearly if \e. B —— Az.B" is a head [leftmost] reduction then B —— B"
is a head [leftmost] reduction, so that by induction B’ —— B* is a head [leftmost]
reduction and Ax.B’ —— Az.B* is a head [leftmost] reduction.

M = M'is Capp:
There are two sub-cases. The first is

UV —=U0'V'

UIIVII
With two applications of the induction hypothesis we obtain U* and V* and the term
we need is U*V*. It is easy to see that this construction preserves the property of being

a head [leftmost] reduction.
The other case is

(Az.B)A —— (\z.B")A’

l

B(z = A)
Note that M’ must be of that form.
We may take M* to be B'(x = A'). Recall that the theorem requires that we do a
B-step from M’ to M*. Clearly both reductions (from M to M" and from M’ to M*)
are head reductions.

M = M'is Cclo:
Here we have

B(z = A) == B'(z = A')

|

MI

and there are cases depending on the reduction p from B(z = A) to M'. If p is internal
to B (a possible head [leftmost] reduction) or to A (not a head [leftmost] reduction)
then we build M* by an easy application of the induction hypothesis and preserve head
[leftmost] reductions. Otherwise p is at the root; it is either Varl, gc, App, or Abs.

If p is Varl then M’ is A, B’ is z, and we may take M* to be A'.

If p is gc then M’ is B, and since B = B’ we know that z is not free in B'. So we may
apply gc and take M* to be B'.
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If p is App then we have
(UV)(z=A)——= (U'V')(z=A4A")

Then

If p is Abs the argument is similar. In each case, if the given reduction is a head
[leftmost] reduction, then the reduction constructed is a head [leftmost] reduction.

M = M’ is Cpabs:
Here

(Az.B)(y = Q) ==> \z.B+ with B{y=Q)= B*

l

MII

There are three cases: M" can be obtained by reduction inside B, inside @, or by an
application of Abs at the root.

If we have B —— B" then we may obtain B* by induction, completing the following
diagram:

By = Q) == Bt

and so

Similarly if we have Q —— Q" then we obtain B* by induction, completing the
following diagram:

By =Q)—— B*

l

Bly=Q")
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and so

(Az.B)(y = Q) == \z.B*

Finally, if M" is Az.B{y = @) then

(Az.B)(y = Q) == \z.B*

| i

)\.Z'B(ll/ = Q) EEEHEEDS )\mB+

The empty reduction \z.BT — — % Az.BT is trivially a sequence of head reductions.

M = M’ is Cpapp:
Here

UV){y=Q)=—=yU+v+ with Uly=Q)=U"

l

MII

and Viy=Q)=V"

12

The reduction p can be inside V or @ (not a head reduction), or inside U, or it can be a

B-step at the root of (UV), or it can be a root App.

If p takes place inside U then M" = (U"V){y = @), and by induction hypothesis there
is a U* with U"{(y = Q) = U*. It is easy to check that M" = (U"V){y = Q) = U*VT.

Furthermore UtV reduces to U*V* and if p is a head [leftmost] reduction then so is

this one.

If p takes place inside V' the argument is similar, and there is nothing to check as

regards head [leftmost] reductions.

If p is a root App-reduction then, as is easily verified, we may take U*V* to be UtV T.

The B-step case itself has two sub-cases, since we have U = Az.B and so (Az.B)(y =

Q) = U™ can be either a Cclo step or a Cpabs step. The first sub-case is:

(A\z.B)V){y = Q) == ((\e.B')(y = Q'))V*+ with B= B’

|

Blz =V)(y=Q)

Complete the square by:

and Q= Q'
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The bottom = reduction is a Cpclo-step; to verify this it suffices to verify that
Bly=Q)=B'(y=Q') and V{y=Q)=>V".

The reduction (A\z.B'){y = Q"))V*T — — % B'(y = Q'){xz = V) is an Abs followed by
a B, both head reductions.
The second sub-case is:

(Az.B)V){y = Q) == (A\z.BT)Vt with B{y=Q)= B*

l

Bz =V){y =Q)
Complete the square by:

The bottom = reduction is a Cpclo-step. The reduction — — % is a head reduction.

M = M'is Cpclo:
Here we have
By =Q) = BT and

Ble=P)y=Q) =B =P") with L. _ 55y

l

MII
The reduction p from M to M" could be internal to any of B, P, or @ (handled as in
earlier cases), or it could be a Varl, gc, Abs, or App at the root of the term B{xz = P)
(head reductions).
When p is Varl: First note that, since z(y = Q) = BT, then BT = z{y = Q1). So we
have the following square

#{z = P){y = Q) == xz(y = Q" )(z = P7)
|
|

——
&

via BT (x = Pt) — x(x = PT) —— P7 (head reductions).
When p is gc: Here z is not free in B; recall that z is assumed to be not free in P. It
follows that z is not free in BT (x = P*). Then

B{z = P){y = Q) == B*(z = P%)
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where BT (z = PT) —— B™ by (head) garbage-collection.
When p is Abs:

A2.T){y=Q)= B* and

(WeT)(e = P)y=Q)==B*(e=P") with p ° o "5y

l

(A2.T(z = P)){y = Q)
Now BT can be obtained from (Az.T){y = Q) either by Cclo or by Cpabs. In the first
sub-sub-case we have, for certain T'= T" and Q = Q":

(A2.T){ =Q)=—= ATy = lQ’)(m = Pt)
|

l

¥
(A2.T(x = P))(y = Q) ====> A2.T'(y = Q') (xz = PT)

We may verify (A\z.T{z = P)){(y = Q) = \2.T'(y =
by checking that T{z = P)(y = Q) = T'(y = Q' )=
Cpclo. — — » are head reductions.

