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Homework 4
WPI By Li Feng, Shweta Srivastava, and Carolina Ruiz

Chapter 7

Problem: Chap 7.1
Solution:

part a

This PDA accepts the languageL(G) =
{

aibj | 0 ≤ j ≤ i
}

.
part b

Figure 1: PDA for Chap7 1

part c

See Figures 2, 3, and 4.
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Figure 2: Execution Tree for stringaab

Figure 3: Execution Tree for stringabb
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Figure 4: Execution Tree for stringaba
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part d To showaabb andaaab are inL(M), we need to trace only a computation ofM which accepts
these strings.

State String Stack
[q0, aabb, λ]

⊢ [q0, abb, A]
⊢ [q0, bb, AA]
⊢ [q2, b, A]
⊢ [q2, λ, λ]

State String Stack
[q0, aaab, λ]

⊢ [q0, aab, A]
⊢ [q0, ab, AA]
⊢ [q0, b, AAA]
⊢ [q2, λ, AA]
⊢ [q2, λ, A]
⊢ [q2, λ, λ]

We can see that bothaabb andaaab terminate at the accepting stateq2 with an empty stack. Both of them
are inL(M).

Problem: Chap 7.3.f

Solution:

Figure 5: PDA for Chap7.3.f

Note,L =
{

aibjck | i = j or j = k
}

contains somespecial strings:

• λ, i = j = k = 0,

• ai, wherei > 0, j = k = 0, and

• ck, wherek > 0, i = j = 0.
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Thus, our PDA should be able to accept these strings. As shownin Figure 5 ,q5 acceptsλ andai, wherei >
0; q6 accepts stringck, wherek > 0; q2 accepts stringaibjck, wherei = j, andq4 accepts stringaibjck, wherej =
k.

Problem: Chap 7.3.j
Solution:

Figure 6: PDA for Chap7.3.j

Problem: Chap 7.12
Solution:

Figure 7: PDA for Chap7.12

Problem: Chap 7.14
Solution:

part a

See Figure 8.
part b

L(M) =
{

aib2i | i > 0
}

.
part c
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Figure 8: PDA for Chap7.14

Step 1: After adding transitions the new machineM ′ is as shown in Figure 9:

Figure 9: PDAM ′ for Chap7.14

Step 2: Generate grammar for every transition

Adding rules forS:
S →< q0, λ, q2 >

Transition:δ(q0, a, λ) = {[q0, A]}
Corresponding Rules in Grammar:
< q0, λ, q0 >→ a < q0, A, q0 >
< q0, λ, q1 >→ a < q0, A, q1 >
< q0, λ, q2 >→ a < q0, A, q2 >

Transition:δ(q0, a, A) = {[q0, AA]}
Corresponding Rules in Grammar:
< q0, A, q0 >→ a < q0, A, q0 >< q0, A, q0 >
< q0, A, q1 >→ a < q0, A, q0 >< q0, A, q1 >
< q0, A, q2 >→ a < q0, A, q0 >< q0, A, q2 >

< q0, A, q0 >→ a < q0, A, q1 >< q1, A, q0 >
< q0, A, q1 >→ a < q0, A, q1 >< q1, A, q1 >
< q0, A, q2 >→ a < q0, A, q1 >< q1, A, q2 >
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< q0, A, q0 >→ a < q0, A, q2 >< q2, A, q0 >
< q0, A, q1 >→ a < q0, A, q2 >< q2, A, q1 >
< q0, A, q2 >→ a < q0, A, q2 >< q2, A, q2 >

Transition:δ(q0, b, A) = {[q1, λ]}
Corresponding Rules in Grammar:
< q0, A, q0 >→ b < q1, λ, q0 >
< q0, A, q1 >→ b < q1, λ, q1 >
< q0, A, q2 >→ b < q1, λ, q2 >

Transition:δ(q1, b, λ) = {[q2, λ]}
Corresponding Rules in Grammar:
< q1, λ, q0 >→ b < q2, λ, q0 >
< q1, λ, q1 >→ b < q2, λ, q1 >
< q1, λ, q2 >→ b < q2, λ, q2 >

