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7 T fSa_gQf1g=^_T98!:;:=<?>�@A@B>?:DCE>0<0FHGI>0J <�KMLNKPO)QSRETU@0LV>0FW@YXMZ�[m]]\_^�`\^k` ^_g;` P�o
h?a gQRDhig�hieUT ^_h?ab`b` o~^_h `\R_c_a Red�fSaiggf_` T�h ggikjKRec_a Red `M^?abh f5` Tml\T&hni gQaohN`6`b`pl
PS^_Tqi,P_` i ad`6h TBr gQaos hieK` h!cH`\R `QcHc g=PSR�hti gQa!c�ggh�fKPUh ` h?a g=RDr�a h eu@Avew=<�KPO)QQX
x T xqy >�@ X6`\R_czFm{eL|w6LNK~}=OE��Z�[�]n\�` aiT cdeK`bad`Qc hiTHaoa ^iTBc�f�l�h e�T c�gghWf5a RK` hoa g=R
ggi h eUa_THT�i TI`bh PUa_T*^B��hieUTqlur�gQa�s�rIa h e hiTHa?h ^�rmeUTHaiT ^ih_a PKc hiPUad`6`Ia R_cSPKc@o
h?a gQR$a ^ PS^_Tqi,P_` X1hieUTql PU^iT `-h�a ReabhN`6`���f6`\cAs=o f1g;a R�h_T&a��BaiTHfSa_T*^_T&R�h ` h?a g=R�ggi
c0lUc�`ba c$cS` hd`SXk`\R_c hieUTql T&RS^iPUa_T `�f1g=PSR_c�T�c c�ggh�f5` T��ea h�l ggiBaiTqr�a?a h?a R�d
^_hiTHfK^nf)l TB`babh�a RK` hoa Red�abh�f_`ba cqa h�f1g;a R�h_THa a_T�cea aiT*c h?a g=R��W�~R.hieUT�fK` f1THa�r T
cUTq�QTB` gQf5hie_a ^k`\R_c�^ieUgUr�eUgUr�a h�a ^k`m�QTHaol PU^iTqi,P_`
c g;h�fSa_g;h�a ^_Ttf1THh�r T&T&R
` T&^i^�`=fK^_hia `Qc h3hiTHa?h�d\ad` fKeBaiTqrmaoa h?a Red `\R_c!hieUT�h�gQa_TE`=fS^ih_ad`Qc h3TB�9PS` h?a g=RS`6`
aiTqr�a?a h?a R�dE�
�������9� 1U�	.6� ]�TBr�a?a hoa Red6X�Z'c_cUa_T*^i^_T&^&X5� PUhd`bh?a g=RZX5\9eS` a?a RedKX*�klUc�` T*^

� � .B¡	¢ �
jkgQPS^�fSa_gQf1g=^_g=RU^!` T*^�RETU@0LV£0FY>�@W:�>¤GI¥A¥ x <�KMLN{�<?>�@9:�>�CE>0<0FY>�@9¦�8!:=<?>�@A@B>�@
XNZ�[�]n\e^ c g;hSh�T ^_g;` PUhoa g=RM`\P�fSaiggf_`p§�h TncUTtc�¨BjSR_a h?a g=R c�© PUR5cH`6cUa_T ^oabh o
f5` TNTHhªi gQaoh�TB`��9P_a�f1THa?h T&hªcUTNaiT&R_cUa_TMc�ggh�fShiT c�T cH`6` c�P_` ^¤h�THh_hd`\R�hBT&R
« Pe�9a_TzcUP­¬_w=<0L|wBQ)>�X�c�T*^ x T xqy >�@ X T&h�cUT&^®F9{eL|w6LNK~}=O_@0��¯ZT&^�Z�[m]]\ ^_g=R=h
cH` ad`\c�h�¨Ha?a ^�¨&^Ef6`ba!` `�c g;hWf_a RK`6a ^_g=R�cUTBh_aig;a ^m`\^_f1T*c h ^¤�_ab` ^m^_g=R�h'fK`\^�¨*^m^iPUa
PSRUT�aiTHfSao¨&^_T&R�hd`bh?a g=RªcUT&^
dQad`bfKeUT&^(f6` a°c�T*^(hiTHa?h�T&^&X*g;±9`²©³a R_cSPKc h?a gQR ^_h_a PKc@o
h P�aiTB`b` T T&^_hkPUhoab` T=Xeab` ^'h�THhih_T*R=h�T*R « Pe�9a_T!PURUTBaiTHfSa�¨&^iT&R�h ` h?a gQR�h�a R_abhN`6` T
cUT&^E^_hiaiPKc h PUa_T&^´c�TtcUg=RSR�¨&T&^�c0lUc�`bab�9P�T�f6` aªµ*f1g;a R=hiT&PUa�`baia?ap§Ha_T=¶QX=THh�ab` ^E`\^to
^iPUaiT&R�h PSRUT c g;h�f5` T��ea h�¨�f6gQa Re¨HT]cUT&^ f6` ^�cUT a�¨B¨*c a?a hiPUaiTmT*R�¨B`babh�a RK`\R�h�` T&^
aiTBc_a a_T*c�hoa g=RS^kc�T�f1g;a R�h_T*P�a ^kabh�f5`ba c�a hiT&^B�g· `\RS^�c THhE` a_h?a c�` T=XQR�g=PS^�ce¨q�QTB` gQfUo
f1g=RU^Bc T*cqa X6THh R�g=PS^th�g=R=hiaigQRS^n�9P�©³ab`�^B© `=dga htc¸© PSR.c g;h�fSa_g;h�a ^�hia�§*^ PUhoab` T
T&R�hia_T�` `mao¨q¨*c a?a h P�aiT�cUT�dQad`bfKeUT&^&X3h g;a RS^�`=fK^_h_ad`6a h_T�XHTHh	` `ka�¨B¨*c a?a hiPUaiT�¨���PK`bo
h?a gQRSRUTB`b` T=X�f_` PS^k`=fS^ih_ad`6a h_T;�
¹º� /�.0»A4;¼ � .6� ]'¨q¨Ic aoa h PUa_T�X)ZIcUa_T&^ ^_T&^&X5� PUh ` h?a g=R X_½�` aih `=dQT=X5��lUc�` T&^
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[
THa?h ]�TBr�a?a hoa Red�\�l�^_hiTBh ^&X=[m]]\SR · O=[QqSX�Tt` g�[E�9X(UEj�[V"�W~X\` a_T�r�abcUTB`plBPU^iTBcWh_gni gQaohN`6`baYXHT=X*fSaig\higQhVl9f1T=X
`\R_cY�QTHa?apiPl�^_ggi h�rE` aiT;�)ZkgUr TB�\T&a&XQh eUTql�cUg RUgQh TI` ^?ab`pl T���fSa_T*^i^ ^iggh�T�ggi h eUT PS^_TBi,Pe`1RUgQhoa g=RS^ h eS` h g=RUT
jKR_cU^	a RB^_ggi h�rE` aiT�abh�f5` TBh�T&R�hd`bh?a g=RS^&XHRK`6h�TB`pl ^ieK`ba?a Red6XIc�l�cq` T&^&XI`\R_cªh P�hd` hoa g=R����~RBh e_a ^�a R�hia_g�cSPKc h?a gQR
r�TWT���f5` `=a R T*`Qcde ggi�hieUT&^_T�`\R_c h eUT ^igg` PUh?a g=R�r�TWfSaig\f1g=^_T9f1Tqi gQa_T9d;ap��a Red�hieUT f5` `\R�i gQa�h eUT a_T&^ih ggi
h e�TBfK` f1THa��

[<\][ ^	_a`cbedgfih
[�eea ^ªa ^!` R T&^i^iT&R�hoa `6`�RUgQh?a gQR h_g�d;ap�QTN`\R `\c&c g=PUR�h ggi�Tkj�c�a T&RKc0lDa R h e�T abh�f5` TBh�T&R�hd`bh?a g=R ggi'[�]n\��
\9eK`ba?a Red eK`\^�h g=^_h?`plªf1THT&R ^_h P_cea T�cSa R h eUTkc�gQR�hiT���h�ggi1ggfUhd`6a R_a R�d T%jNcqa T&R�h°abh�f5` TBh�T&R�hd`bh?a g=RS^3ggi�` `(Xql

Y



i,PSRKc hoa g=RK`6`(fSa_ggdQad`=h�h�a Red�` `\R�d=PK`=dQT&^ R ½�OE",!9X�½ ��� [QV�W~XZ`\R_c.hieUT�a R_a h?a `=`�^_h P_cea T*^ ggi ^ieK` aoa Red�a RDh eUT
c g=R�h_Tq�9hEg6i�LV>0<�F Q6<?w�¬Ev <?>0J <�KMLNKPO)QS@�TU@0LV>0FW@ X�[i# ]n\ R U���� # + "E!�X�½�` P W X)r�THaiTta RecUTHT�c�h gQh?ap� ` h_T�cYf)l
h eea ^k` fSf_`ba c&`bh?a g=R��

� g=RS^oabcUTHa [�]n\ka P_` T&^Z^ PSc@eB`\^��	��

�
���
(x) → �	��� ��� (x, x)

� �~R fSaoa RKc�a f5` T	hieUT�aiP_` T c gQf5a T&^
`�^iPefUhiTHa?h
ggi�hieUT9a R�fKPUh�fKPUh a_T*`6`�abh�f5` TBh�T&R�hd`bh?a g=RS^EgQfShoabh�aYXHTBh e_a ^�f�l5gQR_`pl5c gQf)l�a RedM`S¬_}=KPOELV>0< h_g�h e�TWhiTHaoh��
[�eea ^kR�gQhmg=Re`pl ^ `��QT&^Ih�TBh�g\aol fKPUh�`6` ^_g�hN`=sQT&^'a hmf1g=^i^oapf5` T hig�@Avew=<?>��A{eLN{�<A> x }=F!¬*{eL|w6LNK~}=O_@ g=R h eUT
aiTqi THaia_TBc5^iPefUhiTHa?h��	7 T!cH`\R�c g;h�fKP�hiT=X�i gQa�T��S`6h f5` T=X

�	��

�����
�	��

�����

2

→

�	��� ���
�	��

�
���

2

→

�	��� ���

�	��� ���

2

→
�	��� ���

4
→ 16

Xz` ^ ^iP_hSa RedN` aiP_` T h_g�aiTqrmaoa hiT �	��� ��� (x, y)
h_g hieUT�� `6` PUT

x × y
T��ea ^_hi^´i gQa�T*`Qcde

x
`\R_c

y
^��

� PUa!^_g;` P�h?a g=R a ^B^oabh�f5`pl h_g PS^_TNhieUT gQa?apd;a RS`6`�h_THa?h aiTHfSaiT&^_T&R�hd`bh?a g=R®fSPUh�w=O5O�}6L|w6LV>Sa h¤rIa h e `\R
�_`6c_c�aiT&^i^ �kf1THa�f1gga R�hiTHa hd` a�dQTHh�� DUgQa T��S`6h�f5` T=X=hieUT `Uf1gU�QT�aiTqrmaoa hiT�^iTB�9P�T*RSc�T cH`\R f1T aiTHfSa_T&^iT&R�h_TBc ` ^
i g;`b` gUrm^&X�PS^oa Red

a
X
b
X
c
X
. . .

i gQak`6c_c�aiT&^i^iT&^B�
�	��

�����

a

�	��

�����
b

2c

→

�	��� ��� a
�	��

�
���

b

2c

�	��

�����
b

2c

→

�	��� ��� a

�	��� ��� b

2c 2c

�	��� ��� b

2c 2c

→
�	��� ��� a

4b 4b
→ 16a

rke�T&a_T T*`Qcde aiTBcSPKc hoa g=R5`��"T*c h ^m`6`b` ^iPefSh_THa?h ^´r�a h e h eUT ^d`=h�T!`6cecUaiT&^i^t@�KPFm{ y L|w=O�>?}={)@ y T6�

[<\�� �! #"%$'&)(
[�e�T*^_Tk` a_T�T&^i^_T&R�h?a `6`)rmeUT&R g=RUT'r�` R�h ^�hig�cUT*`6`�rIa h eSa R�jKR_a hiT'cK` h ` ^_hia PSc�hiPUaiT&^ a R�`\R Tkj�c�a T&R�h
r�`�l ` ^
a ^
hieUTEcH`\^_T=X�i gQa
Tq�U`6h�f5` T=X�i gQa abh�f_` T�h T*R=h?a RedmaiT*c�PUai^?ap�\T TB�9PS` h?a g=RU^ a Rª` `�XBl]i,PSRKc h?a g=RS`6`QfSaig6dQad`6hSh�a Red
` `\RedQPK`=dQT&^IXC`\^�`=f1gU�\T=^@X\g\a�` ggdga c fSaig6dQad`6hSh�a Redt` `\R�d=PK`=dQT¤X~½�aig;` ggdKXg¯
`6hªf�cK`�½�aig;` ggdKX*>�L x+* ^tr�a h e�g=PUh
h e�T]�xg�c&c�PUakcdeUT*cAsg���

Z h�l�f5a cH`6`	[m]]\�aiP_` TWh eK` h!r�TWr�gQP_`bc�`bapsQTWh_g�abh�f5` TBh�T&R�h�rIa h eD`Mc0lUc�` TWa ^�h eUT R�gQhigQaoa g=PS^�je��TBc
f1g;a R=hmPSRei g;`bc_a R�d aiP_` T-,/.