In the second sub-sub-case we have a T* with T(y = Q) = T and

Q"){x = PT) as an instance of Cpabs
= P*), which is itself an instance of

A1)z = P){(y = Q) == (M\2.TT){x = PT)

(A2.T(z = P)(y = Q) w5 Aa.TH(w = P+)

The upper Cpclo-step is based on the fact that (Az.T){y = Q) = A\z.T" which is itself
an instance of Cpabs. The lower = is an instance of Cpabs, justified by the fact that T(x =
P)(y = Q)Y = TH{z = P1), the latter by Cpclo. (Az.T+)(z = PT) — — % \e.TH{z =
P*) is an Abs head reduction.

When p is App:

(UV){y=Q)= BT and

UV)e=P)ly=Q)=———=B*(@=P") with 5 o pl

|

(Uz =P))(V(z = P)))(y =Q)

As in previous cases we consider the two ways in which (UV){y = Q) = Bt:the
possibilities are Cclo and Cpapp.

In the first sub-case we have U', V', and Q' with (UV){y = Q) = (U'V'){y = Q') and
then

(UV)(z = P)(y = Q) UV = Q) = )
.

Ule = PV = P)){y = Q) > Uy = @)a = PO)V'(y = Q')w = PH)
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The bottom = is an instance of Cpapp which holds since U{x = P){y = Q) = U'{y =
Q'Y{x = PT), which is an instance of Cpclo; and similarly for V.
When (UV){y = Q) = BT by Cpapp we have

UV)(z = P)(y = Q) ——= (UTV*)(@ = P¥)

l |
|
¥
(U = PYV{z = P))(y = Q) > (U (& = PH)(V*(z = P*))

The bottom = is an instance of Cpapp since U{z = P){y = Q) = Ut (z = P*) and
V{z = P)(y = Q) = V*{z = PT). In both cases the diagram is closed by head reductions
(one App or two App’s). ]

Corollary 3.3. Suppose M = M'.

— If M' € HN then M € HN.
— If M' € LN then M € LN.
— If M' € SN then M € SN.

Proof. As is well-known, the set of rules of Axy. other than the B-rule comprise a
strongly normalizing rewrite system. So any infinite reduction out of M must involve
infinitely many B-steps. With this observation each of the claims follows easily from
Lemma, 3.2. U

In particular, suppose that if 7" is obtained from T by the composition rule as defined
at the beginning of this section. We conclude that if 7" is strongly normalizing then T
is strongly normalizing; similarly for leftmost and head normalization. These results will
be crucial in the coming sections.

3.2. A lemma on garbage-collection

Now we want to prove that head, leftmost, or strong normalization is not affected by
garbage-collection (of strongly normalizing terms, in the case of strong normalization).
For technical reasons we state the result rather generally.

Definition 3.4. An n-multi-context is a term with n holes in which we can insert n
terms. If n is understood, we say a multi-context.

If C[...,...,...] is a multi-context and My, ..., M,, are terms, then the insertions of
those terms in CT...,...,...] is denoted C[M, ..., My].

Lemma 3.5. Let C[...] be a multi-context, 41,..., Ay, and My, ..., M, be terms, with

x & FV (M), ...,z & FV(M,).

—if C|[M1, ,Mn]] € HN then C|[M1<.’E = A1>, ,Mn<$ = An>]] € HN.

—if C[[Ml, ,Mn]] € EN then C[[M]_(JI = A1>, 7]\Jn<.’L' =A

—if C[[Ml,,Mn]] S SN and Az S SN for 1 S ) S n then C[[M1<.’L' = A1>,...,Mn<$ =
Ap)] € SN.
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Proof. The structure of the proof for each of the three statements is the same, so let us
introduce notation to avoid repetition of the argument. We let A stand for any of SN,
LN, or HN, where —s (the unrestricted reduction), — and — are the corresponding
reductions.

We consider triples (D, M, A) where D is a term, M and A are multisets of terms.
Let O™ be the multiset extension (Dershowitz & Manna 1979) of 1, the converse of
the proper subterm order, and let — ™ be the multiset extension of the reduction
relation.The proof is by induction over the following relation: (D, M, A) > (D', M', A")
if and only if

1 D—D' or
2 D=D"and MO"M', or
3 (when unrestricted reduction is considered) D = D', M = M', and A — ™A',

In what follows, D will be C[Mu, ..., M,] and — (respectively %5 and i>) will be
well-founded out of D by hypothesis; M will be {My, ..., M,}; A will be {44,..., A}
and its Axgc-reducts. The relation — ™ will be well-founded since multiset extension
preserves well-foundedness. Therefore > is well-founded and a noetherian induction on
> is possible. A remark on cases 4 and 5 below: in these cases the term D does not
change, only its representation as C[...] does. This means we insert the A;’s at “lower”
positions, allowing us to perform a noetherian induction.

Assume the induction hypothesis and that C[Mi,..., M,,] € N (and that 4; € SN
for 1 <14 < n, when we consider unrestricted reduction). Let us prove that C[M;{z =
A1), ooy Myp{z = Ap)] reduces only to terms that are in N.