Transition:δ(q1, b, A) = {[q2, A]}
Corresponding Rules in Grammar:
< q1, A, q0 >→ b < q2, A, q0 >
< q1, A, q1 >→ b < q2, A, q1 >
< q1, A, q2 >→ b < q2, A, q2 >

Transition:δ(q2, b, A) = {[q1, λ]}
Corresponding Rules in Grammar:
< q2, A, q0 >→ b < q1, λ, q0 >
< q2, A, q1 >→ b < q1, λ, q1 >
< q2, A, q2 >→ b < q1, λ, q2 >

Finally:
< q0, λ, q0 >→ λ
< q1, λ, q1 >→ λ
< q2, λ, q2 >→ λ

part d

State String Stack
⊢ [q0, aabbbb, λ]
⊢ [q0, abbbbb, A]
⊢ [q0, bbbb, AA]
⊢ [q1, bbb, A]
⊢ [q2, bb, A]
⊢ [q1, b, λ]
⊢ [q2, λ, λ]
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part e

Derivation tree for the stringaabbbb:

Figure 10: Derivation Tree for the stringaabbbb

Derivation for the stringaabbbb:

DerivationSteps
S ⇒< q0, λ, q2 >
⇒ a < q0, A, q2 >
⇒ aa < q0, A, q2 >< q2, A, q2 >
⇒ aab < q1, λ, q2 >< q2, A, q2 >
⇒ aabb < q2, λ, q2 >< q2, A, q2 >
⇒ aabb < q2, A, q2 >
⇒ aabbb < q1, λ, q2 >
⇒ aabbbb < q2, λ, q2 >
⇒ aabbbb

Problem: Chap 7.17.c
L =

{

aib2iai
}

is not context free.

Solution:
Proof
AssumeL is a context free language, and letk be the number specified forL by the pumping lemma for

context free languages. Letz = akb2kak. Clearly,z ∈ L andlength(z) > k. By the pumping lemmaz can
be written asuvwxy, where:

1. length(vwx) ≤ k

2. length(v) + length(x) > 0

3. uviwxiy ∈ L, for all i ≥ 0
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For the stringz = akb2kak, consider the possibilities for the substringv andx. We will find that:

• Case 1:
if either of v or x contains more than one type of terminal symbol, thenuv2wx2y results in a string
which containsas betweenbs. The result string would not be inL.

• Case 2:
If both v andx contains onlyas, thenuv2wx2y will have the same number ofbs as stringuvwxy
while it contains moreas than stringuvwxy. Thus,uv2wx2y is not inL. Similarly, we can see that
uv2wx2y would not be inL when bothv andx contains onlybs.

• Case 3:
If one of v andx is empty string(λ), and the other one contains onlyas. Conditionlength(v) +
length(x) > 0 implies thatv andx could not beλ at the same time. Then, similar to Case 3,uv2wx2y
will have the same number ofbs as stringuvwxy while it contains moreas than stringuvwxy. Thus,
uv2wx2y is not inL. Similarly, we can see theuv2wx2y would not be inL when one ofv andx is λ
and the other contains onlybs.

• Case 4:
if v contains onlyas andx contains onlybs. This implies thatvwx is from the substring ofakbk.
For the stringuv2wx2y, the number ofas beforebs is larger than the number ofas afterbs. Thus,
uv2wx2y /∈ L.

• Case 5:
if v contains onlybs andx contains onlyas. This implies thatvwx is from the substring ofbkak.
For the stringuv2wx2y, the number ofas beforebs is smaller than the number ofas afterbs. Thus,
uv2wx2y /∈ L.

Based on the discussion in Cases 1-5, there is no decomposition ofz satisfying the condition of pumping
lemma for context free languages. So,L is not context free language.

Problem: Chap 7 18 a Solution:

The languageL1(G) =
{

aib2icj | i, j ≥ 0
}

can be accepted by the PDA shown in Figure 11.
Or one can construct a CFL grammar G, whereL(G) = L1:

S → AC
A → aAbb|λ
C → cC | λ
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Figure 11: PDA for Chap7 18
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