(λ 0 .x) →
��
/1

(x, 0 , ,2. (λ 0 .x))
abh�f5` TBh�T&R�h_TBc-f)l

,2.
(λ 0 .x) →

��
/1

x 0
r�a hie 0 cUT&RUgQhoa Red `�f6g=PSR_c � ` aoa `=f5` T;��ZkgUr Tq�QTHa*X�d;ap�QT&RDh eS` hB^ P�fK^_h?a h P�h?a g=R.PS^iPK`6`b`pl$a RKc�` P_c�T*^ aiP_` T&^`bapsQT3��
/1

( 0 , 0 , x) → x
i gQa�T*`Qcde 0 hie_a ^Ih `=sQT&^Ia h�f1gQ^ ^oapf5` T h_g aiTqr�a?a hiT

,/.
(λ 0 . 0 ) →

��
/1

0 0
→

�



[�e�T a_T*^iP_` hna ^ cH`6`b` TBcD`�� y w x�� ve} y >9f1T*cH`\PS^_TSa hna ^ ` dQad` fSe$r�a h e�g=PUh `\R�l RUg)cUT&^ `\R_c®a R fK` aihoa cHPe` ` a
RUg a_g9gQhtX h eK` hEcH`\RYf1T PS^_T�cNhigWggfK^_THao�QT]a h�^0�°[EeUT ^_g;` PUh?a gQRZX9`6` ^_g `=cUgQfSh_T�cYf)l R³ZaTB[7 (W X)a ^ h_gWaiTB�9P_a a_T
`6`b`���fK`Qc?s�o f1g;a R�h_THa ^��kh_g PS^_T `W^_f1T*c�a `6`*a R_c_a a_T*c�hoa g=RNRUg�c�T�X�rmaoa hihiT&R9�

•
�@X�aiTHf5` `Qc�a Red!hieUT `=f1gU�QT�aiTqrmaoa hiT

r�a hie

,/.
(λ 0 . 0 ) →

��
/1

0 0 •
→ •

[�eea ^ `=` ^ig¤ab`b` PS^_h_ad` h_T*^�h e�T��)a TBr hieK` h c�l�cq` T&^�` aiT��t^_TB`pi o~^ eS` a?a RedU�EgQa&X�`\^�a h�a ^	ggi h_T*R T���fSa_T&^ ^_TBcZX\Tq��e_apf5a h
� >0<0LNK x w y ^ieK`ba?a Red�XNa R�c g=R�h_ad`\^_hEhigNPU^ PS`6`Z^ieK`ba?a RedNcH`6`b` TBc$ve}=<�K���}=OEL|w y ^0�

[<\�� 	�

� `�� d��cf
[�eea ^ a ^�`nf6`\^oa cERUg\h?a g=Rma RmhN`\R�l!fSaiggd\ad`6h�hSa Redt` `\RedQPK`=dQT&^&X=i gQa a RS^_hd`\RSc�T=X6a RShN` R�lWggf��xT*c h�gQa?a T&R�h_TBc
fSa_ggdQad`=h�h�a Red�` ` Red=PK`=d\T*^&X"c@eS`\Red;a Red hieUT9�\`=` PUT g6i�` jSTB`bcDa R `M^ieK` a_TBcDggf��xT*c�h f1THa�i gQa?h ^ h e�T�^?abc�T
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�~R�hiP_a h?ap�QTB`pl=X=api6hVr�g ^ P�fSfSaiTHh_T&aoh ^�eK`��QTm` ^ `6h T
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� � c),
��
 ��� b( � �
� � c))

� .�w=F]¬ y >�� * #nap�QT&RN^ol)hWf1g;` ^ � �
� � g6i
` a?a hVl 0
X/��
 ��� ggi
` aoa h�l 1

X ��� 
 �E` R_c � 
�� � ggi
` aoa h�l 2
� �°�S`6h�f_` T*^

ggi fSaiTHhiTHaoh ^�r�a hie hie_a ^B^oapd=RK`bh PUa_T�`baiT
t1 = � ��� � a

X
t2 =

��
 ��� a(x)
X
t3 =

��� 
 � c( � �
� � a, �
�
� � b), t4 =��� 
 � a( ��
 ��� b( � �
� � c),

��
 ��� b( � �
� � c))
X
t5 =

��� 
 � a( � ��� � a,
��
 ��� b( � �
� � a))

X
t6 = � 
�� � b(•a,

��
 ��� a( � �
� � b))
X

t7 =
��
 ��� a(

��
 ��� a(•a))
� � R_`pl hieUTSjSa ^_hti g=PUa g6i hieUT&^iT fSaiTHh_T&aoh ^tcUT&RUgQh_TSdQa ` fKeS^B�9Zmc�hiPK`6`b`pl

t1, t2
X

`\R_c
t3
cUT&RUgQh_T hia_T&T&^&X `\Rec

t4
a ^ hieUTmdQad`bfKe®a R$j_dQPUaiT �e�ª[�eUTS` ` ^ih hieUaiTHT=X

t5, t6
XZ`\R_c

t7
XZ` a_T�O�}=O (

w;:=F9K @A@�K � y >;� t5
f1T*c&` PS^_T�h e�T�`6c_c�aiT&^i^

a
a ^9f1g=PUR_c hig®f1g\h e � �
� � a

`\R_c
t5
a h ^_TB`pi �

t6
f1T*cH`\PS^_T h eUT

`6c_c�aiT&^i^
a
a ^�f1g=PUR_c h_g f1g\h e

•a
XMrme_a cde�cUg9T&^ RUgQh�f6g;a R�h�f6`Qc?s�`\R�l)rmeUTHaiTU^m` R_c ��
 � � a( � �
� � b)

X"` R_c
b
a ^ `6` ^_gYf1g=PSR_c hig-c_a �1THaiT&R�h�^iPef_dQa ` fKeS^ � ` R_c

t7
f1T*c&` PS^_T `�^ohN`6`b` THamaiTHfSa_T&^iT&R�h ` h?a gQR5ggi	hieUT ^ `6h T

dQa ` fKe c&` R9f1T´rmaoa hih_T*R X\RS`6h�TB`pl ��
 ��� a(•a)
c_a ^ c�PS^i^_TBc�`=f6gU�QT;��X

t5, t6
XQ`\R_c

t7
` aiTERUgQh�TB�\T*Rª�QTHaih?a cH`6`b`pl

`6c_hSa ^ ^oapf5` T;� ^
�~RNgQaocUTHa higWcUTqjKRUT T��S`\c�ho`plmrmeK` h�a h�h�T*`\RS^�hign�_c g=R�hd`=a R)��h eUT ^ `6h�T�^iPefSfSa_THhiTHa?h r�T RUTHTBcNh_gWf1T

`=f5` T h_gMc g;h�fK` aiTB^iPefSfSa_THhiTHa?h ^B��[Ee_a ^�a ^IcUg=RUT¤f)l�cUTqjKR_a Red h e�TWRUg\h?a g=R�g6i�@�{ ��LV>0<�F f�l Tq�9hiad`\c�hoa Red
i gQa!T*`Qcde `6c_cUa_T&^ ^!hieUTMhiTHaoh c gQa_aiT&^_f1g=R_cea Red hig hieUTM^ P�f_dQad`bfKe a_g9gQh_T�c ` h!h eK`bh `6c_c�aiT&^i^���[
g h eea ^
`6abh�X5r�TWRUTHTBc hVr�g f6`\^oa c gQf1THa ` h?a g=RU^!rkeea c@e ` a_T c&`=`b` T�c ��} y :=KPO)Q5`\R_c�{�O ��} y :=KPO)Qg� DSgg`bc_a Red c g=RS^oa ^_h ^a RMaiTHf5` `\cqa R�d�` ^iPefSh_THa?h f)lM`

•
XUc�g\aiaiT&^_f1g=Rec_a Red hig�hieUTta R�hia_g�cSPKc h?a gQRMggi(` c0lUc�` Tta RMh eUT `6c_cUa_T&^ ^_TBc

hiTHaoh�Xt> * Q * X�`=i h_THa ^_g;h�T5a_Tqrma?a hoa Red ^_hiTHf�� �kRei g;`bc_a R�dza ^�cSPK`=`�higzi gg`bc_a Red6X�^oa RKc T�a h�f1THa�i gQa?h ^ h eUT
aiTHf5` `\c�TBh�T&R�h!ggi�`

•
f)l ` R `6c_c�aiT&^i^iTBc h_T&aoh ` h hieUT�^ `6h�T�` gUcH` hoa g=R��D[�e_a ^ma ^WhieUT fSaoa c�T-r�TMf6`�l

i gQa a RS^oa ^_h?a R�d g=R ` h_THa?h ^_hia PSc�hiPUaiT;��r�T eK`��QT�h_g PURei g;`bc rkeUT&RUTq�QTHaNg=R�T RUTHTBcS^Nhig ggfK^_THao�\T�h eUT
i,P_`b`(^ P�fShiTHa?h�rmeUTHaiTSa h c g=R�h `6a RS^ ` c�l�cq` T=X*f1T*cH`\PS^_T9r�T�c&` RSRUgQhns9RUgUr f)l�` gUcH`6`3ggfK^_THao� ` hoa g=R$a R.`\R
`6c_c�aiT&^i^iTBc hiTHaoh rmeK` h `

•
^_hd` R_cS^ i gQa��)DSgQa�a RU^ih `\RKc T=X\hd`=s\T�h eUTmhiTHaoh

t =
��
 ��� a(•a)

�
� h eK`\^�` ^_hiaoa c�h
^iPefSh_T&aoh

•a
Xgrke_a cde a R�iC`\c�h�aiTqi THa ^�hig

t
a h ^_TB`pi �
[�e�T!r�`�l g=R�T!dQTHh ^�f6`Qc?s hig

t
i aig;h hieUT!f6`Qc?s f1gga R�hiTHa

a ^nf)l PSRei gg`bc_a Red�a hB� ZkT&RKc T=X¸r�T�eS`��QT ` R�g9THh eUTHa?a ` R��t^iPefSh_T&aoh9� aiTB` ` hoa g=RZX�f6TIcH`\PU^iT g=PUa h_T&aoh ^ ` a_T
jKR_a h_T;�KZmgUr�Tq�QTHanr�T ^_h?ab`b`�R�T&TBc.hig�f6T�`=f5` T hig5aiPSR ` aof_a hiad`ba?ab`pl�iC` aB`6` gQRed�h eUT�a RejKRea hiT�f6` hieS^ ggi�`

"



c gQaia_T&^if6g=R_c_a Red�dQad`bfKe �
PSR�i g;`bc_a Red�^?abh f5`pl$cUaoap�QT&^ PS^tfK`Qc?s h_g�h e_a ^ f1g=^i^oapf5ab`ba h�l=X*f)l T���f6`\R_cea Red�h eUT
f6`Qc?s f1g;a R�h_T&ai^B�°[�eUT]a R�h Pea h?a g=R�a ^ h eK`bh�i g;`bc_a RedW`\R_cMPURei g;`bc_a RedWeS`��QT RUg!aiT*`6`6gQf6T&a ` h?a gQRK`6`Eh TI` R_a Red6X
fKPUh ` a_T PS^_TBc h_g-s\T&THf hieUT-<?>V¬*<A>�@B>0OEL|w6LNK~}=O ggi�`Yd\ad` fKe c�g\aiaiT*c h `\R_c PSR_ab�9PUT;�!�~R�iC`Qc h*X1`\^!r�TW^ eS`6`b`
^_THTt` `bhiTHa*X=hieUT h_ad`\RS^o` ` hoa g=R�i aiggh ` R `6c_cUa_T&^ ^_TBc�h_T&aoh hig `ªd\ad` fKe a ^´a R;�\`ba?a `\R�h�r�a h eNaiT&^_f1T*c�h higWi g;`bc
`\R_c�PSRei g;`bc��
� .�w=F]¬ y >�� * [�e�Tk`6c_cUa_T*^i^_TBc h_T&aoh t =

��� 
 � c( ��
 ��� b( ������� a(•b)),
������� a(

��
 ��� b(•a)))
rke_a cde aiTHfSa_T&^iT&R�hi^

h e�Tz` Tqi h�eK` R_c ^oabcUT.ggi!hieUT dQa ` fKe a_Tqrma?a hoa Red g6i D	apd=PUa_T Vua R�\�T*c h?a g=R  SX�eK` ^�h eUT ^iPefSh_THa?h ^
t
X