1 C[Mi({x = A1), ..., Myp(x = Ap)] — C'[M;, (x = Ay,), ..., M; (x = A;,)] (where the
ij € [1..n]), then

Cl[Ml, ceey Mn]] — Cll[Mi1a ey Mip]],
and by induction C'[M;, (x = Ay,), ..., M;,(z = A;,)] € N.
2 M; — M], works also by induction.
3 Aj— AQ-, works also by induction. Note that this case occurs only when we consider
unrestricted reduction, so that the A; are assumed to be in SN.
{My, .., My, o) My} ™ { My, ..., M}, ME, ..., M},
hence C[My(z = A1), ... M} {(x = A)MZ(x = A}),..., Mp{z = A,)] € N by induc-
tion.
5 M; =\y.M!and M{z = A;) — My.(M[(z = A;)).
{Ml, vy M, ey Mn}jm{M1, . le, . Mn},
hence C[M;(z = A1), ..., \y.(M{{z = A;)), ..., M,{x = A,,)] € N by induction.
6 M;(x=A;) — M;, which is always applicable since z ¢ FV (M;).
{M1, ... M, .., M, } 3™ { M1, ..y 5., M},

hence C[Mi{(x = A1), ..., My, ..., Mp(z = A,,)] € N by induction.
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O

Corollary 3.6. Let M = N(z = A)(z = S)T with x ¢ FV(N) and let M' = N{z =
ST,

— If M' € HN then M € HN.

— If M' € LN then M € LN.

— If M' € SN and A € SN then M € SN.

4. Saturated Sets

In most proofs of normalization results one finds it convenient to isolate some “perpet-
uality” results, such as “if a term with a head-redex has an infinite reduction, then the
result of contracting that redex also has an infinite reduction,” or in other words, “the
set of strongly normalizing terms is closed under head-expansion.” The notion of satu-
rated set — present in many SN-proofs, see for example (Girard 1971, Girard 1972, Tait
1975, Mitchell 1986) — captures such closure conditions. The following defines a notion
of saturation appropriate to Axy. reduction.

Definition 4.1. A set S is X-saturated (or saturated if there is no ambiguity about the
set X), if it is closed under the rules of inference in Table 5.

B{x=A)T Alz=8S)T
sat-B ——————— sat-I
(Az.B)AT z(x = A){z=8)T
(Ay.B{z = A)){z=8§)T (U(z=A)(Vie=A)(z=85T
sat-Abs sat-App
(Ay.B)(z = A)(z= S)T (UV)(z = A) (z= ST
M{y=Q){x=Ply=Q){(2=85T N(z=8)T AeXx, zg¢FV(N)
sat-comp sat-gc
Mz = P)y=Q)(z= ST Niz = A)(z= ST

Table 5. X -saturated sets

Note that the set X occurs only in the rule sat-gc. In practice the set X will depend
on the reduction we consider.

The major part of the technical difficulty in lifting the classical normalization proofs
to our explicit substitutions setting is embodied in the next Lemma. In fact all of the
work in the previous section was for the purpose of establishing these results.

Lemma 4.2.
— HN is Ax-saturated.

— LN is Ax-saturated.
— SN is SN -saturated.

Proof. We wish to show that each of HA, LN, and SN is closed under the rules in
Definition 4.1.
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It suffices to show that if M fails to be in HN, LN, or SN respectively then any term
which is the hypothesis of a rule yielding M also fails to be in this set.

For all of the inference rules except sat-comp, sat-gc, and sat-App this is easy to see.
Corollary 3.3 directly handles the case of sat-comp. Corollary 3.6 implies closure under
sat-gc. The case of sat-App is subtle precisely because of the critical pair we identified
earlier: the term UV might itself be a B-redex, and it is conceivable that pushing the
substitution through this B-redex might spoil the existence of an infinite reduction out
of M. But in fact this is precisely what Lemma 3.2 precludes. [

The notion of saturation is key to the proof of the Soundness Theorem below for the
type systems. It is amusing to note that closure under sat-gc for SN, HN, and LN
is used precisely in showing that the start rule below for typing variables is sound: in
the standard A-calculus this is a triviality but in our calculus we ultimately rely on the
difficult argument in Lemma 3.5.

5. Types

Definition 5.1. Given an infinite set of type-variables and a type-constant w the set of
types is formed by closing the type-variables and w under the operations o —7 and o N 7.

A statement is an expression of the form M: 7 , where M is a term, the subject of
the statement, and 7 is a type. A basis is a set of statements with distinct variables as
subjects. A judgment is a triple ', M, 7 where T is a basis, M is a term, and 7 is a type;
such a judgment is derivable, denoted I' = M : 7 | if this form can be inferred from the
rules in Table 6.

We say that a term M is typable if there exists a I" and a 7 such that ' + M: 7.

We identify two systems: the system D,, itself and the subsystem D obtained by omit-
ting type w and the rule w-I.

(xz:0) €T
start ————
I'z:0o
Dy(z:o)FM: 7T 'FM:0—>71 T'FN:o
—I —+E
TFXe.M:o0—>T TH(MN): 7
T'FM: o I'HM: oo I'FM:01No3
N-I N-E —— i€ {1,2}
I'EM:o1Noa I'FM:o;
T,(z:0)FM: 7 I'FN:o
wl ThHM:w cut
THM{(zx=N):1

Table 6. Typing rules

Remark. The form of the cut rule ensures that a closure M(x = N) has exactly the
same typing behavior as the associated B-redex (Az.M)N. That is, for every I" and T,

' M{z=N):1 it T F Az.M)N:T.
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Definition 5.2. Let I'y and I's be bases. The basis I'y M T's contains z: o if either:
— (z: 0) isin Ty and z & Dom(T), or

— (z: 0) isin 'y and z & Dom(T1), or

— o0 =01 No2 with (z: 61) € 1 and (z: 02) € Ts.

The following lemma collects some technical properties of the type system.

Lemma 5.3. In each of D and D,,:

1 IfTFM:7thenforallTV, NI+ M: 1.

2 IfT'F M: 7 and IV agrees with T" on the free variables of M then I'" + M : .

3 IfT'F M(x=S): 7 then thereis a o such that I', (z: 0) F M:7and T F S: o
4 IT F M.B:o—7thenT,(z:0) - B: 7.

Proof. Parts 1 and 2 are routine inductions.

For part 3 we induct on the length of the derivation of ' b M{(z = S): 7. If the last
inference is an instance of the cut rule the result is immediate. When the last inference
is an instance of N-E we have, for some 7/, T - M(x = S): (tN7'); by induction there
isacwithl F S:oandT,(z:0) - M:(rN7'),soclearly I',(z: 0) - M:7
and we are done. Finally suppose the last inference is an instance of N-I. Then 7 is
71N 7y and for 1 < i < 2 we have T' - M{z = S): 7;. By induction there are o; such
that T',(z: 0;) F M:7 and T F S:0;. SoT' F S:01Noy. And by part 1,
[, (z: 01 No3) b M: 7; for each 4, so that ', (z: 041 Noa) F M: 7 as desired.

For part 4 it suffices to prove the following generalization: For all v1,...,v, if T F
Ax.B: (c—=>71)Ny N---N then T, (x: 0) F B:71. We prove this by induction on
typing derivations. If the last inference is an instance of —E then k& = 0 and the result is
immediate. If the last inference is an instance of N-E we apply the induction hypothesis
to the sole premise of the inference. If the last inference is an instance of N-I the induction
hypothesis applies to one of the premises.

O

6. Normalization for typable terms

In this section we demonstrate that, as in the classical A-calculus, type assignments
for Ax terms guarantee certain reduction properties. The framework is a standard one,
interpreting terms in a semantics which uses the notion of saturated set in an essential
way: see (Tait 1967, Girard 1972).

Definition 6.1 (Function space). If A and B are sets of terms then 4 — B is {F |
VA e A, (FA) € B}.

Definition 6.2. An interpretation Z is a function from types to sets of terms obeying
the following

— 7, = Ax (in system D)

— Iaﬁﬁ =7, N Iﬁ

— Tog =2y —1p
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Obviously an interpretation is completely determined by its value on the type variables.
The following are very easy consequences of the definition of saturation.

Lemma 6.3. Let A and B be sets of terms.

1 If B is saturated then so is A — B
2 If A and B are saturated then so is AN B.

Corollary 6.4. Suppose 7 is an interpretation and X is a set of terms such that Z; is
X-saturated for each type-variable ¢. Then Z, is X-saturated for each type 7.

Proof. Immediate from Lemma 6.3 and the fact (when 7 = w) that Ax is itself X-
saturated. U

As with any well-behaved type system, types are preserved by reduction. This plays
an essential role in the Soundness Theorem below.

Theorem 6.5 (Subject Reduction). In either of the systems D,, or D: suppose I' +
M:7and M — M;. ThenT' - M;i: .

Proof. By induction over the derivation of ' = M : 7. If the last inference of this
derivation is w-introduction the result is immediate; if the last inference is one of N-
introduction or N-elimination an easy application of the induction hypothesis suffices.
We organize the rest of the argument by cases according to the shape of the term M.

If M is an abstraction Az.B then M; is of the form Az.B; with B— B;, and we
need only consider the situation which the typing of M ends with —~introduction. Then
7=(nn—m)and I',y: 1 F B: 7. The induction hypothesis yields the same typing for
B; and then we may type M; as desired.

In case M is F'A and was typed by

'FF:o0-71 I'tA:o
L'k (FA): T
there are three cases for the reduction to M. If M, is F1 A with F — F; or M, is F'A;
with A — A; then we may apply the induction hypothesis to the typing of F' or A as
appropriate. So suppose M is (Az.B)A and M; is B(x = A). WehaveI' - \z.B: 0 —7
and ' - A:o; by Lemma 5.3.4 we have I', (z: o) F B: 7, and soI' + B{x = A): 7 by
a cut.
The remaining case is when M is a closure, typed by the cut rule:

I,(z:0) - P:7 '-Q:o
FEPz=Q): T

—E

If M, is obtained by a reduction inside of P or ) then as usual we use a simple application
of the induction hypothesis. The interesting sub-cases are when M; is produced by a VarK
or gc, Varl, Abs, or App reduction. Of course the gc sub-case subsumes that of VarK; we
treat this case first.

When P{x = Q) — P: Since z is not free in P we may apply Lemma 5.3.2 to the
judgement I, (z: o) F P: 7.