��
 ��� b( ������� a(•b))
XE` R_c ������� a(

��
 ��� b(•a))
� � RUT ^_T&T&^ hieUT�i g;`b` gUrIa RedE� X_Y3^Wi gQa Tq�QTHa�l `6c_cUa_T*^i^�ggi

th e�T&a_TSa ^ g=RUT ^iPefSh_T&aoh aig9g\hiTBc.` h hieK` h `6cecUaiT&^i^&X X �;^�TB�\T&a�l ^iPefUhiTHa?h a ^'�xT���hiT&R_cUTBc)�Whig�c�T*^ c a?apf6T�`
c g;h�f5` THh_T9d\ad` fKe�XMrme_a cde.c�g\aiaiT&^_f1g=RecS^ h_g�hieUT�^iPefedQad` fSe�<?>?w x vew+� y >Wi a_g;h hieUT aig�gQh `6c_c�aiT&^i^0^@XZ` R_c
XzV;^ hieUTM^iPefSh_THa?h ^Bggik`5^iPefShiTHaoh a ^Bh eUT�^_T&h!g6i�^iPefShiTHaoh ^!hieK` h ` a_T�aig�gQhiTBc `bh!h eUTM`6c_cUa_T*^i^_T&^!ggi
h e�T ^iPefSh_THa?h���XtY3^�r�ab`b`Ef1TBc g=RejUa?h�TBc f)l-½	aig\f1g=^oa h?a g=R "Wrke_ab` TSX �g^ `\R_c XCV�^ r�ab`b`*f1TBc g=RejUa?h�TBc f)l
½	a_gQf1g=^oa h?a gQR.Y&V_�
��
 -²� 1U¢ 25¼�� ��� 
 �P/�� � 
 � � � � 1U¢�. � � 8 ¬*<?>�LV>0<0F K @ `6c_h�a ^i^oapf5` T J
v_>0O®KML�K @ � >0<0LNK x w yPy T-w;:=FmK @A@�K � y >*)w=O�:®J
v_>0O KMLtK @W¬_}U@A@�K � y >�L|} �0{�K y :zw=O a R��QT&R�h_gQaol )�J
v�K x v�K @�w �A{�O x LNK~}=O�FYw�¬;¬*KPO)Q�> � >0<�T w;:;:=<?>�@A@L|}�LMv_>9{�O5K�,�{E>ª@�{ ��LV>0<�F w6L'LMvew6L�w;:;:=<?>�@A@��²{)@�KPO)Q-��} y :=KPO)Q�w=O�:�{�O ��} y :=KPO)Q�w;:�>-,�{5w6LV> y T�� * 8!:=F9K @A@�K � y >
¬*<?>�LV>0<�F9@Iw=<?> x w yPy >?: hiTHaoh ^
	2��}=<�w�LV>0<�F t

LMv_>��²{�O5K�,�{E>Iw=O�:ªw;:=F9K @A@�K � y >��!@�{ ��LV>0<�F %Nw6L/1�>?w x vSw;:;:=<?>�@A@
a ∈

w;:;:=<
(t)

K @ª:�>0O�}6LV>?:
t @ a *

[Ee_a ^�` `\^_h�cUTqjKRea h?a g=RDa ^¤a RSc�ggh�f5` THhiT�`\^ fUaiT&^_T*R=hiTBc eUTHaiT=X ^?a RSc�Tmr�TScUg�RUgQh ^ `�l eUgUr hig5PSRei g;`bc
hig ggfSh `6a RNh eUT a?apdQe�h�^iPefShiTHaoh ^B�	`ªi g\a?hN`6`6fSa_T*^_T&R�h ` h?a g=RYa ^´cUTq�QTB` gQf1TBc-a RNh eUTni gg`b` gUr�a Red5��jkg\hiT g=R_`pl
h eS` h	h eUT'�QTHaihoa c&`=`S`6c_hSa ^ ^oapf5ab`ba hVl!c�gQR_c_a h?a gQRmabh�f5`ba T&^�`th�a ReabhN`6`9aiTHfSa_T&^iT&R�h ` h?a gQR ggi*dQa ` fKeS^�`\^	h_T&aoh ^&X
rkeea c@e�a ^IrkeK` h�hN`UsQT&^�a hmTI` ^olMhigMcdeUT*c?s eUgQa?aYXHg=R=hd`6`Z`=c_h�a ^i^oapf5ab`ba h�l�^?a RSc�T¤a hkhieUT&R�^iP j�c T&^kh_gY�QTHaoapiPl
h eS` h�hieUT�h�a R_abhN`6` a_T&fUaiT&^_T*R=hd` hoa g=RS^Wggi�h�r g.hiTHaoh ^ ` h h eUT5^ `6h�T�` gUcH` h?a gQR ` a_T5^�l�R�h `Qc h?a cH`6`b`pl h eUT
^ `6h�T;� jmgQh?a c T=X�eUgUr TB�\T&a&X�h e_a ^9a ^ RUgQh T���P_ap� `6` T&R�hWh_g.^d`Bl�a Red h eK` h ^iPefUo~¬*<?>�LV>0<�F9@-r�a hie h eUT�^ `6h T
`6c_c�aiT&^i^�hWPS^_h'f1T¤abcUT&R�h?a cH`6` X�`\^IcUTBh�g=RS^_hia ` hiTBc-f)l

t
g6i �°�U`6h�f5` T��e�

� .�w=F]¬ y >�
 * [�e�Tªa R;�QT&R�higQa�lNggi t4
ggi �
�S`6h�f5` T Yta ^

{a 7→
��� 
 � a( ��
 ��� b( � �
� � c),

��
 ��� b( � �
� � c)), b 7→
��
 ��� b( � ��� � c), c 7→ � ��� � c}

[�e�T'a R;�QT&R�higQa�l ggi
t
a R �°�S`=h�f5` T	�!a ^(h e�T´i,PURKc h?a g=R9h ` fSf5a Red y } x (s) 7→ s

i gQa(TI`\c@eW`ba ^_hiTBcW^iPefSh_T&aoh
s
�

[
gShN`UsQT hieUT�cUTqjKR_a hoa g=R g6i3h_THa?h ^EfSa_T*cqa ^_Tnr�TtcUTHhd`6ab`1h eUT�h�T&R�h?a gQRUTBc RUg\h?a g=RS^Eg6i���i gg`bc_a Red=� ` R_c
�tPSRei gg`bc_a Red=���

���� 
 �P/�� � 
 � � � � ¼M�)� 
�* 2 
 ��� 
 -²� ¼N�)� 
�* � �
� � ¼N�)� 
�* � ��} y : (a)(t)

X=rke�T&a_T
t
a ^	`�fSaiTHhiTHaoh�XQ`\R_c

a
`\R `6c_c�aiT&^i^*X=a ^�h eUT ��} y :=KPO)QW} � ¬*<?>�LV>0<0FW@ y } x w6LV>?:w6L

a
a R

t
XecUTqjKRUTBc ` ^Ii gg`b` gUrk^B�

��} y : (a)(x) = x
��} y : (a)(•b) = •b

��} y : (a)
(

F b(t1, . . . , tn)
)

=

{

•b
api

a = b

F b
(��} y : (a)(t1), . . . ,

��} y : (a)(tn)
) g\h eUTHaorIa ^_T

[



� 
 -²� ¼N�)� 
�* � ¯ THh
s
`\R_c

t
f1T fSa_T&h_THa?h ^&X ^iPKcde h eS` h y } x (s) = a

X,h e�T&a_Tqi gQaiTmc�TBjSRUTBc*^ X `\R_c
a
cUg9T&^

RUg\h�gUcHcHP�aIa R
t
Tq�Uc�THfShk` ^Eh eUTB`6c_cUa_T*^i^Eggi

•a
�´{�O ��} y : (s)(t) a ^EhieUT�{�O ��} y :=KPO)Q } � •a

�0T
s
KPO

tcUTqjKR�T�c�`\^´i g;`b` gUrk^B�
{�O ��} y : (s)(x) = x

{�O ��} y : (s)(•b) =

{

s
api

a = b

•b
g\h eUTHaorIa ^_T

{�O ��} y : (s)(F b(t1, . . . , tm)
)

= F b
( {�O ��} y : (s′)(t1), . . . ,

{�O ��} y : (s′)(tm)
)

rkeUTHa_T
s′ =

��} y : (b)(s)
� .�w=F]¬ y >�� * ¯ THh t

f1T hieUT fUaiTHhiTHa?h ��� 
 � a( ��
 ��� b(•a),
��
 � � b(•a))

X�` THh
s
f1T h e�T fSa_THhiTHa?h ��} y : (b)(t) X`\R_c�` T&h

u
f1TBhieUT fSa_THhiTHa?h {�O ��} y : (w)(s)

rke�T&a_T
w =

��
 � � b( ��� 
 � a(•b, •b))
� [�eUT&R

s =
��� 
 � a(��} y : (b)( ��
 ��� b(•a)),

��} y : (b)( ��
 ��� b(•a))
)

=
��� 
 � a(•b, •b)

u =
��� 
 � a(v, v)rkeUTHa_T

v =
{�O ��} y : (��} y : (a)(

��
 ��� b( ��� 
 � a(•b, •b))))(•b)

=
��� 
 � a( {�O ��} y : ( ��
 ��� b(•a))(•b),

{�O ��} y : ( ��
 ��� b(•a))(•b)
)

=
��� 
 � a( ��
 ��� b(•a),

��
 ��� b(•a))

= t

[Ee9PS^k`6c_cUa_T&^ ^_TBc�h_T&aoh ^�fUaigU��abc�T!` a_T&fUaiT&^_T*R=hd` hoa g=R ggi3hiTHaoh�dQad`bfKeS^k`\^'jUa ^_hmgQa?cUTHa'jKRea hiT hiTHa?h�^
r�a hie.` RSRUgQh ` h?a g=RU^��n�~R h eea ^*X1hieUTql�aiT&^_T�hªf5` TWh_T&aoh�d\ad` fKeU^na R hieUT�� `ba RUT*` a�hiTHa?hW� R�gQhd` hoa g=R$cUTqjKR�T�c
a R R U �3� # + ",! W XerIa h e hVr�gShN`#�xg\aIc_a �1THaiT&RKc T&^B�IXtY3^ Tq�QTHa�l R�g�cUT¤h PS^_h�eK`��QTB`\R5`6c_cUa_T*^i^&XS`\R_czX �;^�apia R5`9dQa ` fKe h e�T&a_T T��ea ^_h ^

n
`\c�l�cq`ba ckf6`bh e�` T*`6c_a R�d hig�hieUTB^ `6h T RUg�cUTYX K * > * X9hig�h e�TB^ `6h�T T&R�h_aol-a R�`

^iPef_dQa ` fKe*^Zh e_a ^�^iPef_dQa ` fKema ^°cUPUf5`ba cH` hiTBc
n
h?abh�T&^
a R hieUTET���h_T&aiRK`6`�aiTHfSa_T*^_T&R�h ` h?a g=R!ggiKh eUT�`6c_cUa_T*^i^_TBc

hiTHaoh XPi gQa
n = 0

hie_a ^ h_TI`\c@e�T*^ PS^BhieK` h¤rIa h e `6c_cUa_T&^ ^_TBc hiTHaoh ^tr�T�c&` RSRUgQh aiTHfSa_T&^iT&R�h!��d�`baof6`=d\T��@X
K * > * XU^iPef_d\ad` fKeU^kR�gQhma_TI`\c@eS`=f5` Tti aiggh h e�TBa_g9gQh�^0�

[EeUTHaiTqi gQaiT=XUh eUTW` `=f6T�`3`\Rec ^iPKcHc T*^i^_gQai^kggi�T*`Qcde�RUg�c�T ` a_TW` gUcH`6`b`pl `QcHc�T&^i^oapf5` T=X_a R_cUTHf1T&R_cUT&R�ho`pl�ggi
h e�T�dQa ` fKe ^_hia PSc�hiPUaiT=X�h e�T5^ieK` aoa Red a Rei g\a?hN` hoa g=R f1TBa Red®d;ap�\T*R�f�l hieUT�`=c_cUaiT&^i^_T&^���DUgQaSa RU^ih `\RKc T=X
h e�TSdQa ` fKeDrke_a cde$r�g=P_`bc$f1T�aiTHfSa_T*^_T&R�h_T�c$f)l h eUTS`ba RUT*` a h_T&aoh � 
�� � (m :

��� 
 �
(1, 2),m)

X�rmeUTHaiT
ma ^�h eUT-O�w=FY>Wggi	h e�T R�g�cUT a_T&fUaiT&^_T*R=h?a Red�h e�T a_g9gQh�ggi ��� 
 �

(1, 2)
X*a ^ a_THfSaiT&^_T&R�hiTBc�f)l5h eUT `6c_c�aiT&^i^iTBc

hiTHaoh � 
�� � a( ��� 
 � b(1c, 2d),
��� 
 � b(1c, 2d))

XCPSR_ab��PUTB`pl�X!h�g�cSP_` g `\R a R#�xT*c h?ap�QT c@eS`\RedQT.ggi `6c_c�aiT&^i^iT&^&X
cH`6`b` TBc w;:;:=<?>�@A@�<?>0O�w=FmKPO)Q_^�� � i!c�gQPUa ^_T=XEh eUTHaiTDa ^ `\R T��Sc T&fUh?a g=R i gQa f6`Qc?s f1g;a R�h_T&ai^&X'i gQa rke_a cde
PSRei gg`bc_a Red-a ^�R�T&TBcUTBc���[�eea ^�e_apd=e_`bapd=e=h ^mh eUT!h�r�gM`=ce� `\R�hd`UdQT&^kggi�h e�T9Z�[m]]\ aiTHfSa_T*^_T&R�h ` h?a g=R¸�5D	a a ^_h
a h�hN`=s\T*^ ^_h_a PKc h P�ad`6`°a RecSPKc h?a g=RDg=RDdQad` fSeS^ f1gQ^ ^oapf5` T=X¸a R_c�T&TBc�� a RecSPKc h?a g=R g=R®dQa ` fKeS^��9f1g;ab` ^tcUgUrmR
higua R_cSPKc hoa g=R g=R h_THa?h ^B�ºZ ^�` c g=RU^iTB�9P�T*RSc�TDa h�hN`UsQT&^ > * Q * X�hVl9f1T cdeUT*c?s�a Red g=R c0lUc�`ba c�dQa ` fKeS^
T*`\^oab`pl f6g=^i^?apf_` T��I\�T*c g=R_cZX6`\^�r�T¤r�`\R=h�h_g�PS^_TWh e�T*^_TW`6c_cUa_T&^ ^_TBc�h_THa?h ^!a R `�aiTqrmaoa h?a Red�i ad`6h TBr gQaos"X
aiTqr�a?a h?a R�d ^_h_ad` h_TBdga T*^kr�ab`b`1f5` `Bl�`9hN`6a R�a��;` T `\RecMh e_a ^�fUaiT&^_T*R=hd` hoa g=R�ggi3c�l�cq`ba ckh_T&aoh ^�r�ab`b`�hN`UsQT h eUT
cUT&^ c a?a fShoa g=R ggi(^_hia ` hiTqd;a T&^�TI` ^ol `\Rec5fSa_T*cqa ^_T;�

7 T RUgUr fSaigUc THTBc$rIa h e h eUT9i gQaohN`6` cUTqjKR_a h?a gQR ggi]w;:;:=<?>�@A@B>?:�LV>0<�F9@�XCcH`6`b` TBc LV>0<�F9@9i g\a ^ieUgQa_h0^ X
K * > * X�fSa_THhiTHa?h ^´rke_a cde�cUT&RUgQh_T�dQad` fSeS^B�

Y&q
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Yg�'Z fSa_T&h_THa?h

t
a ^k`�Xz`6cecUaiT&^i^_T�cE^�h_THa?h X gQa�a ^9w;:=F9K @A@�K � y >U^�a R�h eUTW`=c_cUaiT&^i^�c�gQR�hiT���h Γ

X5api(h eUTHa_T
T��ea ^_h ^B`\Rza R��QT&R�h_gQaol

∆
K * > * X3`�f6` a_h?a `6`°i,PURKc h?a g=R i a_g;h `=c_cUaiT&^i^_T&^Bh_g�hiTHa?h ^&X
^iPKcde h eK` h h eUT

T���fSa_T&^ ^oa g=R
Γ ` t B ∆

a ^'cUTHa?ap� `=f5` T�a R hieUT�i g;`b` gUr�a R�d�^�l�^_hiTBh��

Γ ` x B ∅

(TV ar)
Γ, a ` •a B {a 7→ •a}

(TBack)

Γ, a ` ti B ∆i

Γ ` t B ∆
(TCons)

rmeUTHaiT
∆ =

⋃m

i=1(
{�O ��} y : (t) ◦ ∆i) ∪ {a 7→ t},

t = F a(t1, . . . , tm),
`\R_c �A{�O

(∆)

jmgQhiT hieK` h´a h´a ^Ecq` T*` a�i a_g;h hieUT aiP_` T&^&X�h eK` h´api
Γ, a ` ti B ∆i

^iPKcHc THT�cU^*X�h eUT&R
ti
` R_c

∆i

hN`�l
g=Re`pl c g=R�h `6a R

a
`\^Eh eUT!`6cecUaiT&^i^�ggi

•a
X,fUaigU� `=f5` Tnf)l�` R�T*`\^�l-a R_cSPSc�hoa g=R g=R h eUTB^_hiaiPKc h PUa_T ggi

t
^���[�e�T&a_Tqi gQaiT=X9h eUT!c g;h�f6g=^oa h?a g=RMggi�{�O ��} y : (t) r�a h e ∆i

a R h eUT hie_a a?c�aiP_` T¤a ^´r�TB`b`�cUTqjKRUTBc��
�e�'Z fSa_THhiTHa?h

t
a ^W` Xz`6c_c�aiT&^i^iTBc*^ hiTHaoh X,g\aWa ^W`6ceh�a ^i^?apf_` T=^]api´a hªa ^W`6c_h�a ^i^oapf5` TYa R h eUTNT�h fSh�l

c g=R�h_T���h��
jkg\hiT hieK` h�apiZ^iPKcdeM`

∆
Tq��a ^ihi^ki gQaE`¤d;ap�QT&R

Γ
X=h eUT&R-a h�a ^�PUR_ab�9PUT `\R_c fKPeab` h�cUTHh_T&aoh�a R_a ^_h?a cH`6`b`pl=X\^oa RKc T

h e�TW`bfSf5`ba cH` h?a gQRMggi(hieUT a P_` T&^'a ^mPSRK`=hWf5apd=PUgQPS^k`\Rec�d=P_abcUTBc�f)lMhieUT hiTHa?h ^�l�R�h `U�¸�
[EeUT aiP_` T X~[ � ` a0^ ^ `�l�^ h eS` h*X�a R `\R;l `6c_c�aiT&^i^Mc g=R�h_Tq�9h*XE`®�\`ba?a `=f5` T�a ^�` h_THa?h K * > * X�cUT&RUgQh_T&^

`\R gQf1T&R­dQa ` fKe�� [�e�T a R��QT&R�h_gQaol ggi!^iPKcde `�dQad`bfKe a ^Mggf���a g=PS^o`pl TBh�fShVl ^oa RKc T®a h�c g=R�h `6a RS^MRUg
`6c_c�aiT&^i^��]XN[5UE`\cAs_^�^ `�l�^�h eS` h*Xei gQa�`mf6`Qc?s�o f1gga R�hiTHa�higYcUT&RUgQh_TW`mdQad` fSeZX_a h ^�`=c_cUaiT&^i^keK` ^mhig�f1TB` g=Red
hig h eUTm`=c_cUaiT&^i^�c g=R�hiT���hB�	[�e_a ^
h�T*`\RU^(h eS` h*X=rme_ab` T�d\g;a Red P�fSa RWh eUT�c�gQR�hiT���h&Xbg=RUT�cH`\RWjSR_c h eUTERUg�cUT
aiTqi THaia_TBc9f)lWhie_a ^°f6`Qc?s�o f1gga R�hiTHa��	[EeUTIa R��QT&R�h_gQaol!`\^i^ig�cqa `bhiTBc9rIa h e ^ PSc@e�`nf6`\cAs=o f1g;a R�h_T&a°a ^�ggf)��a gQPS^o`pl
h e�T�g=RUT�rke_a cdeªf5a R_cU^
a h(hig hieUT�`6cecUaiT&^i^

a
�)ZkTHaiT=XbgQRUTEeK` ^(hig PSRecUTHa ^_hd`\RecWh eK`bh(h e_a ^ f6`Qc?s�o f1g;a R=hiTHa	a R

h e�T´a R��QT&R�h_gQaolnr�ab`b`gf1TEPURei g;`bcUTBcªrke_ab` TkfKP_ab`bcea Red�h eUT�a R��QT&R�h_gQaol;��[�e_a ^�cH`\Rªf1T�^_T&T&Rªa R�XN[!� g=RS^�^ aiP_` T=X
rkeea c@e ^ `�l�^�h eS` h ` c�gQRS^_hia PSc�h_TBc fSa_T&h_THa?h a ^�`6c_h�a ^i^oapf5` TEgQR_`pl9api `=`b`_a hi^	^iPefShiTHaoh ^ ` a_Tk`6c_h�a ^i^oapf5` T=X=a R
` c g=R�h_T���hmR�gUr�h `=s�a RedN`QcHc g=PSR�hEggi(hieUT!`6c_cUa_T*^i^�ggi3h eUT!c�PUa_aiT&R�hmh_THa?h�XS` R_c `=`b` h e_a ^�^iPefShiTHaoh ^'d;ap�QT
h e�TB^ `6h�Tta Rei gQaohN` h?a gQRMg=R5`6cecUaiT&^i^_T*^EhieUTqlM^ieK` a_T;� [�eUTtfKP_ab` h'a R��QT&R�hig\aolYa ^EggfShd`=a RUTBc5`\^EhieUTBPSRea g=R
ggi `6`b`Uh e�T�^iPefUo|a R��QT&R�h_gQa?a T&^&X6a R�rme_a cdeN`\R PSRei g;`bc�a ^	f1THaoi gQaoh�TBc�g=R

•a
^_gBh eK` hka h�a ^ R�gUr s�RUgUrmR�h eK`bh

h eea ^�f6`\cAs=o f1g;a R�h_T&aIrE`\^ `�aiTqi THaiT&RKc TBh_gNh eUT c�PUa_aiT&R�hkhiTHa?h���� gQa_THgU�QTHa*XUhieUT c�PUaia_T*R=h�h_T&aoh a ^ `=c_cUTBc
hig h eUT�a R��QT&R�h_gQaol�`\^Eh e�T hiTHa?h ` hk`=c_cUaiT&^i^

a
��jmgQhiT hieK` hEh eUTB`=c_cUaiT&^i^kc g=R=hiT���h

Γ
c g=R�h_aig;` ^��QTHaih?a cH`6`

`6c_hSa ^ ^oapf5ab`ba hVl=X�rme_ab` T h eUT¤a R��\T*R=higQa�l
∆
c g=R�hia_g;` ^�eUgQaoaYXHg=R�hd`=` `6c_hSa ^ ^oapf5ab`ba hVl;�

[EeUT�a R��QT&R�h_gQaol ggi ` hiTHaoh a ^�`\RK`6` ggd\g=PS^�h_g hieUT�TB�9PK` hoa g=RK`6`�^�l�^_hiTBh cUTqjKRea Red�a hi^�dQad` fSeZX�` ^
cUTqjKRUTBcza R�R³ZaTB[7 (W X(`\R_c ^oabh�ab` ` a hig�hieUT hiTHa?h�dQa ` fKe T���fSa_T&^ ^oa g=R X,hieUTY` ` hih_T&a�rIab`b`°f1TYi gQa?h `6`ba ^_T�c
` ` h_T&a!a R hie_a ^ ^_T*c h?a g=R*^��![EeUT9c_a �1T&a_T&RKc TWa ^�h eS` hna R�g=PUa ` fSfSa_g�`Qcde�h eUT ^�l�^_hiTBh cUTqjKR_a R�dMhieUTWdQad`bfKe
`\R_c�a h ^ ^iPefedQad` fSeS^na ^ ^_g;h TBrmeK` h¤@0LN<ow6LNK���>?:6�!�~R gQh e�T&a!r gQa?cU^*X*a RU^ih_T*`6c�ggi ` ^ ^_gUc�a ` hoa RedM` �6` h�hiTHa?h
hig T*`Qcde `6c_c�aiT&^i^*X(g=RUT `\^i^ig�cqa `bhiT&^ `\R `6c_c�aiT&^i^iTBc XC^iPef�^~hiTHa?h5X
rme_a cde c g=P_`bc�a h ^_TB`pi´f1TMaiTHfSaiT&^_T&R�hiTBc
`\^�`\R TB�9PK` hoa g=RK`6`�^�l�^_hiTBh�� [EeUT c g=R_c_a hoa g=R i gQa5` R `6c_c�aiT&^i^iTBc fSaiTHhiTHaoh higucUT&RUgQh_T `�dQa ` fKe­a ^
h e�T&a_Tqi gQaiT�^oabh�f5` T;�!hieUTM^�l�^_hiTBh h PU^ihªf6T ^_g;`p� `=f5` T�K * > * X�`\R `=c_cUaiT&^i^WhWPS^_hWf1T f1g=PUR_c h_gD` hWh�g=^_h
g=RUT ^iPefK^�l�^_h_T�h��Y[Ee_a ^�a ^B^_h ` hiTBc a R.g=PUa ^iTHh_h?a Red�f�l h eUT�aiTB�9P_a a_T�h T*R=hti gQa hieUT�a R��QT&R�hig\aol hig�f6T�`
i,PSRKc hoa g=R��
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Γ ` t B ∆

)�LMv_>0O w;:;:=<
(t) =

:;}=F
(∆) *

��<o}�} � * ¯ THh Γ ` t B ∆
�	7 T fSa_gUc T&TBc�f�l�a R_cSPKc hoa g=R g=R h eUTB^_hiaiPKc h PUa_TBg6i

t
�

•
api

t
a ^k`9�\`ba?a `=f5` T=X�h eUT&R

∆ = ∅
`\R_c�:;}=F

(∆) = ∅ =
w;:;:=<

(t)
�

•
api

t = •a
XerkeUTHa_T

a ∈ Γ
X�h e�T*R

∆ = {a 7→ •a}
`\R_c�:;}=F

(∆) = {a} =
w;:;:=<

(•a)
�

•
api

t = F a(t1, . . . , tm)
X)rmeUTHaiT

Γ, a ` ti B ∆i

i gQa�T*`Qcde
ti
X9hieUT&R-f�l a R_cUPKc h?a g=RMe;l9f1gQhieUT&^?a ^�r T

eK`B�QT :;}=F
(∆i) =

w;:;:=<
(ti)

��h eUTHaiTqi gQa_T=X

:;}=F
(∆) =

:;}=F (

m
⋃

i=1

(
{�O ��} y : (t) ◦ ∆i) ∪ {a 7→ t}

)

=
m
⋃

i=1

:;}=F
(
{�O ��} y : (t) ◦ ∆i) ∪

:;}=F
({a 7→ t})