When z{x = Q) — @Q: The derivation I, (z: ) F x: 7 is either an instance of the
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start rule or has N-introduction or N-elimination as its last inference. In the first case
o = 7 and we are done. If it is N-introduction we have 1 =71 N7, T, (z: o) F x: 7; for
i = 1,2 and so by induction (twice) we have ' + Q: 7; for i = 1,2, whence I'  Q: 7.
The case of N-elimination is similar.

When (My.C){x = Q) — Ay.(C{z = Q)): The hypotheses of the cut rule are that
[,(z:0) F W.C:7andT F Q:o;weseek ' F Ay.(C{x = Q)): 7. If the last inference
inT,(z: o) F Ay.C: 7 is N-introduction or N-elimination then it is straightforward
to rearrange the deductions just as in the previous case. Otherwise 7 is ; — 73 and
I,(y: ),(z: 0) b C: 1. Certainly T', (y: 1) F @Q: o, so an application of cut yields
D,(y: ) b C{x =Q): 72. A final application of —~introduction finishes the argument.

When (UV)(x = Q) — (U(x = @))(V(z = Q)): We have I, (z: 0) = (UV): 7 and
weseek ' F (U{zx = @Q))(V(z = Q)): 7. If thelast inference in T, (z: ¢) + (UV): tisN-
introduction or N-elimination then it is straightforward to rearrange the deductions using
induction. Otherwise for some ¢ we have I, (z: 0) F U: p—=7and I, (z:0) F V: pso
that by induction T' F U{z = Q): p=7and T F V{z = Q): . [

Theorem 6.6 (Soundness). Let Z be an interpretation and let X' be a class of terms
such that Z; is X-saturated for each type-variable ¢ and such that Z, C X for each type
.

Suppose M is closed and typable with type 7. Then M € Z,.

Proof. Throughout the proof we will use the fact that each Z, is X'-saturated and the
fact that if M is typable with type 7 then so are its reducts.

It is convenient to prove the following more general statement: Let Z and X be as in
the statement of the theorem, and suppose

— (z1: 1), (z2: @2),..., (Tn:apn) F M: 7 and
— A; €1y, for 1 <i<mn, withz,y; § FV(A;) for 1 <i<mn and j > 0.
Then M(.CL‘]_ = A]_)(.ZL‘TL = An) € I.,-.

Below, write I for the basis (z1: a1), (z2: a2),. .., (Tn: ay). The proof is by induction
on the derivation of I' + M : 7; we organize the argument according to the last inference
in the derivation.

The w rule (when the system under consideration is D,,). This case is trivial since Z,, = Ax.

The start rule. Here, for some ¢, M = z; and 7 = ;. To show that z;(z1 = A1)...(x, =
A,) € T, we induct on n; we identify two cases. If i = 1 then by saturation rule sat-l it
suffices to check that A {xs = As)---(x, = A,) is in Z.. But since none of the indicated
x; is free in A; and each A; € Z,; C X, we may repeat application of sat-gc and reduce
the assertion to the claim that A; € Z,, which holds by hypothesis. If i # 1 then after a
single application of sat-gc it suffices to check x;{(xs = As) --- (z, = A,,), which submits
to the sub-induction hypothesis.

The rules N-I and N-E. Each of these is a very easy application of the induction hypoth-
esis.
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The —E rule. We have
' U:a—p 'FV:a
T FUV:8
To show that (UV){z1 = A1)...{zn, = A,) € Iz it suffices, by iterating rule sat-App, to
argue that (U{z1 = A1)..{xn = A,))(V{z1 = A1)..(xp, = A,)) € T5.
But by induction (U(z1 = A1)...{xn, = Ap)) € Top and
(V{z1 = A1)..{xn = Ay)) € I, so the result follows by definition of Z, 3.

The —I rule. We have
I'(z:a) - B: 8
' Xe.B:a—p

We may assume that the variable z is not free in any of the A;. To show that (Az.B){z1 =
Aq)..(xn = Ay) € T, 3 we may iterate rule sat-Abs and argue that A\z.B{z1 = A1)...(x,, =
Ap) € Ty p. So choose A € T, we seek (Axz.B(x1 = A1)..(xn = Ap))A € Ig. Now by
sat-B it suffices to see that B(x1 = A1)...(z, = A,){x = A) € Zg. But (since z is not free
in any A;) this is an application of the induction hypothesis applied to the derivation of
z:a,I' F B:g.

The cut rule. Here we have

I(z:0) v P:7 'k Q:o
' Plza=Q): 7

We wish to show that P{z = Q){(z1 = A;)...{z, = A,) € T,; we may assume without
loss of generality that z is not free in any of the A;. By iterating rule sat-comp we see
that it suffices to show the following term to be in Z,:

Plxy = Ar)...(xn = Ap){z = Q(z1 = Ay)...{z,, = Ay))

By the induction hypothesis applied to the derivation T F @Q: o, the term Q(z; =
Aq)..{zy, = Ap) is in Z,. Then since z is not free in any of the A;, we may use the
induction hypothesis applied to the derivation T, (z: ¢) F P: 7 to finish the argument.

[

The following definitions are due to Cardone and Coppo (Cardone & Coppo 1990).

Definition 6.7. A type is proper if it has no positive occurrence of w and antiproper if
it has no negative occurrence of w.
The trivial types are determined by the following rules:

— w is trivial.
— If o is trivial and 6 is any type, then 8 — ¢ is trivial.
— If o and 7 are trivial, then o N 7 is trivial.
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Head normalization

Consider the system D,,; let “type” mean “type of D,” and let “typable” mean “typable
in D,

Definition 6.8. Let H be the interpretation which maps each type variable to the set
HN of head normalizing terms.

Lemma 6.9. H, C HN for each non-trivial type .

Proof. We prove the following two statements simultaneously by induction on types.

1 H, CHN when 7 is non-trivial
2 (Z'Tl .. Tn) € H, for all T;.

At type-variables ¢ the first claim holds by definition, and the second holds since (27} ... T),)
is in head normal form. At type w the first claim is vacuous and the second is imme-
diate since H,, = Ax. At intersection-types the first claim follows by induction since at
least one of the conjuncts of 7 must be non-trivial; the second claim is an immediate
consequence of the induction hypothesis.

When 7 is o — 3: To establish the first claim, suppose M € H,3, and note that as
a consequence of the second claim at type a, each variable is in H,. So Mz € Hg. The
type B is non-trivial, so by induction at type 8, Mx € HN. This implies M € HN. The
second claim follows easily from the definition of H 3. UJ

Corollary 6.10. If M is typable in D, with a non-trivial type then M is head normal-
izing.

Proof. Tt suffices to consider closed M. The hypotheses of the Soundness Theorem 6.6
hold for the interpretation H when X is Ax: H; is Ax-saturated by Lemma 4.2, and the
second condition is immediate. So if M is typable with type 7 then M € H, (for any
type 7). Now apply Lemma 6.9. ]

The converse of this result will be established in Section 7.

Leftmost normalization
Consider the system D,,; let “type” mean “type of D,” and let “typable” mean “typable

in D,”.

Definition 6.11. Let £ be the interpretation which maps each type variable to the set
LN of leftmost-normalizing terms.

Lemma 6.12. £, C LN for each proper type .

Proof. We prove the following two statements simultaneously by induction on types.

1 L, C LN when 7 is proper, and
2 (2T ...T,) € L, if each T; € LN and T is antiproper.
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At type-variables ¢ the first claim holds by definition, and the second holds since (2T} ...T,) €
LN = L; if each T; is in LN. At type w the first claim is vacuous and the second is
immediate since £, = Ax. At proper intersection-types the first claim follows by in-
duction since each of the conjuncts of 7 is proper; the second claim is vacuously true.

At antiproper intersection-types the first claim is vacuously true; the second claim is a
consequence of the induction hypothesis since each conjunct of 7 is antiproper.

When 7 is a@ — 3: Suppose 7 is proper. To establish the first claim, note that « is
antiproper and so as a consequence of the second claim at type «, each variable is in
Ly. Then if M € Lo3, Mz € Lg. The type § is proper, so by induction at type S,
Mz € LN . This implies that M € LN.

Next suppose that 7 is antiproper. To establish the second claim, we want to show
(2T ...Ty) € Losp giventhat each T; € LN. Let A € L, we want to show (217 ...T,A) €
L. But since a is proper A € LN by induction at . Since f is antiproper we may apply
the induction hypothesis at 8 to complete the argument. O

Corollary 6.13. If M is typable in D, with a proper type then M is leftmost normal-
izing.

Proof. It suffices to consider closed M. The hypotheses of the Soundness Theorem 6.6
hold for the interpretation £ when X is Ax: £; is Ax-saturated by Lemma 4.2, and the

second condition is immediate. So if M is typable with type 7 then M € L, (for any
type 7). Now apply Lemma 6.12. [

The converse of this result will be established in Section 7.

Strong normalization

Consider the system D; let “type” mean “type of D’ and let “typable” mean “typable in
D.

Definition 6.14. Let S be the interpretation which maps each type variable to the set
SN of strongly normalizing terms.

Lemma 6.15. S, C SN for each type 7.

Proof. We prove the following two statements simultaneously by induction on types.
1 S, CSN
2 (2Ty...T,) € S; whenever each T; € SN
At type-variables t the first claim holds by definition, and the second is just the statement
that (277 ...T,) € SN. At intersection-types each claim is an immediate consequence of
the induction hypothesis.

When 7 is a — (: To establish the first claim, suppose M € S,3, and note that as
a consequence of the second claim at type «, each variable is in S,. So Mz € Sg. Since
this is in SN by induction at type 8, M is SN.

For the second claim let (277 ...T,) be given with each T; € SN and let A be in
Sq: we seek (2T ...T,A) € Sg. But A € SN by induction hypothesis at type a and so
(2Th ...T,A) € S by induction hypothesis at type 3. O
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Corollary 6.16. If M is typable in D then M is strongly normalizing.

Proof. Tt suffices to consider closed M. The hypotheses of the Soundness Theorem
6.6 hold for the interpretation S when X is the set SN: the set S; is SN -saturated by
Lemma, 4.2, and part 1 of the previous lemma, established the second condition. So if M
is typable with type 7 then M € S,. Now apply Lemma, 6.15. ]

The converse of this result is false, as will be demonstrated in Section 7 (see Exam-
ple 7.4).

7. Typings for normalizable terms

In this section we examine how type assignments for Ax terms reflect their reduction
properties.

First we repeat the classical observations concerning the typings for normal forms and
head normal forms.

Proposition 7.1.

1 If N is a normal form then N is typable in system D.
2 If H is a head normal form then H is typable in system D, with a non-trivial type.