=
m
⋃

i=1

:;}=F
(∆i) ∪ {a}

=
m
⋃

i=1

w;:;:=<
(ti) ∪ {a}

f)l��A� ZW�

=
w;:;:=<

(t)
f�l�cUTqjKR_a hoa g=R

ut

[EeUTIi g;`b` gUr�a R�dt` TBh�hN`\^�` a_Tk^_hiaiPKc h PUa `6`_` T�hShN`\^
rke_a cdemr�ab`b`ef6T�PU^iTBc�hN`\R�lWhoabh�T&^ a R�g=PUa	fSaig9g6i,^
ggi(hieUTHgQaiTBh ^B�k¯ TBh�hN`\^m[ `\R_c YHq�^ `�lMh eS` h ��} y : () `\R_c {�O ��} y : () cH`\R�f1T!PS^_TBc `\^Ia R��QTHa ^_T&^�g6i(TI`\c@egQhieUTHa��°¯ TBh�hN`\^kYQY�`\R_c Y�� ^ieUgUr h eK` h&X9PUR_cUTHa�^_g;h�T c g=R_cea h?a g=RS^&Xgi g;`bcUTBc�`\Rec�PSRei gg`bcUTBcM`6c_hSa ^ ^oapf5` T
hiTHaoh ^ªXMa R5^_g;h T!c g=R�h_Tq�9h0^ ` aiT!`6c_hSa ^ ^oapf5` T hiTHa?h ^B�
�k� ¢�¢ 2�� ��� �t{�O ��} y : (s)(t) K @ª:�> � O�>?: )�w=O�: a = y } x (s) )kLMv_>0O (��} y : (a) ◦

{�O ��} y : (s))(t) = t *
��<o}�} � * Ukl ^_hia PSc�hiPUad`=`¸a R_cSPKc hoa g=R g=R t

�

• t = x
� [�e�TBa_T&^ Pe` hIa ^Iabh�h�TBc_a `bhiT �

• t = •b
��[�e�T&a_T!` a_T hVr�gNcH`\^_T*^EhigNc g=RS^oabcUTHa��

Yg�
b = a

��[�eUT&R ��} y : (a)(
{�O ��} y : (s)(•a)) =

��} y : (a)(s) = •a
�

�e�
b 6= a

��[�eUT&R ��} y : (a)(
{�O ��} y : (s)(•b)) = •b

�

• t = F b(t1, . . . , tm)
� DUaig;h hieUT c�gQR_c_a h?a gQR ggi ` fSf5`ba cH`=f_ab`ba h�lWg6i {�O ��} y : () g=R t

X;r�T�eK`��QT
b 6= a

�
[EeUTHaiTqi gQaiT=X�{�O ��} y : (s) ◦ ��} y : (a)

hN`�l�f1T9c_a ^_h_a?apfKPUh_TBc�hig�hieUT
ti
X1`\R_c hieUT&R hieUTm�A� ZW�1` fSf_`ba T*^B�

jmgQhiT h eK` h�h eUT h_gQf�`6c_cUa_T*^i^�ggi
s
a ^�ggf)�)a g=PS^o`pl�hieUTB^d`=h�TB`\^�h eUT h_gQf `6c_c�aiT&^i^�ggi ��} y : (a)(s)

�
ut

�k� ¢�¢ 2 �0B ��� >�L
Γ ` t B ∆ * � � a /∈

:;}=F
(∆)

}=<
∆(a) = s

LMv_>0O ( {�O ��} y : (s) ◦ ��} y : (a)
)

(t) = t *

Y��



��<o}�} � * [EeUT5cH`\^_T a /∈
:;}=F

(∆)
a ^ hia?ap�)a `6` X
f1T*cH`\PS^_T h e_a ^ ^oabh�f_`pl h�T*`\RS^ h eS` h

a /∈
w;:;:=<

(t)
X,^_T&T

½	a_gQf1g=^oa h?a gQRM"�^@XSeUT&RKc TY{�O ��} y : (s)(��} y : (a)(t)) =
{�O ��} y : (s)(t) = t

��[�eUTWcH`\^_T
∆(a) = s

a ^�fSa_gU�QT&R
f)l ^_h_a PKc h P�ad`6`¸a RecSPKc h?a g=R g=R

t
�

• t = x
� [�e�T&a_T¤a ^mRUTBa h e�T&am^iPKcde

a
R�gQa

s
�

• t = •a
�!jmgQhiT h eS` h hieUT cH`\^_T

t = •b
cUg�T*^ R�gQh eK`��\T h_g�f1T c g=RS^oabcUTHa_T�cD^oa RKc T gQh e�T&a�r�a ^_T9r T

r g=P_`bc�eK`��QT
a /∈

:;}=F
(∆)

�	jkgQh_T!`6` ^_g h eK` hIa R�h eea ^kcH`\^_T=X
a ∈ Γ

`\Rec
s = •a

�<ZmT&RKc T�X
{�O ��} y : (•a)(

��} y : (a)(•a)) = •a.

• t = F b(t1, . . . , tm)
�	7 T¤h PS^_h�c g=RS^oabcUTHaEh�r g�cH`\^_T&^B�

Yg�
a = b

� [�eUT&R
s = ∆(a) = t

` R_c {�O ��} y : (t)(��} y : (a)(t)) =
{�O ��} y : (t)(•a) = t

�
�e�

a 6= b
��[EeUT&R$i gQa T*`Qcde

ti
rmeUTHaiT

a
gUcHc�PUa ^&X*r�T eK`��QT

Γ, a ` ti B ∆i

X
∆i(a) = s′

X ` R_c
{�O ��} y : (t)(s′) = s

��[EeUTHaiTqi gQa_T�X
��} y : (b)( {�O ��} y : (t)(s′)) =

��} y : (b)(s).
¯ T�hShN`�[ hieUT&R�d;ap�QT&^

s′ =
��} y : (b)(s) �cZmT*RSc�T=X�f)l��A� ZW� X

{�O ��} y : (��} y : (b)(s))(��} y : (a)(ti)) = ti.

[�eUTHa_TBi g\aiT=X
{�O ��} y : (s)(��} y : (a)(t)) = F b

(

. . . ,
{�O ��} y : (��} y : (b)(s))(��} y : (a)(ti)), . . .

)

= F b(. . . , ti, . . . )

= t
ut

�k� ¢�¢ 2 �C� ��� >�L
a /∈ Γ * � � Γ ` t B ∆

LMv_>0O
Γ, a `

��} y : (a)(t) B ∆′
J°KMLMv

∆′ ⊆
��} y : (a) ◦ ∆ *

��<o}�} � * Ukl ^_hia PSc�hiPUad`=`¸a R_cSPKc hoa g=R g=R t
�

• t = x
�
Γ ` t B ∅

XK`\Rec5hieUT a_T*^iP_` hIa ^Ehiaoap��a `6`²�

• t = •b
��jkg\hiT hieK` h&XS^oa RKc T

a /∈ Γ
X�h eUT&R

b 6= a
�
Γ ` •b B {b 7→ •b}

XS`\R_c�h_a?ap��a `6`b`pl

Γ, a ` •b
B {b 7→ •b} = {b 7→

��} y : (a)(•b)}.

• t = F b(t1, . . . , tm)
�	7 T¤h PS^_h�c g=RS^oabcUTHaEh�r g�cH`\^_T&^B�

Yg�
b = a

��[�eUT&R ��} y : (a)(t) = •a
XUeUT&RKc T

Γ, a `
��} y : (a)(t) B {a 7→ •a} =

��} y : (a) ◦ {a 7→ t} ⊆
��} y : (a) ◦ ∆.
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�e�
b 6= a

��[�eUT&R
��} y : (a)(t) = F b

(��} y : (a)(t1), . . . ,
��} y : (a)(tm)

)

.
U�l�cUTqjKRea h?a g=RZX

∆ =
m
⋃

i=1

(
{�O ��} y : (t) ◦ ∆i) ∪ {b 7→ t}.
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��[�eUT-a R_cSPSc�hoa g=R e�l9f1g\h eUT&^oa ^ ` fSf5`ba T&^!gQR h eUT

ti
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w]¬*<?>�ve}=F�}=FY}=<|¬Ev�K @�F @�{ x v LMvew6L�:;}=F (α) ⊆ Γ *

� >�L
α(Γ)

:�>0O�}6LV> ⋃
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@�{ �

(α; σ))(pi) B ∆′
irmeUTHaiT

∆′
i ⊆ φ′ ◦ (

@�{ �
(α; σ)(∆i) ∪ Λ)
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{�O ��} y : (t) ◦ φ′ ◦ (

@�{ �
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{�O ��} y : (p) ◦ ∆i)) ∪ Λ) ∪ {α(a) 7→ t}
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(α; σ)(∆) ∪ Λ)
Ukl�cUTqjKR_a hoa g=R ggi

∆
ut

�\V



3 \�� � & ��$]` " & � & f �
7 TWRUgUr cUTqjKR�T-<?>V¬ y w x >0F >0OEL~��[EeUT!aiTHf5` `Qc TBh�T&R�hIi,PSRKc hoa g=R5gQf1THad`bhiT&^kgQR�hiTHaoh ^B�5#nap�QT&R ` h_THa?h�X5a h
cdeK`\Red\T*^�^_g;h�T ggi
a hi^m^iPefSh_T&aoh ^k`bhId;ap�QT&R�` gUcH` h?a g=RU^´f)l�gQh eUTHam^iPefSh_THa?h ^'r�a hie h eUTB^ `6h�TB`6c_cUa_T*^i^B�
��
 -²� 1U¢ 25¼�� ��� 
 �P/�� � 
 � 8 � �Y�,+ ¼M2E4 � ¢ � 
 / ��� 8 aiTHf5` `Qc TBh�T&R�hªK @ x vew=<?w x LV>0<�K��3>?: �0T�w#�A{�O x LNK~}=O Φ�A<o}=F w;:;:=<?>�@A@B>�@WL|}�LV>0<�FW@ª@�{ x v$LMvew6L y } x (Φ(a)) = a * 8�¬;¬ y T=KPO)Q�KML'L|}�w�LV>0<�F t
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∆
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hig�`��\g;abcDeK`���a R�d�hig5^_T*` adcde h eUT�h�TBh�gQa�l�i gQa f1g;a R=hiTHa ^ h_g5a_TBc_a aiT*c h�� ^®7�a hie.h eS` htr�T cH`\R.T���fUaiT&^i^
h e�T `=f6gU�QTBaiP_` TW`\^ � ��� a( �"�� � b(x, y)) → dxea

��[Ee_a ^!h TI` RS^&XSggi�c�gQPUa ^_T=XShieK` h�r Tªh PS^_hIrmaoa hiTBaiP_` T&^
`bapsQT � ��� a(dxeb) → � ��� a(x)

hig�<?>?:=KP<?> x L h e�Tªa Rec_a aiT*c h?a g=R R�g�cUT&^k`\^mRUTHT�c�T�c¸�
Z ^o`bapd=e�hVlnh�gQa_T c�ggh�f5` T�� c&` ^iTka ^Zh e�T�[m]]\ aiP_` T
��� ��
 ( ��
 ��� (x)) →

��
 ��� (x)
�	� h�r g=P_`bc!c gQa_aiT&^_f1g=R_c

hig ��� ��
 a( ��
 ��� b(x)) →
��
 � � b(x)

T��Sc THfSh h e_a ^ka ^ RUgQh�`\RM`6cecUaiT&^i^_T�c aiTqrmaoa h?a Red a P_` T;� ZmT&a_T!r�T�eK`��QTkhig
cdeUg9g=^_Tkf6T&hVr�THT&RBhVr�g�^_g;` PUh?a gQRS^&X*TBa hieUTHa	a Rec_a aiT*c h?a g=R gQa(c�g\f)l���a h hN`Bltf1T�abh�f5` TBh�T&R�h_TBc TBa hieUTHa f�l h eUT
a Pe` T ��� ��
 a( ��
 ��� b(x)) →

��
 ��� a(x)
X_rkeea c@e�T���fSa_T*^i^_T&^mh e�TWPUf*cK` hiTBggi�`6c_cUa_T*^i^

a
r�a hie ` x }�¬*TNggi(h eUT

` `=f1TB`=` R_c ^ PSc&c T&^i^_gQa3`6c_cUa_T&^ ^_T&^ ggi9h eUT�RUg�cUTk` gUcH` h_TBcB` h
`6c_cUa_T&^ ^
b
X*gQa�f�l hieUT�a P_` T ��� ��
 a( ��
 ��� b(x)) →

d
��
 � � b(x)ea

X5rke_a cde�T���fUaiT&^i^iT&^ `\R KPO�:=KP<?> x LNK~}=ODi a_g;h hieUT R�g�cUT9` g�c&`bhiTBc ` h `6c_c�aiT&^i^
a
hig�h eUTWRUg�cUT

` gUcH` h_T�c�` h�`=c_cUaiT&^i^
b
�

[EeUT PU^iT g6i3T���f_`ba cqa h�a R_c_a a_TIc hoa g=RMRUg�c�T*^'a ^´h�gQhoap� ` hiTBc f)l�g=P�a´r�a ^ieMhig T���f5`ba c�a h�hieUTBc g=RU^ih_ad`6a R=h ^
h eS` hkTq�QTHaolMaiTqrmaoa h?a Red ^ih_THf�h PS^_h�f1T `\^kcq` gQ^iT!`\^kf6g=^i^?apf_` TBhigYrmeK` h�eK`bfSf1T&RS^!a R `�aiT*`6`�abh f5` TBh�T&R�o
hd`bh?a g=R����~R f6`baih?a c�P_` `baBh eUTMc g=^_h!ggi�hieUT ` fSf5`ba cH` hoa g=R.ggik`5aiP_` T-h PU^ihªf6T�`=`bh�g=^_hWc g=RS^_hd` R�hWa R h eUT
abh�f5` TBh�T&R�h ` h?a gQRZXZ^_g�h eS` hBh e�TMc�ggh�f5` T��ea h�l ggi�h eUT aiTqrmaoa h?a Red `\R_c h eUT�c g;h�f5` T��ea hVl ggi�h e�TNTq�9TIc�P�o
h?a gQR�` a_T h?apdQe�hiT&RUTBc��
Z]`b` gUrIa RedWfSaig$�xT*c h?a g=R�aiP_` T&^�r�gQP_`bc�a R;�Qg;`p�QT]abh�f5`ba c�a h a_TBc_a aiT*c h?a g=RU^*X;rke�g=^_TBc g=^_h
cUTHf1T&R_cS^�g=R�h e�T!R�P_hWf1THamg6i(a_TBi THa_T*RSc�T&^Eh_g hieUT aiTBc_a a_TIc h_T�c�RUg)cUT;�

[EeUTDaiTBhN`6a Rea Redua ^i^iPUTDa ^ eUgUr�r T c aiT*` hiT O�>0J RUg)cUT&^�� [�eUTDhiT*cdeSR_ab�9P�TDr T.eK`B�QT cdeUgQ^iT&R­a ^
ab`b` PS^_hia ` hiTBc-f)l�h eUT�i g;`b` gUrIa Red T��S`6h f5` T;�
� .�w=F]¬ y >��
� * � 
�� � a( ��
 � � b(x), y) →

��� 
 � a(y, � 
�� � c(x, y))
a ^E` R `6c_cUa_T&^ ^_TBc�a_TBr�a?a hoa Red!a P_` T;� Ukl h eUT

RUg=R9o|`ba RUT*` a?a hVl ggi3hieUT a?apd=e=h_o~eK`\Rec�^oabcUT�a hET���fSa_T&^ ^_T&^�^_g;h�T ^ieK` a?a R�d�X
y
h PS^_h'f6TB^_THT*R�`\^m` f6g;a R�hiTHa�^0�

� h¤i,PUaihieUTHa?h�gQa_TMc a_TI`bhiT&^!`�R�TBr RUg�c�T-a R hieUTYdQa ` fKezrmeUg=^_TM`6c_c�aiT&^i^ªa ^ªcUT&RUg\hiTBczf)l
c
`\R_czrke_a cde

r�` ^mRUgQh�fSaiT&^_T&R�hIa R�hieUT¤` TBi hto~eK`\R_c�^oabcUT;�
[EeUT!s\TBlSc�TBjSR_a h?a g=R�i g\a?hN`6`baYXBa Red��tRUTqr´�kRUg�cUT&^�a ^�h eUT R�gQh?a g=R g6i �A<?>�@Av�<?>0O�w=FmKPO)QWd;ap�QT&RNR�Tq�9h��°� h

T���fSa_T*^i^_T&^�hieUT¤abh�f1gQa_hd`\RKc T ggi d;ap��a R�d�h e�T*^_T RUTqr RUg�c�T*^k`6c_cUa_T*^i^_T&^'rme_a cde�`baiTBR�gQh�`6` a_T*`6celMPU^iTBc��
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���� 
 �P/�� � 
 �A� � � 1 � .%' �Y� 
 2E¢�� 
�* ��� ¯ZTHh
l → r

f1T�`\RN`6cecUaiT&^i^_T�c aiTqrmaoa h?a Red aiP_` T=X�`\R_c
t
` hiTHa?h

eK`��)a RedD`5aiTBcUT�� i gQaBh e_a ^Ba P_` T;��Z �A<?>�@Av <?>0O�w=FmKPO)QDi gQa
l → r

rIa h e aiT&^_f1T*c h!hig
t
a ^ `5aiT&RK`6hSa Red

cUT&RUgQh_TBc�f)l
α� �����

� ^ PSc@e hieK` hn:;}=F (α� �����
� ) =

w;:;:=<
(r)\

w;:;:=<
(l)
X5K * > * XQh e�T!i a_T*^ie�aiT&RK`6hSa Red aiT&RK`6h�T&^

T*`Qcde RUTqr�`pl�a R�hia_g�cSPKc TBc `6cecUaiT&^i^ h_g `��Qg;abc cH` fSh P�aiT=X `\R_c�<�O)Q
(α� �����

� ) ∩
w;:;:=<

(t) = ∅
X�K * > * X	h e�T

cdeUg=^_T&R5`6c_cUa_T*^i^_T&^k` a_T �A<A>�@Av9X)rke_a cde�h�T*`\RS^�RUgQhmfUaiT&^_T*R=hIa R
t
�

�k� ¢�¢ 2 �.� ��� >�L
l → r

�A>!wt<�{ y > * � � (α; σ)
��LM@

l
r¤� aB� hB��w¤LV>0<�F

t
)	w=O�:

α� �����
� K @�w��A<?>�@Av9<?>0O�w=F9KPO)Q��}=<

l → r
rª� a�� h��

t
)�LMv_>0O

(α ∪ α� �����
� ; σ)

��LM@
r
rª� a�� h��

t *
��<o}�} � * 7 T!cdeUT*cAsNh eK`bhmh e�TBhieUaiTHTBc�gQR_c_a h?a gQRS^Eggi
· TqjKR_a hoa g=R �\q�XNa h_T�h V�^�` a_TB^ ` h?a ^�jSTBc��
Yg�5U�l�e;l9f1gQhieUT&^?a ^&X	:;}=F

(α) ⊇
w;:;:=<

(l)
X6`\R_c�f�l�cUTqjKR_a h?a gQRZX	:;}=F

(α� �����
� ) =

w;:;:=<
(r) \

w;:;:=<
(l)
�

ZmT*RSc�T=X

:;}=F
(α ∪ α� �����

� ) ⊇
w;:;:=<

(l) ∪ (
w;:;:=<

(r) \
w;:;:=<

(l)) =
w;:;:=<

(l) ∪
w;:;:=<

(r) ⊇
w;:;:=<

(r).

�e�5U�lMe�l9f1gQhieUT&^oa ^*X�:;}=F
(σ) ⊇ � w=< (l) XS`\R_c�f)l�c�TBjSR_a h?a g=R X � w=< (l) ⊃ � w=< (r) XSeUT&RKc T

:;}=F
(σ) ⊇ � w=< (r).

V_�I[EeUTª` `\^_hkc g=R_c_a hoa g=R aiTBhN`6a RU^k^ ` hoa ^�jSTBc�i aig;h hieUT!e�l9f6gQh eUT&^oa ^&XS^oa RKc T
α� �����

� cUg�T*^kRUgQh�aiT&RK`6h T
`6cecUaiT&^i^_T*^Eggi

t
�:ZmT&RKc T�X)i gQak`6`b`

Γ
c g=R�h_Tq�9hIa R

t
Xer�TBeS`��QT

(α ∪ α� �����
� )(Γ) = α(Γ).

ut

> � 1 � ¼N¼P251 � �C� ��� >�L
l → r

�A>Dw�<0{ y >*)�w=O�: t
w LV>0<�F * � � (α; σ)

��LM@
l
) w=O�:

α� �����
� K @Dw �A<A>�@Av

<?>0O�w=FmKPO)Q ��}=<
l → r

rª� a�� h��
t
)kLMv_>0O�@�{ �

(α ∪ α� �����
� ; σ)(r)

K @ªw LV>0<�F *
��<o}�} � * ·]a aiT*c h´i aig;h�¯ZTBh�h `\^i�7 �`\Rec�VE�e�

ut

ZEh�h e_a ^�f1g;a R=h*X�r TBeK`��\T�d;ap�QT&R�`6`b` h e�Tªc�TBjSR_a h?a g=RU^mRUTHTBcUTBc�hig ^if6TIc�apiPlNaiTqrmaoa h?a RedE�

���� 
 �P/�� � 
 � & � � �;� 1��P/�� 
�* � � ¯ THh

t
f1T `!h_THa?h rke_a cde r T]rE`\R�h higWaiTBcSPKc T ` hE`6c_c�aiT&^i^

a
f)l aiP_` T

l → r
��½	a_gUc T&TBc5`\^´i g;`b` gUrk^B�

Yg� ��RU^ P�aiT
t @ a

a ^m` aiTBcUT��®K * > * X�hieUTHaiT¤a ^k`mhN` h cde_a Red (α; σ)
XUggfUhd`6a RUTBc�f)l-cUTHa?ap�)a Red

F�w6L x v (∅; l; t @ a) = (α; σ)

�e�!� g;h�fKPUh_T
α� �����

� XS`mi a_T&^ e aiT&RK`6h�a R�dSi gQa l → r
r�a hie�a_T&^if6TIc h�h_g

t
�

V_�!� g;h�fKPUh_T
s =

@�{ �
(α ∪ α� �����

� ; σ)(r)
X�`\R_c

Φ
^iPKcde hieK` h

∅ ` sBΦ
XMrkeea c@e Tq��a ^ihi^&X=`QcHc�g\a?c_a Red

h_g�� gQaigg`b` ` aolMVQV;^0�
�E�I[EeUT�a_T*^iP_` h

t′
g6i�a_TBr�a?a hoa Red

t
f�l aiP_` T

l → r
` h `6c_cUa_T&^ ^

a
a ^�<?>V¬ y (Φ)(t)

� 7 T�rmaoa hiT hieUT
a_T�cUPKc h?a g=R

t → t′
�

�E!



Z'c_cUaiT&^i^_TBc h_THa?h�a_Tqrma?a hoa Red�a ^Bf1THaoi g\a?h�TBc a R `�^oabh�ab` ` atr�`�l `\^!h_T&aoh�a_TBr�a?a hoa RedE�¤jSa ^_hªjKRec `
aiTBcUT�� X1hieUT&RDaiTBh�TBhWf6T&a]a h ^ c g=R=hiT���h*X6h eUT&R.c�ggh�fKPUh_T h eUT aiT&^iP_` h&X1h e�T*R aiTHf5` `Qc T9a hna R hieUT fSaiTq��a g=PU^
c g=R�h_Tq�9h��zZ�R Tq�9hiad` ^_h_T&f�a ^ f1THa�i gQa?h�TBc eUTHa_T�X°rke_a cde a ^ h e�T�c aiT*` hoa g=R g6i�i aiT&^ie `6cecUaiT&^i^_T*^B� [�eea ^
c gQaia_T&^if6g=R_cS^�hig�FY>0FY}=<�T-w yPy } x w6LNK~}=O�a R�abh�f5` TBh�T&R�h ` h?a g=RU^��

���� 
 �P/�� � 
 � � � +��	� 1 � .q. � � � � 1U¢ �Y�;� 1��P/�� 
�*21 � .�/ � ¢�. � � Z R Z'c_cUa_T*^i^_TBc [
THaoh ]�Tqrma?a hoa Red
\�l�^_h_T�h XMZ�[m]]\_^ gU�\T&am`�^oapd=RK`bh PUa_T

Σ
a ^k` ^_THhmggi�`6c_c�aiT&^i^iTBc�a_Tqrma?a hoa Red a Pe` T*^EgU�QTHa

Σ
�

[EeUT]i g;`b` g3r�a Red!c gQaigg`b` ` aol T&RS^iPUaiT&^ hieK` h hieUT ^_THh g6i3`6cecUaiT&^i^_T�cNh_T&aoh ^�a ^�c�` g=^_TBc�PSR_c�T&a a_Tqrma?a hoa RedE�
> � 1 � ¼N¼P251 � � � ��� >�L

t
�A>9wYLV>0<�F * � � t → t′

LMv_>0O
t′
K @WwYLV>0<�F *

��<o}�} � * ·]a aiT*c h´i aig;h � gQa_g;`b` ` aolMV\V_�
ut

� ��� � 	 � ���	


[�eea ^m^_T*c�hoa g=R�d;ap�QT&^�^oabh�f5` T T��S`6h�f5` T&^Eggi	Z�[m]]\"XS`\R_c�ggi	cUTHa?ap� ` h?a gQRS^B�

�	\][ ^5d � � $ &�� � � ^
� .�w=F]¬ y >�� � * � gQRS^oabcUTHa h eUT h_THa?h t =

��� 
 � c( ��
 ��� b( ��� 
 � a(1d, •b)),
��� 
 � a(1d,

��
 ��� b(•a)))
X ` R_c ` THh

h e�T�aiP_` T
l → r

f1T���� 
 � a(1b, x) →
��
 ��� a(x)

��7 T�rE`\R�h�hig a_T�cUPKc T
t
`bh�`6c_cUa_T&^ ^

a
Xki g;`b` gUr�a R�d

·�TBjSR_a h?a g=R5V(�5�	7 T�jSa ^_h�c g;h fKPUhiT h eUT¤hN`bhdcde_a Red

(α; σ) = ({a 7→ a, b 7→ d}; {x 7→
��
 ��� b( ��� 
 � a(1d, •b))}).

\)a RKc T
r
cUg�T*^mRUg\hkc�gQR�hd`6a R-i aiT&^ie�� ` a?a `Uf5` T&^*X9hieUT&R

α� �����
� = ∅

�

s =
@�{ �

(α; σ)(
��
 ��� a(x)) =

��
 � � a( ��
 � � b(•a)).

[�e�T®a R��\T*R=higQa�l ggi
s
a ^

∆ = {a 7→
��
 ��� a( ��
 ��� b(•a)), b 7→

��
 ��� b( ��
 ��� a(•b))}
�º[EeUTDa_T&^ Pe` hMg6i

aiTqr�a?a h?a R�dSa ^��
<?>V¬ y (∆)(t) =

��� 
 � c( ��
 ��� b( ��
 ��� a(•b)),
��
 ��� a( ��
 � � b(•a)))

[�e�TBTB�9Peap�\`=` T*R=h*X�cUad`BrkR5`\^'dQad`bfKeS^&Xea ^m^ieUgUrkR�a R D	apd=P�aiT!Ve�

bsucc b

a

succ

succplus

cpluscplus

1

a

d

D	apd=P�aiTBV_�:# ad` fSe�aiTqrmaoa h?a Red�^_h_T&f�T���P_ap� `6` T&R�h�h_gN`6c_cUa_T*^i^_TBc�hiTHaoh a_Tqrma?a hoa Red�^_hiTHf5ggi �°�S`=h�f5` T YQYg�

�7"



� .�w=F]¬ y >�� � * � gQRS^oabcUTHa�hieUT hiTHa?h t = d
��
 ��� b(•a)ea

XS`\R_c�h eUT a P_` T
��
 ��� a(dxeb) →

��
 ��� a(x)

rkeea c@e�^oabh�f5`pl T���fSaiT&^i^_T&^ h e�T a_TBh�gU� `6`Kggi
`\R-a R_c_a a_T*c�hoa g=RNRUg�c�Tni a_g;h `!RUg�cUTn` `=f1TB`b` TBcYf�l ��
 ��� � 7 T
r�` R�h h_g aiTBcSPKc T

t
` h `6c_c�aiT&^i^

b
� jkgQh_T h eK`bh hieUTHaiTma ^ `�a_T�c�Tq�D`bh `=c_cUaiT&^i^

b
Tq�QT&R h eUg=P�d=eDa hncUg�T*^

RUgQhk` fSf1T*` am^�l�R�hd`\c�hoa cH`6`b`pl;�
�~R_cUTHTBcZX
t @ b =

��
 ��� b(d•bea)
XK`\Rec

F�w6L x v (∅;
��
 ��� a(dxeb);

��
 � � b(d•bea)) = ({a 7→ b, b 7→ a}; {x 7→
��
 ��� b(d•bea)}).

7 Tªc�T*R�gQhiT h e_a ^IhN` h cde_a Redmf)l
(α; σ)

��jmgQhiT h eK` h
α� �����

� = ∅
�

s =
@�{ �

(α; σ)(
��
 � � a(x)) =

��
 ��� b(•b).

[�e�TBa_T&^ Pe` h�ggi(a_Tqrma?a hoa Red
t
a ^
<?>V¬ y ({b 7→ ��
 ��� b(•b)})(t) = d(

��
 ��� b(•b))ea

[�e�TBTB�9Peap�\`=` T*R=h*X�cUad`BrkR5`\^'dQad`bfKeS^&Xea ^m^ieUgUrkR�a R D	apd=P�aiT �5�

succ b

a a

succ b

D	apd=P�aiT �E�:# ad` fSe�aiTqrmaoa h?a Red�^_h_T&f�T���P_ap� `6` T&R�h�h_gN`6c_cUa_T*^i^_TBc�hiTHaoh a_Tqrma?a hoa Red�^_hiTHf5ggi �°�S`=h�f5` T Y��e�

�	\�� 	�

� `���$'&���d ( ��(
[�e�T¤i gg`b` gUr�a Red ^ieUgUrm^meUgUr hWPUhd` hoa g=R�a ^Ef1THaoi gQaoh�TBcZX�f)l�hd`=s�a R�d�h e�T¤iC`=h�g=PS^ETq�U`6h�f5` T ggi �	� ����� ����� �
� .�w=F]¬ y >�� 
 * � gQRS^oabcUTHa	h eUT�^�l�hªf1g;` ^  � �bggi ` aoa h�l qSX=`\R_c ���! ��ggi ` aoa h�l 2

X\h eUT�c�gQRS^_hia PSc�h_gQa ^	ggi�`ba ^_hi^��
� ���pX6g6i ` a?a hVl 1

a ^�h eUTWgQf6T&a ` hig\a!rme_a cde aiTHh P�a RS^�h e�T9jUa ^_h TB` TBh�T&R�hkggi `Y`ba ^_h*X1`\R_c �	� ����� ����� X1ggi�` a?a hVl
2
X hieUT gQf1THa ` higQa]rke_a cde®hWPUhd` h_T&^ `MRUTqr �\`=` PUTSa R�hig hieUTmjSai^ih TB` TBh�T&R�h ggi hieUT�`ba ^_hB�t7 T `6` ^_g�eK`B�QT
`\R$a RejKR_a h_T R9P_hWf1THa ggi�^�l�hWf6g;` ^]cUT&RUgQhiTBc�f)l

1, 2, . . . , n, . . .
ggi ` aoa h�l

0
X"`\R_c h e�T gQf1THad`bh?a g=R���� 
 �

ggi�` a?a hVl
2
��[�e�T a Pe` T*^'i gQa�hieUT¤c�TBjSR_a h?a g=R ggi � ���(` R_c �	� ����� �����1`baiT hieUT�i g;`b` gUrIa RedE�

�	� ����� ����� a( ���! � b(y, z), x) → d ���! � b(x, z)ea X²\�THh_o �E`ba0^
�	� ����� ����� a(dxeb, y) →

�	� ����� ����� a(x, y)
X|\�THh_o ��` a_oV�~Rec*^

� ��� a( �"�� � b(x, z)) → dxea X|�E`ba0^
� �
� a(dxeb) → � �
� a(x)

X|��` a_oV�~Rec*^

�\[



XP7 T9c�g R�gQh!d;ap�QTBh eUT9cUTqjKRea h?a g=R5ggi ��� 
 � ^oa RKc TWa h]a ^�RUgQh�hieUTWfKP�aif1g=^_TWggi�h e_a ^kT��S`=h�f5` T���^iPUfUf1g=^_T
a hIa ^'fSP_ab` h_o|a R�� ^9[(`UsQT hieUT hiTHa?h

t =
��� 
 � e( � ��� c( �	� ����� �
��� a( �"�� � b(1f ,  � � h), 2g)), � �
� d( �"�� � b(1f ,  � � h)))

a R rme_a cde hieUT-`ba ^_h �"�� � b(1f ,  � � h) ` fSf1T*` ai^WhVr�a c T=X�rke_a cde�h TI` RS^!hieK` hWa hWa ^W^ieK`baiTBc��D\=hd` a_h?a Red�f)l` fSf_`pl�a Red�hieUT a P_` T�i gQa �	� ����� ����� XUh e�TBa_TBcSPKc h?a g=RMfSaig�c�THTBcS^k`\^´i g;`b` gUrk^B�

t →
��� 
 � e( � ��� c(d �"�� � b(2g,  � � h)ea), � ��� d( �"�� � b(2g,  � � h))) X²\�THh_o ��` a0^

→
��� 
 � e( � ��� c( �"�� � b(2g,  � � h)), � ��� d( �"�� � b(2g,  � � h))) X|��` a_oV�~Rec*^

→
��� 
 � e(d2gec, � ��� d( ���! � b(2g,  � � h))) X|��` a0^

→
��� 
 � e(d2gec, d2ged)

X|�E`ba0^
→ 4e XN½�` PS^�^

� R hieUTmgQhieUTHa	eK`\RecZX=^_hd`baih?a R�dtf)l ` fUf5`pl�a Red hieUT�a P_` T¤X|��` a0^@X\hieUTkc g;h�fKP�hd` hoa g=R fSaig�c�THTBcS^�`\^
i g;`b` gUrm^B�

t →
��� 
 � e( � ��� c( �	� ����� ����� a( �"�� � b(1f ,  � � h), 2g)), d1fed)

X|�E`ba0^
→

��� 
 � e( � ��� c(d �"�� � b(2g,  � � h)ea), d1fed)
X²\�THh_o �E`ba0^

→
��� 
 � e( � ��� c( �"�� � b(2g,  � � h)), d1fed)

X|��` a_oV�~R_cE^
→

��� 
 � e(d2gec, d1fed)
X|�E`ba0^

→ 3e XN½�` PS^�^
[�e�TBaiP_` T&^kcH`\R�Tq�QT&R�f1TBPS^_TBc5h_gNc�gQR��QTHaih�eUgQaoaYX&gQR�hd`6` ^ieK` aoa Red�higS�QTHaihoa cH`6` ^ eS` a?a Red5�

�	� ����� ����� a( �"�� � b(  � � c,  � � d), �"�� � b(  � � c,  � � d)) → d �"�� � b(•b,  � � d)ea

rke�T&a_T hieUT
•
` fSf1T*` ai^'f)l-i g;`bc_a R�dE�

[Ee_a ^ T��S`=h�f5` T�^ e�gUrk^�h eK`bh Z�[�]n\ hN`�l fSa_g�cSPKc T$hWPUhd` hoa g=R�� � h a ^ T&^i^_T&R�h?a `6`Eh_g f1T `Uf5` T�hig
cUTHhiTHaoh�a RUT T*`\^oab`pl�rkeUTHh e�T&a ` ^�l�^_h_T�h�eS`\^th PUh ` h?a g=R gQa R�gQh���DUgQa�a RU^ih `\RKc T=X `-h PUh ` h?a gQR.` fUf1T*` a ^
c�` T*` a?`pl a R h e�T.a Pe` T X|\=T&hto �E` a�^@X�^oa RKc TDh e�T h_THa?h �"�� � b(y, z)

f1T*c g;h�T&^ �"�� � b(x, z)
rke�T&a_T*`\^Mh eUT

aiTqr�a?a h?a R�d5hd`=s\T*^ f5` `Qc T�`bh `6cecUaiT&^i^
a
a R `5h_THa?h ggiE^ieK` f1T �	� ����� ����� a(�,�)

� ]kPe` T*^trke_a cdezcUg RUgQh
eUg=^_hm^ PSc@e hiad` RS^�i gQa?hN`bh?a g=RS^ f1THaoi gQaoh R�gYh PUh ` h?a g=R¸�

� � L � � ��Qk��������� � H �
� �	� ���OJ � ����
MLO�	�MN �

Z ^N^ieUgUrkR a R �°�S`6h�f_` T Y&VUX�RUg=R�o g3�QTHa?` ` fSf_a Red Z�[�]n\uhN`Bl f1T RUg=R�opc g=R��SPUT&R�h�^oa RKc T�hieUTql `=`b` gUr
h PUh ` h?a gQR��´�~R�hie_a ^�^_T*c�hoa g=RZXer�TWc@eS` ad`Qc h_T&aoaYXHT!`N^iPef"cq` ` ^ ^mggi�hieUTªZ�[m]]\�rkeea c@e `baiTWc�gQR��KPUT&R�hB��7 T
cH`6`b` hieUTBh�F9{eL|w6LNK~}=O ( �A<?>A>tO�}=O ( } � >0< y w�¬;¬*KPO)QW8¤C�G�R*�

���� 
 �P/�� � 
 � 8 � ;�= � 1U¼M2 + � � ¯ THh

τ1 = l1 → r1

`\R_c
τ2 = l2 → r2

f1TBh�r gNaiP_` T&^&XSRUgQh�RUT*c T&^i^d`ba?ab`pl
c_a ^_h?a RSc�hB�

τ1

} � >0< y w�¬E@ τ2

api�`\Rec�gQR_`pl-api
h e�T&a_T T��ea ^_h ^m` h_THa?h
t
XU`\R_c5`\R5`6c_cUa_T&^ ^

a
a R

l1
X�^ PSc@eMh eK`bh

t
hN`bhdcdeUT&^�f1gQhie

l1 @ a
` R_c

l2
r�a hieMh eUT `6c_cea h?a g=RK`=`1aiTB�9P_a a_T�h T*R=h�h eS` h'api

τ1 = τ2

h eUT&R
a 6= y } x (l1)X,h_g `��\g;abc hiaoap��a `6`K^_TB`pi o gU�QTHa?` ` fS^0^�� Z ^�l�^_hiTBh a RYrke_a cde�R�gWa Pe` T*^ g3�QTHa?` ` fYa ^�cH`6`b` TBc�O�}=O ( } � >0< y w�¬;¬*KPO)Qg�

VQq




���� 
 �P/�� � 
 �./ � ¹ ¡�/B2_/�� � 
 � � Z a Pe` T
l → r

f1THaoi g\a?h ^¤Fm{eL|w6LNK~}=ODapi	`\R_c�gQR_`pl�api�h eUTHaiT!T��ea ^_hi^�`\R
`6c_c�aiT&^i^

a
a R

(
w;:;:=<

(l)∩
w;:;:=<

(r))\{ y } x (l)} ^iPKcde hieK` h l @ a
a ^�^ol9R�hd`Qc hoa c&`=`b`plWc_a �1THaiT&R�h i a_g;h

r @ a
�

Z aiP_` T g\a�`\R�Z�[�]n\Yrme_a cde�c�g9T&^kR�gQhmf1THa�i gQa?h�h PUh ` h?a gQR�a ^kcH`6`b` TBcDFm{eL|w6LNK~}=O ( �A<?>A>��
[EeUT!RK`6h T]� h PUh ` h?a g=R9o²i aiTHT0� ^ih_TBh ^Ii aiggh hieUTW`\RK`=` ggdgl-rIa h e�fSaiggd\ad`6h�hSa Red�` `\Red=PK`UdQT&^mPS^oa Red�`