Proof.

1 By induction on N; let N be Axy...x2,.2cNy---Ng. For each 1 < i < k N; is in
normal form, so by induction we have I'; and 7; with I'; + N;: 7;. Let ¢ be a type
variable and let Ty be the singleton basis (z.: 71 — --- = 7 = t), and set T' to be
ToNyM...NTg. Then T' F z Ny --- Ng: t. It follows easily that N is D-typable.

2 By induction on H; let H be Azy ...xzn.xHy --- Hi. Let t be a type variable, let 7
be the type (w—---—w—1t) (with k occurrences of w), and let 7; be an arbitrary
type for j # e. Set I' to be the basis assigning 7; to z; for 1 < i < n. Certainly for
each i we haveI’ + H;: w,s0T + z.Hy---Hp:t. ThusI' - H: 14 —---— 7, —1t.
This type is non-trivial.

O

In system D,, typings are preserved by the converse of reduction as well.

Theorem 7.2 (Subject Expansion for D,). In system D,: suppose I' + M : 7 and
My— M. ThenT + My: 7.

Proof. The proof is by induction over the derivation of ' + M: 7.

If the last inference of this derivation is w-introduction the result is immediate; if
the last inference is one of N-introduction or N-elimination an easy application of the
induction hypothesis suffices. We organize the rest of the argument by cases according
to the shape of the term M,.

If My is an abstraction Az.Bg then M is of the form A\z.B with By — B; we need
only consider the situation in which the typing of M ends with —introduction. Then
7=(rn—7)and T, (x: 1) b B: 72. The induction hypothesis yields I, (z: 71) F By: 72
then we may type My as desired.
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In case My is FoAp there are three cases for the reduction to M. Suppose M is Fp A
with Fy — F or M is F Ay with Ag — A. As the typing of M is known here to conclude
with —~elimination we may apply the induction hypothesis to the typing of F' or A as
appropriate. The other case is that My is (Ax.B)A and M is B{x = A), with M typed
by the cut rule.

I,(z:0)FB: 7 TFA: 0o
TFB{x=A):71

The induction hypothesis is not needed here, since we may type My by expanding the
cut. An application of +introduction types (Az.B) under I" and then —-elimination types
(Az.B)A.

The remaining case is when M is a closure P{z = Q). If M is obtained by a reduction
inside of P or () then as usual we use a simple application of the induction hypothesis.
The interesting sub-cases are when M is produced by a VarK or gc, Varl, Abs, or App
reduction. None of these cases involves the induction hypothesis. Of course the gc sub-
case subsumes that of VarK; we treat this case first.

When P{x = Q) — P: By our variable convention we may assume xz ¢ FV (P). Let
I be T restricted to the free variables of P; then I + P: 7. So I, (z: w) + P: 7 and
I'F Q:w.Bycut, I - Ple=Q): 7,andsoT F P{z =Q): 7.

When z(x = Q) — @Q: Let T be T restricted to the free variables of @; then I F
Q: 7. Since I'',(z: 7) F z: 7 an application of cut yields I F z{(z = Q): 7, so indeed
'tk z(z=Q): 7.

When (A\y.C){z = Q) — M\y.(C{z = Q)): We may assume M is typed by —~introduction,
sothat 7is m = and I, (y: 1) F C{z = Q): 2. By Lemma 5.3.3 there is a o such
that T, (y: m1),(z: 6) + C:mand I, (y: 1) F @: o, and by the variable conven-
tion we may assume that y is not free in @) so that in fact ' F @: 0. Then since
L, (z: 0) b Ay.C: 11 = 72 we may type (Ay.C){z = Q) by the cut rule.

When (UV){z = Q) — (U({z = Q))(V{(z = Q)): We may assume M is typed by —
elimination, so there exists § with I' + U{(z = Q): d—>7and T' F V(z = Q): 6. By
Lemma, 5.3.3 we then obtain o7 and o2 with T, (z: 1) F U: 6—7and T + Q: oy from
the first, and I, (z: 02) F V:d—=7and T + @Q: o3 from the second. SoT' + @Q: o1Nos.
By Lemma 5.3.1 I',(z: 01 No2) + U:0 =7, and T',(xz: 01 Noz) F V:4§. Thus
I,(z: 61 No3) B (UV): 7 and we may type M by a cut.

cut

O

Corollary 7.3 (Subject Conversion for D,). Suppose ' + M: 7 in system D, and
M«—» M. ThenT F M': .

Proof. This follows immediately from the Subject Reduction and Expansion theorems.

O

Subject Expansion and system D.

In the classical A-calculus a weak version of the Subject Expansion theorem holds for
system D (under an additional hypothesis that a subterm which is erased by a 8-reduction
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is typable). Using this obtains a characterization of the strongly normalizing classical
terms.

It seems to be more difficult to perform such an analysis for expansion in the calculus
Ax4.. In particular it is not the case that D-typability is preserved by expansion even
when the reduction-rule in question erases a typable subterm.

Example 7.4. Let S be the term Au.uu. Consider the terms

M, = (MW.2)zz){x=85)—
My, = zy=zz){z=S8)—
M; = z(z=209).

Ms and S are easily seen to be D-typable. But M> is not D-typable. To see this, first
note that the typing behavior of M, is the same as that of M; since they are related by
a B-reduction. But M; is not typable since it is not strongly normalizing.

So the reduction from M> to M3 witnesses the failure of Subject Expansion; and indeed
the term M, witnesses the failure of the converse to “D-typable implies SA.”

8. Main Results

In this section we collect the results of the previous sections and derive the main results
of the paper; we also address the role of the garbage-collection rule gc in the development.

As suggested in the introduction one may view the rule gc as being somewhat out
of character with the rest of the explicit substitutions paradigm since it does not really
correspond to an atomic operation on terms. So it is natural to ask whether the relation-
ships we have established between typings and reduction properties continue to hold for
the “elementary” calculus without rule gc. It turns out our main results relating various
normalization properties and typing properties can be established for the elementary
calculus as well with essentially no extra work. This is shown in the three theorems of
this section.

Theorem 8.1. Let M be a closed term. The following are equivalent.

M is typable with a non-trivial type in system D,,.

M e HN.

M is head-normalizing in the calculus Ax (without garbage-collection).

M has a head normal form.

M is solvable, that is, there is an n and terms X;,... X, such that MX;---X,, =
Az.z.

Gt W N =

Proof. The implication from 1 to 2 is Corollary 6.10; the implications from 2 to 3 and
from 3 to 4 are immediate. To see that 4 implies 1 suppose M «—» H with H in head-
normal form. By Proposition 7.1 H is typable in system D,, with a non-trivial type, and
by Corollary 7.3 sois M.

Now 4 implies 5: if M € HN then M (head-) reduces to a term of the form
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Take X; to be the constant function taking k arguments and returning I, and take the
other X; to be arbitrary: M is solvable. Finally, 5 implies 2: if MX;---X,, = Az.x
then M X1 --- X, has a head normal form, and so M Xy ---X,, € HN. This implies that
M eHN. 0

It is worth emphasizing the fact that the implications 4 to 2 and 4 to 3 state that
in Ax and Axg. head reduction is a correct strategy for deriving head-normal forms. In
light of the fact that head-reduction on Ax is non-deterministic, these generalize the
head-normalization theorem for the classical A-calculus.

Theorem 8.2. Let M be a closed term. The following are equivalent.

M is typable in system D, with a type not involving w.

M is typable with a proper type in system D,,.

M e LN.

M is leftmost-normalizing in the calculus Ax (without garbage-collection).
M has a normal form.

CU b W N =

Proof. The implication from 1 to 2 is immediate; the implication from 2 to 3 is Corol-
lary 6.13. The implications from 3 to 4 and from 4 to 5 are immediate. Now to see that 5
implies 1 suppose M «—» N with N in normal form. By Proposition 7.1 N is typable in
system D, and so in particular is typable with a type 7 not involving w. We may consider
this typing to be in system D,, and apply Corollary 7.3 to conclude that M is D,-typable
with type . ]

The implications 5 to 3 and 5 to 4 state that in Ax and Axy. leftmost reduction
is a normalizing strategy. In light of the fact that leftmost reduction on Ax is non-
deterministic, these generalize the leftmost normalization theorem for the classical \-
calculus.

Theorem 8.3. Let M be a closed term.

1 M € SN if and only if M is strongly normalizing in the calculus Ax (without garbage-
collection).

2 If M is typable in system D then M € SN.

3 If M is a pure term then M € SN if and only if M is typable in system D.

Proof. The first assertion was originally established by Rose, in (Rose 1996). The
second result is Corollary 6.16. The third fact follows from the corresponding result
for the classical A-calculus and the preservation of strong normalization (Lescanne &
Rouyer-Degli 1994, Bloo & Rose 1995, Bloo 1997, Bloo & Geuvers 1999, Rose 1996). []

The requirement that M be a pure term in part 3 is necessary, as shown by Example 7.4.

9. Conclusions and future work

In this paper we defined an intersection-types system for terms in the explicit substitution
calculi Ax and Axg. which is a natural generalization of the system for the classical
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lambda-calculus. We defined notions of head and leftmost reduction which generalize
classical head reduction yet are more flexible in the sense that they are not deterministic.

Characterizations of the head- and leftmost-normalizing terms were obtained in terms
of their typing behavior. Leftmost reduction is a normalizing strategy. The nondetermin-
ism in leftmost reduction means that one has a choice of reduction strategy, for example
in a programming language implementation, while retaining computational completeness.

Terms typable in the system D without type w were shown to be strongly normalizing;
the converse fails. For pure terms the strong normalization of typable terms follows
from the corresponding result for the classical A-calculus and the previously established
“preservation of strong normalization” results for Ax; our treatment here is direct and
makes no reference to analysis in the classical lambda-calculus.

All of our results hold for both reduction systems, Ax and Axge.

It is not true that all strongly normalizing terms are typable in system D. This sur-
prising failure of the most natural generalization of the classical characterization of S/
terms gives rise to two complementary questions:

— Which terms are typable in system D? For example, is there a reduction relation on
the terms of Ax for which system D captures the SN terms?
— Is there a type system such that the typable terms are precisely the Axg.-SN terms?

Recall Example 7.4. The terms M; and M- there show that if we are to have a type
system which characterizes strong normalization then we apparently must abandon the
property that closures B{x = A) have the same typing behavior as the associated B-
redexes (Az.B)A (perhaps only in the case when z is not free in B). This would be a
fundamental change in what seems to us to be the most natural generalization of the
classical type system.
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