^_higQa_T;��`Na P_` TWrke_a cde g=R_`pl�h�g�ceapjST&^ g=RUT f_` `Qc Tma R hieUT ^ih_gQaiT�XCRK`6h T�`pl�h eUTm` gUcH` h?a gQR ggi�hieUT aiTBcUT��E^
cUg9T&^mRUgQh�f1THaoi gQaoh�h PUhd`bh?a g=R��
� .�w=F]¬ y >�� � * [�e�TMaiP_` T®X²\�THh_o ��` a0^ ggi �
�S`6h�f5` T YHV c�` TI`ba?`plDf1THaoi g\a?h ^W`�h PUh ` h?a g=R X(^oa RKc T l @ b =
�"�� � b(y, z)

rme_ab` T
r @ b = �"�� � b(x, z)

��Z!`b`�h eUTNgQh e�T&aBa Pe` T*^W`baiT h PUh ` h?a gQR�o²i aiTHT;��[EeUTM^�l�^_h_T�h a ^
RUg=R9o gU�QTHa?` ` fUf5a RedE�

jmgQhiT h eK`bhIa R�Z�[m]]\"XS`\^�PS^iPK`=`¸a R�[i# ]]\"Xeabc�T*R=h?apiPl�a RedWgU�QTHa?` ` fUf5a Red aiP_` T&^'a ^m`Wf5a hIh gQaiT hiaoa cAs�l
h eS`\R�a R�[�]n\"XS`\^�^ e�gUrk^Eh eUT�i g;`b` gUrIa Red Tq�U`6h�f5` T;�
� .�w=F]¬ y >�� � * � gQRS^oabcUTHa�hieUT�i g;`b` gUr�a R�dSh P�hd` hoa g=R�o²i aiTHT ^�l�^_h_T�h��

��� 
 � a(x, x) →
� 0 �  a Xz]BY3^

��� 
 � a(x,
��
 ��� b(x)) → � � � a Xz]i�;^

� RUT$r�g=P_`bc f1TDh_T�h fShiTBc hig ^ `�l h eS` h Xz]BYQXS]i�;^N`baiTDRUgQR�o gU�QTHa?` `bfSf5a Red6XE^oa RKc T h eUT a Pe` T*^�ggi h eUT
[m]]\ ggfSh `6a RUTBc­f)l THad` ^?a R�d h eUT `6c_cUa_T*^i^_T&^5` a_T c�` TI`ba?`pl RUg=R�o gU�\T&ao` ` fSf5a R�dE� ZmgUr�Tq�QTHa*XEh eUTDhiTHa?h
��� 
 � d( ��
 ��� c(•c),

��
 ��� c(•c))
hN`bhdcdeUT&^�f1gQh e�` Tqi hEeK`\Rec ^?abc�T*^B�'Xz]BYQXS]i�;^�eUT&RKc TBc�` T*` ao`pl g3�QTHa?` ` f��´XN�~R�o

cUTHTBcZXS`6`b` RK` hiPUad`=`ZR9PehWf1THa�a ^ET�a hieUTHa�g)c_c5g\amTq�QT&RZX�fKP�hkhie_a ^Ia ^�RUgYh�g\aiT hieUT!cH`\^_Ttr�a h e gQa?c_a RS`6` ^B� ^
\)abhSab` ` a?`pl=X	g=RUT eK`\^ higzf1TDcH` a_TBi,Pe`IrmeUT&R c@e�TIc?s�a R�dzrmeUTHh eUTHa�` aiP_` T5f1THaoi gQaoh ^Yh PUh ` h?a g=R XE` ^

^ieUgUrm^�h e�T¤i gg`b` gUr�a Red T��S`6h�f_` T��
� .�w=F]¬ y >�� � * ¯ THhªXz]kV�^kf1T h eUT aiP_` T

 � . � a( ��
 ��� b(•a)) →
��
 ��� a( ��
 ��� b(•a))

Xz]kV�^
Z�fUf6` aiT&R�ho`pl=X*Xz]kV�^(^iTHTBh ^�h_g¤f1T `¤hWPUhd` hoa g=R�o²i a_T&T�aiP_` T=Xgf1T*c&` PS^_T!a h ^�` Tqi h `\Rec a?apd=e�h�eK`\R_cN^oabcUT&^�eK`��\T
h e�T�^ `6h TE^iPefUo fSa_THhiTHa?h ` h(h eUTE^ `6h�T�` gUcH` h?a g=R XbRK`=h�TB`pl-��
 ��� b(•a)

�IZmgUr�Tq�QTHa*XIgQRUTEeK` ^�h_g aiTBh�TBhWf6T&a
h e�T�cUTqjKR_a h?a gQRMggi
h_T&aoh ` hm`Wd;ap�\T*R-` gUcH` hoa g=R��
�~R�iC`Qc h*X9hieUTHaiT `Qc h PK`=`b`pl�K @B`9hWPUhd` hoa g=RZX�f1T*cH`\PS^_T g=RUT
eK`\^

l @ b =
��
 ��� b(  � . � a(•b))

`\R_c
r @ b =

��
 ��� b( ��
 ��� a(•b))
XErke_a cde ` a_T cq` T*` ao`pl�c_a ^_h?a RKc hB� � R h eUT

gQhieUTHa eS`\R_cZX=hieUT�i g;`b` gUr�a R�d a P_` T9XC]5�)^@X;rke_a cdeNc aiT*` hiT&^ ` RUTqr RUg�cUT!a R�h eUT�dQad`bfKeZX;a ^kh PUh ` h?a gQRSi aiTHT;�

 � . � a( ��
 ��� b(•a)) →
��
 ��� a( ��
 ��� c(•a))

Xz]	��^
� ' ��� 1 � ¢ � � ��� {eL|w6LNK~}=O ( �A<?>A>WO�}=O ( } � >0< y w�¬;¬*KPO)QY8¤C¸G�R�w=<?> x }=O � {E>0OEL��²F�}�:={ y }�w;:;:=<?>�@A@W<?>0O�w=F (
KPO)Q � *
��<o}�} �ª}={eL y KPO�> * [EeUT�c g=R_cea h?a g=RS^Zggi5h PUh ` h?a gQR�o²i aiTHT&RUT&^i^(` R_cWRUg=R�o gU�\T&ao` ` fSf5a R�d ` aiT�^_h_aig=Red�T&RUgQPed=e!hig
T&RS^iPUaiT�h eK`bh	h eUT�aiTBcSPKc h?a gQR ggi1g=RUT�aiTBcUT��mhN`BlWg=R_`pl!Tq�QT&R�h PK`=`b`plWc_a ^ c&`ba?c hieUTmg\h eUTHa�aiTBcUT���XNa Rmrke_a cde
cH`\^_Tkh e�T!iC`Qc h�a hka ^�c_a ^ cH` aocUTBc�`=i h_THakf6T�a R�d!aiTBcSPKc TBcNgQa RUgQh�a ^ PSR_abh�f6gQaih `\R�h�J * < * L * c g=R �KPUT&RKc TU^ XgfKPUh
RUTq�QTHaIh�g�ceapiPlMhieUT f6` a_h�ggi(hieUT hiTHa?h�hN`bhdcdeUTBc�f)lMh e�TBg\h eUTHa�aiTBcUT��¸�

ut

VSY
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7 TMeK`��\T cUTqjKR�T�c a R hie_a ^Bf6` f6T&a!hieUT-Z'c_cUa_T*^i^_TBc�[
T&aoh ]�Tqrma?a hoa RedD\�l�^_hiTBh ^&X dgap��a Red `\R `QcHc�gQPSR�h
ggi�T&^i^_T*R=h?a `6` i T*` h P�aiT&^!ggiIabh f5` TBh�T&R�hd` hoa g=RS^B��[�eUT-hN`=a R�cea �"THaiT&RKc TYr�a h e�[i# ]]\ a ^!h eK`bh9abh�f5`ba c�a h
aiTBc_a a_T*c�hoa g=RS^�` a_TmRUg\h `6`b` g3r�TBcWa RSZ�[m]]\ªcSPUT�hig hieUTkc g=RS^_hia `6a R�h�h eK`bh°f1gQhie�h T�hªf1THa ^�ggi"` a P_` T'h PS^_h
f1T�` gUcH` hiTBc ` hWh e�T ^ `6h�T `6c_cUa_T&^ ^B�D[Ee_a ^ `6`b` gUrm^!PS^Wh_gDa_TI` ^igQR i gQa?h `6`b`pl `=f6g=PUhmabh�f_` T�h T*R=hd` hoa g=R
cdeUg;a c T&^E^iPKcde5`\^´a R_c_a a_T*c�hoa g=R � @ c gQf)l;� ��gQa_T&g3�QTHa*X�Z�[m]]\Yd;ap�QT `\R5`QcHc g=PSR=hEg6i	h PUh ` h?a g=R¸� 7 T eK`��\T
^ieUgUrmR hieK` h aiTqrmaoa h?a Red�a ^!`5c�` g=^_TBc.aiTB` ` hoa g=RDg=R h eUT ^iTHh ggi hiTHa?h ^&X
`\R_c hieK` h¤h PUh ` h?a gQR�o²i aiTHT R�g=R�o
gU�QTHao` ` fSf5a Red�Z�[m]]\D` a_TNc g=R��SPUT&R�h��9� g\aiTHgU�QTHa*X�r�T�eK`��QTmdgap�QT&R®hN`\R;l T��S`=h�f5` T&^tab`b` PU^ih_ad` hoa RedMh eUT
f1gUr THa�ggi
Z�[�]n\*�

�	\][ � 
ab � _ & b�� �<b��
[�e�T hiTHaoh ^_hiaiPKc h PUa_T$hN`=s\T*^�T*`\^�l hieUT$cUTqjKRea h?a g=R ggim<?>0J <�KMLNKPO)Qz@0LN<?w6LV>²Q6K²>�@ X ^oa RKc T�a hYa ^N^?abh f5`pl `
i,PSRKc hoa g=R�rme_a cdeZXed;ap�QT&R�`�h_THa?h�XUa_T&hiPUa RU^ `\R `=c_cUaiT&^i^&XKRK`=h�TB`plMh eUT!RUT���h�`6c_c�aiT&^i^�rmeUTHaiTBa_T�cUPKc h?a g=R
h PS^_h�h `=sQTEf_` `Qc T��	[�e_a ^�fSaoa RKc�a f5` T�r�`\^�PS^_TBcSa R T*` a?`ba THa	r�gQa�s!g=R aiTqrmaoa h?a Red]r�a h e�`=c_cUaiT&^i^_T&^ R UE]�¯3[7 (W
higDcUTqjKRUT-r�T*`=s.aiTBcSPKc h?a gQR ggi�hieUT�` `6hWf�cK`Iopc&`=` cHPe` PS^&X�`\R_c ^ieUg3r e�gUr hieUT5c�` `\^i^oa cH`6`�^_hiad`bhiTqd;a T&^!ggi
i,PSRKc hoa g=RK`6`\fUaiggdQa `6h�h�a R�d�` `\RedQPK`=dQT&^&X*RK`=h�TB`pl cH`6`b` o²f�l�o²� `6` PUT=XIcH`6`b` o²f)l=o~RK`6h�T=X*`\R_c!cH`6`b` o²f)l�o~R�T&TBcZX*cH`\R
f1TWcUTqjKR�T�c¸��\)a RKc TWZ�[�]n\�a ^ `�a_T&^ih_a?a c h?a gQR�g=R `=c_cUaiT&^i^_TBc5aiTqrmaoa h?a Red6Xer TW` g�ggs�i gQaorE` a?c hig-c�TB�\T�` g\f
h e�T RUgQh?a gQR ggi `6c_c�aiT&^i^_o|c�TBjSRUTBc ^_h_ad` h_TBdga T*^Sa R h e_a ^�i a `6h�Tqr�gQa�s�� �~R f6` aihoa c�P_` ` a�a hYa ^Ya R�h_T&a_T&^ihoa Red
hig RUg\h?a c T�hieK` h ^_h_ad` h_TBdga T*^!cH`\Rzf1T-fKPeab` hWa R_cUTHf1T&R_cUT&R�ho`pl ggiEh eUT cH`6` c�P_` PS^¤rIa h e h PUh ` h?a g=Rza hWhN`�l
f1T ` ^ ^_gUc�a ` h_TBc h_g6X rkeUTHaiT*`\^�PS^iPK`=`b`pl�X	^ol9^ih_TBh ^mr�a h euh PUhd`bh?a g=R `\R_c h eUTBa a ^_h_ad` h_TBdga T*^�`baiT�h?apd=e=h?`pl
c g=PUf5` TBc��u\)abh�ab` `ba?`plza hmr�g=P_`bc f1T5R_a c T�apikh eUT5RUg\h?a g=R r�gQP_`bc dQT&RUTHa `6`ba ^_T h_gza RScq` PecUT h eUTY� ` ggdga c&`=`
a Pe` T*^�� PS^_TBc�a R�R ]�g=^ [QV�W|�

�~R h eUT ^ `6h�T ^_f5a aoa h*X*r�T9r�g=Pe`bcD`bapsQTWh_g�d;ap�QT `\R.`QcHc g=PSR�h ggi�hVl9f1T&^&X `\R_c h�l9f5a R�d fSa_gQf1THaihoa T&^*X1ggi
Z�[m]]\��;[Ee_a ^ eK`\^ `6` aiT*`6cel ^_hd`baihiTBc�a R R³¯ ¯�¯
[Q[�W X�a R�h e�T�^_T&h_h?a Red ggi `�` `6hWf*cK`bopcH`6` c�P_` PS^°rIa h e�ggf��xT*c h ^&X
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